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1. Introduction 
 

In-service adhesive joints and composite laminates are 
often subjected to a mixture of mode I (tensile opening) 
and mode II (in-plane shear) loads. It is generally accepted 
that the toughness of such joints can vary depending on the 
relative amounts of mode I and mode II loading present. 
From a design perspective, it is therefore of great impor-
tance to understand and measure joint toughness under a 
full range of mode-mixities, thus obtaining a failure locus 
ranging from pure mode I to pure mode II. The pure mode 
toughnesses (I, II) can be measured directly from experi-
mental tests. The most common tests being the double can-
tilever beam (DCB) for mode I and end loaded split (ELS) 
for mode II. Unfortunately, the analysis of a mixed mode 
test is not straightforward. In any mixed mode test, one 
must apply a partition in order to estimate the contributions 
from each mode. The particular test under study in this 
work is the fixed ratio mixed mode test (FRMM) with a 
pure rotation applied to the top beam (fig. 1). In this test, a 
range of mode-mixities can be obtained by varying γ, 
where γ is the ratio of h1/h2. This test is normally analysed 
using analytical or numerical methods, each of which suf-
fers from a number of uncertainties. The present work at-
tempts to shed some light on both analytical and numerical 
approaches and ultimately develop a testing protocol and 
recommendations for the accurate determination of mode-
mixity in this FRMM test and other similar beam-like 
geometries.  
 

 
2. Analytical Solutions 

 
Extensive research has been carried out in the area of 

analytical partitioning theories that predict the mixed mode 
partition as a function of γ. A fully analytical global ap-
proach using beam theory was proposed by Williams [1]. 
This partitioning theory was applied with success to de-
lamination experiments on epoxy matrix/carbon-fibre 
composite specimens by Hashemi, Kinloch and Williams 
[2], producing a failure locus very close to the expected 
linear pattern. Later Hutchinson and Suo [3] claimed that 
this approach contained ‘conceptual errors’ and proposed a 
new semi-analytical solution based on linear elastic frac-

ture mechanics (LEFM). However one can argue about the 
validity of applying this theory to analyse mixed mode 
fracture in composite delamination where the assumptions 
of LEFM are often invalidated.  

More recent work on the topic has been carried out by 
Wang, Harvey and Guan [4-6]. In this work, three new 
partitioning theories are proposed based on the local en-
ergy analysis of (i) Timoshenko beam theory (ii) Euler 
beam theory and (iii) an averaged solution of (i) and (ii). 
The authors claim that a global analyses of both (i) and 
(iii) produces the Euler partition obtained in (ii). Wang and 
Harvey [6] applied each of these partitioning theories, in-
cluding the partitioning theory of Hutchinson and Suo to 
the experimental tests carried out by Hashemi et al. [2] and 
compared these to the global partitioning theory of Wil-
liams. Wang and Harvey concluded that, under the as-
sumption that a linear failure locus is the most accurate, 
the new Wang and Harvey Euler partitioning theory of-
fered ‘the best and most simple explanation for all the ex-
perimental observations’. 

However much confusion still exists around which 
partitioning theory is best applied in practice. The goal of 
this current work is to model delamination in the FRMM 
test using a cohesive zone model. With this approach, it is 
possible to monitor the individual energy contributions to 
mode I and mode II and therefore obtain the global mixed 
mode partition as a function of γ. This solution is then 
compared to the aforementioned analytical partitioning 
theories and some important conclusions are drawn. An 
extension of Williams’ global solution, which analytically 
incorporates a Dugdale-type cohesive zone, is being de-
veloped in line with this numerical work. 

