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Single-exponential kinetics of an isomerization reac-
tion A � B implies that the equilibrium distribution of the
molecule has two peaks localized in different parts of the
phase space (two basins). Transitions between the two basins
occur via a sparsely populated area, the so-called “bottleneck”
region. Although the region does not manifest itself in the
thermodynamics, dynamics of the system in this region de-
termines the rate constants of the forward and reverse reac-
tions. These rate constants are given by the Kramers ratio of
the reactive flux at equilibrium to the equilibrium populations
of A and B states of the molecule. A distinctive feature of
the single-exponential kinetics is that there is some freedom
in the choice of the boundaries separating the basins and the
bottleneck region; both the reactive flux and the equilibrium
populations are weakly sensitive to the exact location of the
boundaries in some range of their positions.

Two-state protein folding described by the kinetic

scheme U
KF−−−→←−−−
KU

F is an example of the isomerization re-

action. Here U and F denote unfolded and folded states of
the protein, while kF and kU are the folding and unfolding
rate constants given by kU,F = J/P

eq

F,U , where J is the re-
active flux at equilibrium and P

eq

F,U are equilibrium popula-
tions. An expression for J has been recently derived1 assum-
ing that the underlying protein dynamics is described in terms
of Markovian transitions on a network of complex connec-
tivity, which is formed by coarse-grained microstates of the
protein. To test this expression, we apply it to a toy model
of protein dynamics, which has an important advantage: it al-
lows for an approximate analytical solution for the sum of
the rate constants.2 Here, we show that the expression for
the reactive flux, which follows from this solution, is iden-
tical to the expression obtained using the formula derived in
Ref. 1.

Let pi(t) be the probability of finding the protein in mi-
crostate i, i = 1, 2, . . . , N, where N is the number of mi-
crostates. This probability satisfies

dp(t)

dt
= Kp(t), (1)

where the evolution operator K is the N × N rate matrix, in
which the non-diagonal matrix element Kij is the rate con-

a)E-mail: buchete@ucd.ie.

stant for transition j → i (i �= j) and the diagonal matrix ele-
ment Kjj is the rate constant for escape from microstate j, Kjj

= −∑
i �=j Kij . The elements of the rate matrix satisfy the

condition of detailed balance Kijp
eq

j = Kjip
eq

i , where p
eq

i is
the equilibrium probability of finding the protein in microstate
i, which satisfies Kpeq = 0. Eigenvalues −λn and their cor-
responding eigenvectors ϕ(n) are solutions of the eigenvalue
problem Kϕ(n) = −λnϕ

(n), n = 1, 2, . . . , N. The smallest
in magnitude eigenvalue is zero, while all other eigenval-
ues are negative and can be ordered in increasing values of
their magnitudes, λ1 = 0 < λ2 < λ3 ≤ . . . ≤ λN. When
the master equation, Eq. (1), describes stochastic dynam-
ics that underlies two-state protein folding, λ2 is the sum
of the folding and unfolding rate constants, λ2 = kF + kU

= J/(P eq

U P
eq

F ).
The main result of Ref. 1 is a formula giving the re-

active flux in terms of the splitting (commitment) proba-
bilities in the bottleneck region (see also Ref. 3). In de-
riving the formula, all microstates are divided into three
groups: definitely unfolded (UU), definitely folded (FF), and
intermediate (I) or bottleneck microstates. The latter sepa-
rate the UU- and FF-microstates in the sense that all tran-
sitions between them occur only through the intermediate
microstates. The splitting probability pfold(i) of microstate i
is defined as the probability of reaching the FF-basin be-
fore reaching the UU-basin starting from microstate i, so that
pfold(i) = 1 for i ∈ FF, pfold(i) = 0 for i ∈ UU, and 0 < pfold(i)
< 1 for i ∈ I. As shown in Ref. 1, the reactive flux through an
arbitrary dividing surface � in the bottleneck region, which is
necessarily crossed by any trajectory connecting the FF- and
UU-basins, is given by

J =
∑
i∈F ∗
j∈U∗

Kijp
eq

j [pfold (i) − pfold (j )], (2)

where F∗ and U∗ are the sets of microstates located on the F-
and U-sides of �.

