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Abstract

Micromechanical models of two-phase ceramic composites are created using a

modified Voronoi tessellation approach. These representative Finite Volume

(FV) microstructures are used to investigate the role of microstructure on

fracture of advanced ceramics. An arbitrary crack propagation model using

a cell-centred finite volume based method is implemented. In particular

the effect of matrix content is examined. It is shown that the underlying

microstructure significantly affects the local stress and strain distributions for

a two-phase ceramic containing hard particles in a softer matrix. Simulation

results indicate that an increase in the volume fraction of these hard grains

leads to an increase in strength of the composite material. Furthermore, it is

found that the homogeneity of the microstructure affects the overall strength.
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1. Introduction

Advanced ceramics are a class of materials which exhibit superior prop-

erties when compared to traditional ceramics, such as abrasion resistance

and high hardness. Due to these superior properties, the materials often find

use in extreme conditions involving high temperature and impact loading,

for example as tool materials for high speed machining and rock drilling [1].

These extreme conditions may lead to premature failure due to fracture or

chipping.

According to Groeber et al. [2] and Ayyar and Chawla [3] early methods

for modelling of microstructures did not consider the actual particle shapes

and instead used cubes, spheres and ellipsoids as an approximation of the

particle shape. However, in reality microstructures are complex and it is

well established that mechanical and fracture properties of ceramic materials

are affected by the underlying microstructure [4–6]. It has been shown by

Carolan et al. [7, 8] that the strength and toughness of certain advanced

ceramics are affected by both the size of the primary phase and the percentage

matrix content. Therefore it is desirable to be able to accurately model these

microstructures in order to understand the mechanisms which contribute to

failure and guide the development of improved materials. Furthermore, it is

important to be able to correctly predict the stresses, crack initiation and

propagation characteristics of complex microstructures [9].

Numerical models have been used extensively to model crack growth and

in most cases this has been carried out using the Finite Element (FE) method

[3]. However in the current work the Finite Volume (FV) method was im-

plemented. Over the last number of years the FV method has become es-
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tablished as an alternative to the FE method for the solution of problems

involving stress analysis. The method was first developed for the solution of

solid mechanics problems by Demirdz̆ić and co-workers [10–14]. Ivanković

and co-workers have applied the FV method successfully to the solution

of both fracture problems [15–19] and fluid structure interaction problems

[20, 21].

Numerous studies have been carried out to produce numerical microstruc-

tures using Voronoi tessellation [22, 24, 41]. It is well established that

polycrystalline microstructures can be modelled using Voronoi tessellations.

Nyg̊ards and Gudmundson [25] use Voronoi tessellations to create 3D geo-

metrical models of 2-phase ferrite/pearlite steel with periodic boundary con-

ditions. Kühn and Steinhauser [26] model polycrystalline materials using

power diagrams which are a generalisation of Voronoi diagrams for arbitrary

dimensions. Voronoi tessellations have also been used to investigate fracture.

Espinosa and Zavattieri [27] investigate failure initiation in brittle materi-

als, while Warner and Molinari [28] model compressive fracture of alumina

ceramics. Similar to the current study, Zhou et al. [29] and Wang et al.

[30] have used Voronoi tessellations to investigate crack propagation in ce-

ramic tool materials. Voronoi tessellations have also been used to investigate

plasticity by modelling elasto-viscoplastic deformation of rubber-toughened

glassy polymers [31].

Zhang et al. [33, 47] used a controlled Poisson Voronoi tessellation model

to generate polycrystalline microstructures. They introduced control param-

eters to control the regularity of the microstructure and ensure that the grain

size distribution is statistically equivalent to real microstructures. As men-
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tioned previously this is important in the case of fracture problems where

the microstructure morphology will affect fracture initiation.

Nyg̊ards and Gudmundson [25], Li et al. [34] and Wang et al. [35] have all

created 2-phase microstructures using Voronoi tessellations. In this study we

examine a two-phase ceramic structure consisting of randomly dispersed hard

particles held together with a softer matrix material. The matrix materials

can be either ceramic or metallic.