 

 
Figure 1.  FRMM test configuration. 
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3. Numerical Solutions 

 
3.1 Introduction 

One of the most common methods for numerically 
calculating energy release rate partitions is the virtual 
crack closure technique (VCCT). This method was intro-
duced by Rybicki and Kanninen [7]. It utilises forces and 
displacements at the crack tip to calculate the energy con-
tributions from each mode. The VCCT method is em-
ployed by Wang and Harvey [5] to validate their partition 
theories (VCCT is applied to beam elements in this case). 
Another common method for partitioning energy release 
rates at the crack tip is the interaction domain integral 
(IDI). This approach is based on the superposition of 
known stress intensity factors in order to decompose the 
crack tip field into the individual mode I and mode II stress 
intensity factors. The implementation of this method into 
finite element analysis (FEA) is explained by Shih and 
Asaro [8]. A major drawback of the above methods is that 
they cannot be applied to models where large-scale dam-
age exists ahead of the crack tip. Therefore the solutions of 
these are singular in nature and it is no surprise that they 
agree excellently with the singular partitioning theory of 
Hutchinson and Suo. The authors demonstrate this here by 
applying both the IDI and VCCT techniques to the FRMM 
test where no damage is allowed to occur. 

To accurately predict the mixed mode partition in 
composite delamination and adhesive joints, the authors 
are of the opinion that an accurate model of damage zone 
evolution and propagation is required. Cohesive zones 
have been used extensively in damage modeling since the 
concept was introduced by Dugdale [9] and Barenblatt 
[10].  The cohesive zone model used in this study is a 
truss-like cohesive zone model developed by Camanho et 
al. [11]. One major advantage of this cohesive zone model 
is that it allows the mixed mode at an integration point to 
change freely after initiation. This is particularly important 
when modeling large damage regions, as there is a ten-
dency for the local mixed mode to change along the length 
of the damage zone. Under this changing mode mix, prob-
lems have recently been reported regarding incorrect en-
ergy dissipation in truss-like cohesive elements by Sarrado 
et al. [12] and Goutianos and Sørensen [13]. However, 
these issues are avoided in this study as the critical mode I 
and mode II fracture toughnesses of the cohesive zone, 
(GIC, GIIC), are chosen to be equal, as are the critical mode 
I and mode II interlaminar strengths (tNC, tSC). This is a 
limitation of the current model but a lot can still be learned 
from the mode partitioning analysis of this special case. 
Much future work will be devoted to developing a general 
cohesive zone model that does not suffer from incorrect 
energy dissipation, while also allowing the local mode mix 
to change.  
 
3.2 Model setup 

The FRMM test as seen if fig. 1 is setup and meshed 
with a regular grid of 2D plane strain, 8 node quadratic 

elements in ABAQUS. The total beam length is 120 mm 
and the pre-crack length is 60 mm. The top beam height is 
kept constant at 3 mm and the bottom beam height is var-
ied from .3 mm to 30 mm to produce a range of different 
mode mixities. The beam material is linear elastic and iso-
tropic with a Young’s modulus of 75 GPa and a Poisson’s 
ratio of 0.38. The width of the beams is 1 m. The beams 
are fully built in at one end, while a fixed rotation is ap-
plied to the top beam at the other end. A fixed rotation is 
the preferred loading condition as it directly replicates the 
analytical analyses discussed in section 2 and it also en-
sures numerical stability once the crack starts to propagate. 
Mesh density is chosen to ensure at least 10 cohesive ele-
ments are present in the fully developed damage region.  

The cohesive zone model implemented in this work 
incorporates a linear softening law in which the opening 
and shear tractions (tN, tS) are coupled by an overall dam-
age variable D. A more detailed explanation of this cohe-
sive zone formulation can be found in [11]. Damage initia-
tion is determined by the quadratic stress criterion given 
below. 

        
(1) 

The linear failure locus is given by; 

          (2) 

The condition that the mode I and mode II inter-
laminar strengths and toughnesses must be equal is such to 
ensure that the correct energy is dissipated in the cohesive 
zone. This is discussed in section 3.1. In the initial analy-
sis, the interlaminar strength is set to 45 MPa and the co-
hesive toughness is varied between 250 J/m2 and 3000 
J/m2. The cohesive zone model also requires an initial pen-
alty stiffness, which is set arbitrarily high at 1e15 Pa/m. 