Here, we use the formula in Eq. (2) to derive an explicit
expression for the reactive flux assuming that (i) the protein
is at its melting temperature, i.e., P

eq

U = P
eq

F = 1/2 and (ii)
its dynamics is described by the simple model proposed in
Ref. 2. This model is an extension of the model suggested by
Zwanzig, Szabo, and Bagchi to study Levinthal’s paradox.4

The model assumes that the protein contains M identical
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residues, each of which can be in either a folded (f) or an
unfolded (u) state. A microstate of the protein is completely
characterized by indicating the state of each residue. There-
fore, the total number N of the microstates is 2M. In ad-
dition, it is assumed that transitions among microstates oc-
cur as a result of independent transitions between f- and
u-states of individual residues described by the kinetic scheme

u
k−−−→←−−−
k

f , where the rate constant k is assumed to be the same

for transitions in both directions. The model introduces a col-
lective behavior of the protein responsible for its folding by
postulating that the first and second residue unfolding events
occur with modified rate constants ε0k and ε1k, respectively,
ε0, ε1 � 1. The model also postulates that (i) the FF-basin
contains the only microstate in which all residues are in their
f-states, while the UU-basin contains microstates with two
and more unfolded residues, and (ii) microstates containing
the only unfolded residue form a transition state ensemble
(TSE), in the sense that transitions from these microstates to
microstates with two and zero unfolded residues occur with
probability 1/2. This leads to

ε0 = M − 1

2M + (M − 1)2 − 2
, ε1 = 1

M − 1
. (3)

The equilibrium probability of finding the protein in a mi-
crostate with m unfolded residues P

eq
m is given by

P eq
m = [ε0 + (1 − ε0)δm0][ε1 + (1 − ε1)δm1]

2[1 − (1 − ε1)δm0]

(
M

m

)
, (4)

where δmn is the Kronecker delta.
For this model of protein dynamics, an approximate solu-

tion for λ2, λ2 = M(M − 1)k/[2M + (M − 1)2 − 2], was found
assuming that the protein was at its melting temperature.2

Comparison with λ2 obtained by numerical diagonalization of
the rate matrix shows very good agreement between the ana-
lytical and numerical results for M ≥ 20.2 Since at the melting
temperature J = λ2/4, we have

J = M(M − 1)k

4[2M + (M − 1)2 − 2]
. (5)

Below, we obtain this result from Eq. (2). This is done in two
steps. First, by taking advantage of the fact that microstates
with the same number of folded/unfolded residues are indis-
tinguishable, we reformulate the problem in terms of effec-
tive microstates, which are unifications of the indistinguish-
able initial microstates. Then, we find J for the reformulated
problem.

Let Pm(t) be the probability of finding the protein in one
of the microstates with m unfolded residues and M − m folded
residues, m = 0, 1, 2, . . . , M. It can be shown that probabili-
ties Pm(t) satisfy the master equation k−1dP(t)/dt = KeffP(t),
where Keff is the (M + 1) × (M + 1) three-diagonal rate ma-
trix, with non-diagonal matrix elements given by K

eff

j−1 j = j ,

j = 1, 2, . . . , M, K
eff

1 0 = ε0M , K
eff

2 1 = 1, K
eff

j+1 j = M − j ,
j = 2, 3, . . . , M − 1, and the diagonal matrix elements

are K
eff

j j = −(Keff

j−1 j + K
eff

j+1 j ). Assuming that the dividing
surface � separates microstates with the same number of
folded/unfolded residues, we can write an expression for the
reactive flux in terms of effective microstates using the equi-
librium distribution P

eq
m and the corresponding splitting prob-

abilities Pfold(m),

J = k
∑
l∈F ∗
m∈U∗

K
eff

lm P eq
m [Pfold (l) − Pfold (m)]. (6)

This expression is an equivalent of Eq. (2) formulated in terms
of the initial microstates. In our model, the FF-basin contains
the only effective microstate, in which all residues are in their
folded states. The UU-basin contains effective microstates
with at least two unfolded residues. The TSE is formed by the
only effective microstate, which is a unification of all initial
microstates with the only unfolded residue.

There are two possibilities to draw the dividing surface
� in such a system, between the TSE and (i) the FF-basin or
(ii) the UU-basin. In the first case, we have

J = kK
eff

01 P
eq

1 [Pfold (0) − Pfold (1)]. (7)

Here, K
eff

01 P
eq

1 = K
eff

10 P
eq

0 = Mε0/2, Pfold(0) = 1, and
Pfold(1) = 1/2, so that the flux is J = kMε0/4. Substituting
ε0 here, given in Eq. (3), we recover the expression for the
flux in Eq. (5). In the second case, Eq. (6) leads to

J = kK
eff

12 P
eq

2 [Pfold (1) − Pfold (2)], (8)

where K
eff

12 P
eq

2 = K
eff

21 P
eq

1 = Mε0/2, Pfold(1) = 1/2, and
Pfold(2) = 0. Substituting these into Eq. (8) and using ε0 in
Eq. (3), we again recover the result in Eq. (5).

To summarize, we have demonstrated that the expression
for the reactive flux given in Eq. (5) for the toy model of the
protein dynamics can be obtained from the Kramers-type for-
mula for the reactive flux, Eq. (2), derived under the assump-
tion that the protein dynamics is described by a Markov ran-
dom walk on a network of complex connectivity.
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