2. Microstructure Generation

2.1. Voronoi tessellation approach

Voronoi tessellation was used to generate the geometrical model of the

microstructure. It is a commonly used method for the generation of numerical

microstructures of ceramic and metallic materials in both two- and three-

dimensions. The Voronoi tessellation algorithm produces a random structure

which is representative of a polycrystalline material as outlined in [36]. To

create the two-phase ceramic structure each Voronoi tile is contracted around

the circumcentre of the tile until the desired area fraction of the second

phase is reached. When viewing micrographs of some advanced ceramics it

may be observed that the grains cluster together resulting in regions filled

predominantly with the second phase material. These regions will be referred

to as matrix agglomerations (MA). In order to create these numerically a

specified number of particles are removed from the synthetic microstructure

while keeping the overall particle phase content constant, see Figure 1.

The generated microstructures were all 100×100 µm in size with an aver-

age particle area of 30 µm2. The particle size distributions follow a lognormal
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Figure 1: Numerical ceramic microstructure with 50% particulates and ma-
trix agglomeration

distribution as outlined in [36]. The percentage particles was varied from

30% to 70% in increments of 10% as shown in Figure 2. Three different mi-

crostructures were generated for each volume fraction as it is expected that

the geometrical variability on the microstructural level will affect the overall

material. A further three 50% microstructures with matrix agglomerations

were generated to investigate their effect on strength and fracture, see Figure

2f.

3. Analysis

3.1. Finite volume analysis

Finite Volume (FV) analysis was carried out on the numerical microstruc-

tures using OpenFOAM 1.6-ext [38–40]. The simulations were 2-dimensional

and plane strain was specified in the third direction. The plane strain repre-

sentation has been considered as an alternative to the more computationally

demanding full three dimensional analysis. This approach has already been

successfully adopted by several previous authors [30, 34, 41]. Both the par-

ticulates and matrix were treated as isotropic linear elastic over the course
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(a) 30% Particles (b) 40% Particles (c) 50% Particles

(d) 60% Particles (e) 70% Particles (f) 50% Particles with
MA

Figure 2: Two-phase microstructures with varying percentage particulates

of the simulation. For initial tests it was assumed that the particles were

perfectly bonded to the matrix and that the crack could only grow through

the matrix phase.

The microstructures were subjected to a fixed strain rate of 1×10−4 s−1 in

both the positive and negative X direction as shown in Figure 3. The Young’s

modulus, E, and Poisson’s ratio, ν, are as shown in Table 1. It should be

noted that the elastic constants of each phase are not representative of any

particular material, but they can be selected to represent real phases within

a microstructure.

The arbitrary crack propagation model implemented allows prediction of

crack propagation along internal control volume faces [19]. An internal con-
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Figure 3: Generated microstructure with applied traction

Table 1: Material properties

E [GPa] ν
Primary Phase 900 0.1
Secondary Phase 150 0.25

trol volume face at which the failure criterion is satisfied is turned into a

pair of cohesive zone boundary faces. The traction force specified between

these cohesive zone faces is governed by the cohesive zone model. The co-

hesive zone model works on the basis that all the damage processes taking

place locally ahead of the crack tip can be described by a unique traction-

displacement relationship as shown in Figure 4. For all the simulations in

the current work a Dugdale cohesive zone model was employed.

Once the critical traction, σmax, reaches the normal cohesive traction,

the value of σ decreases from the critical traction to zero according to the

specified traction-separation curve. When the critical normal separation, δc,

is reached, fracture is assumed to have taken place and the cohesive faces are

thereafter treated as traction-free faces.
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Figure 4: Dugdale cohesive traction-displacement law

A complete description of the algorithm including details of the special

treatment of discretisation of traction at a material interface can be found

in Carolan et al. [9] and Tukovic et al. [37].