 
3.3 Mode Partitioning (post process) 
As the rotation on the end of the top beam is increased, the 
cohesive elements at the crack tip will start to damage and 
evolve. This damage region will evolve steadily until the 
crack starts to propagate. At this point, crack propagation 
will have reached steady state and the crack will remain 
self-similar until it has almost fully failed. In order to ob-
tain the mode I and mode II energy contributions, a mode 
decomposed J-integral, which is explained in detail in 
[12], is applied to the cohesive surfaces in the damage re-
gion of the self-similar crack. The mode decomposed J-
integral equations are given below. 
 

                       (3) 

 
Where a is the crack tip and a* is the tip of the dam-



 
 

age region (initiation point). x is the crack propagation 
direction. dδN, dδS are the relative normal and shearing 
displacements of the cohesive elements and tN(x), tS(x) are 
the normal and shearing tractions along the cohesive sur-
face. This analysis is repeated for a range of cohesive 
toughnesses over a large range of γ ratios. 
 

4. Results and Discussion 
 

 The results of the numerical simulations can be seen 
in figure 2. They are plotted against the three main parti-
tioning theories of Williams [1], Hutchinson and Suo [3] 
and Wang and Harvey-Euler [5]. The VCCT and IDI tech-
niques are applied to the FRMM test where no crack 
growth is permitted (i.e. no cohesive zone inserted). In this 
case, a singular stress field forms in the region of the crack 
tip. The VCCT and IDI partitions are in excellent agree-
ment with the Hutchinson and Suo solution.  This is ex-
pected since the conditions of LEFM are satisfied.  

The cohesive zone solutions are shown here to be 
highly dependent on the cohesive toughness. As the tough-
ness is increased, the solution seems to go from the singu-
lar solution of Hutchinson and Suo towards the global so-
lution of Williams. These results suggest that the Wang 
and Harvey-Euler partition does not in fact form the upper 
bound for global partitioning. The length of the damage 
region formed ahead of the crack tip was observed to be 
the defining factor in determining the mode partition in 
this model. Increasing the beam stiffness and reducing the 
interlaminar strength (*3000 J/m2) also had the effect of 
increasing the length of the damage region. This then had 
the effect of pushing the mode partition solution further 
towards the global solution of Williams.  

It is also interesting to note that when mode II is 
the prominent mode of energy dissipation (i.e γ > 1), the 
cohesive zone solution converges quickly towards the 
global solution of Williams. This again can be attributed to 
the larger damage regions that form when the mode of 
facture is mainly mode II. The cohesive zone solutions 
presented here nicely capture the transition of the mixed 
mode solution as the fracture process zone of a material 
goes from being singular (no damage) to being global 
(large scale damage).  

 
5. Conclusions 

 
The partitioning of the FRMM test has been investi-

gated numerically using a cohesive zone model and com-
pared to current analytical partitioning theories. The main 
conclusion of this work is the realisation that mixed mode 
partitioning is in fact property dependent. No current part-
tioning theory can be applied with confidence to all joint 
systems. This work shows that the upper (global) and 
lower (singular) bounds of the mixed mode partitioning 
solution seem to be the analytical solutions by Williams 
and Hutchinson and Suo respectively. In reality the correct 
mixed mode partition for a given material will lie some-
where in between these two analytical solutions. This may 

also explain why the Wang and Harvey-Euler partition 
performed ‘best’ when applied to experimental data of 
Hashemi et. al [2]. An extension of Williams’ global solu-
tion is currently being developed which will incorporate 
interface and material properties. The initial results look 
promising as it is predicting similar trends to the numerical 
model. The ultimate goal of this work is to include this 
new property-dependent analytical solution in a new test-
ing protocol for the accurate determination of mode-mixity 
in all beam-like geometries.  
 

 
Figure 2. Mode partitioning of the FRMM test, analytical 
and numerical solutions. 
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