4. Results and Discussion

4.1. Strength analysis

4.1.1. Effect of percentage particulates

As the particle content increases the overall stiffness of the bulk material

increases, as can be shown by the Hashin-Shtrikman bounds [42–44]. Simi-

larly, it was found that the microstructures showed an increase in strength

with an increase in the percentage particulates, see Figure 5. Several authors

[45–48] have shown experimentally that the strength of some two-phase ce-

ramic composites increases as the volume fraction of the interpenetrating

second phase decreases. However, it was noted that there was a levelling off

in strength between 30% and 40% particulates. This may indicate that the

interaction between the particles becomes negligible at lower volume frac-

tions and failure is purely due to interactions between the grain and matrix.
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Figure 5: Effect of varying the percentage particulates. Flexural strength is
normalised with respect to the cohesive strength

Figures 6a to 6f compare the stress distributions in the XX, Y Y and ZZ

directions for a microstructure with 30% and 70% grains. It is apparent that

the microstructure with 30% grains is more highly stressed in each direction.

The larger volume fraction of grains in the 70% microstructure constrains

the matrix more resulting in a reduction in the high stress gradients. The

matrix is the weakest link in the microstructures, hence reducing the high

stresses increases the strength.

It was also noted that the strength of the microstructures with the matrix

agglomerations were consistently lower than the equivalent 50% microstruc-

tures without the matrix agglomerations. This is in agreement with Spowart

[49] who has shown that there is a direct relationship between the strength

of reinforced alumina composites and the homogeneity of the reinforcement

particles. The authors have previously shown [36] that the matrix agglom-

erations result in an increase in localised stress concentrations. Similarly,
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(a) σxx for 30% Particles (b) σxx for 70% Particles

(c) σyy for 30% Particles (d) σyy for 70% Particles

(e) σzz for 30% Particles (f) σzz for 70% Particles

Figure 6: Comparison of stress distributions for microstructure with 30%
particles and 70% particles, showing higher local stresses in microstructure
with 30% particles.
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Chawla et al. [3, 50] found that the inclusion of regions filled predominantly

with the second phase material caused an increase in stress concentrations

in nearby clusters of particles. This is clearly visible from Figure 7. Further-

more, it can be observed from Figure 8 that the crack initiates between two

particles which have matrix agglomerations on either side.

(a) Stress in 50% microstructure (b) Stress in 50% microstructure with
MA

Figure 7: Comparison of average stresses in 50% microstructures with and
without matrix agglomerations

4.1.2. Effect of Young’s modulus

The Young’s modulus value of the matrix material, E2, was varied from

150 GPa up to 400 GPa to investigate the effect of matrix stiffness on the

strength of the overall bulk material. It should be noted that the Poisson’s

ratio of the matrix was kept constant. It was found that the strength of

the bulk material increased as the Young’s modulus of the second phase in-

creased, see Figure 9. As the Young’s modulus of the second phase material

increases, the elastic mismatch between the matrix and the particulates de-

creases. This results in an overall decrease in stress concentrations through-
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(a) Crack path (b) Stress in microstructure

Figure 8: Crack propagation and the Von Mises equivalent stresses with the
crack initiation circled in red for a microstructure with matrix agglomerations

out the microstructure. From Figure 9 it may also be observed that as the

material becomes more homogenous, there is a decrease in the amount of

scatter in the results.
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Figure 9: Effect of varying the Young’s modulus of the matrix material.
Flexural strength is normalised with respect to the cohesive strength

The effect of increasing the elastic modulus of the second phase material

decreased as the percentage particulates increased. The microstructures with
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40%, 50% and 60% particulates where found to increase in strength by 31.1%,

25.2% and 22.0% respectively. From Table 2 it can be seen that the increase

in E2 for the microstructure with 40% particulates results in the largest

increase in the overall Young’s modulus value.

Table 2: Young’s modulus values for the bulk material for E2 equal to 150
GPa and 400 GPa using the Mori-Tanaka method [51]

E2 = 150 GPa E2 = 400 GPa ∆E
40% Particles 250 GPa 534 GPa 113.6%
50% Particles 291 GPa 578 GPa 98.6%
60% Particles 343 GPa 626 GPa 82.5%

4.2. Isotropy

The isotropic properties of the microstructures were investigated. In ad-

dition to the above mentioned analysis, each microstructure was subjected

to a fixed strain rate of 1×10−4 s−1 in the positive and negative Y direction.

The stress and strain in each microstructure was measured and the Young’s

modulus value was calculated using the homogenisation approach outlined

in [52]. From Figure 10 it can be observed that the elastic properties of

the microstructures are isotropic. It should also be noted that the Young’s

modulus value for the microstructure with the matrix agglomerations was

in agreement with the 50% microstructure with no matrix agglomerations,

showing that the elastic properties are only affected by the volume fraction

of each phase and not by their distribution. This has previously been shown

in [36].
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Figure 10: Isotropic Young’s modulus of microstructures

The isotropic strength properties were also investigated. Figure 11 shows

that there is little difference between the microstructure loaded in the X

and Y direction, showing the microstructures are also isotropic in terms of

strength.
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Figure 11: Isotropic strength of microstructures with varying volume frac-
tions of particulates
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4.3. Matrix agglomerations

To further investigate the effect of matrix agglomerations on the elastic

and strength properties, additional microstructures with varying amounts

and shapes of matrix agglomerations were generated. In all cases the volume

fraction of each phase was kept close to 50%. In order to investigate the

effect of the amount of matrix agglomerations, the number of grains removed

to create matrix agglomerations was varied from 10% to 70% of the total

number of grains, while ensuring the overall particle content remained con-

stant. Figure 12 shows the microstructures with varying amount of matrix

agglomerations.

0

(a) 10% MA
0

(b) 30% MA
0

(c) 50% MA
0

(d) 70% MA

Figure 12: Microstructures with 50% particles and varying amount of matrix
agglomerations.

The effect of matrix agglomeration shape was investigated by removing 15

grains from each microstructure in various shapes as shown in Figure 13. By

removing a fixed number of grains, it was ensured that the percentage matrix

agglomerations in each microstructure remained constant. In addition the

microstructures in Figures 13c and 13d were rotated 90◦.

In each case the elastic properties of the microstructures were calculated

using the homogenisation approach. Figure 14 shows the elastic properties
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(a) Shape 1 (b) Shape 2 (c) Shape 3 (d) Shape 4

Figure 13: Microstructures with 50% particles and matrix agglomerations
with various shapes.

for the microstructures both with and without matrix agglomerations plotted

along side the calculated Mori-Tanaka values. In all cases it was found that

the elastic properties were in agreement with the Mori-Tanaka values, once

again showing that matrix agglomerations do not affect the elastic properties

of the microstructures.
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Figure 14: Graph showing the variation in Young’s modulus with volume
fraction of grains for microstructures with varying amount and shape of ma-
trix agglomerations. The elastic properties of the microstructures without
matrix agglomerations are also shown for comparison.

In addition, the effect of the matrix agglomerations on the isotropic
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strength properties was also investigated as outlined in Section 4.1. Fig-

ure 15 shows the results for the microstructures with varying amounts of

matrix agglomerations.
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Figure 15: Graph showing the isotropic strength data for microstructures
with varying amounts of matrix agglomerations.

From Figure 15, it is clearly evident that the strength of the microstruc-

tures is strongly affected by the amount of matrix agglomerations. How-

ever, similar to Figure 11, it can be seen that there is little variation be-

tween the microstructures loaded vertically and horizontally. This shows

that the microstructures with varying amounts of matrix agglomerations are

still isotropic in terms of their strength properties.

Furthermore, the microstructures with varying matrix agglomeration shapes

were found to vary by only 0.9%, 1%, 2.3% and 0.4% when loaded vertically

and horizontally. Hence it has been demonstrated that the microstructures

are isotropic in terms of both strength and elastic properties.
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5. Conclusion

In this paper a modified Voronoi tessellation approach has been imple-

mented to generate two-dimensional micromechanical models of two-phased

ceramic composites. Finite volume analysis was carried out on these synthetic

microstructures to investigate their mechanical properties, such as strength

and Young’s modulus. Based on the simulation results and the observations

made, the following conclusions can be drawn.

1. The strength of the ceramic composites increases as the volume fraction

of hard particles increases.

2. The strength of the microstructures are strongly affected by the distri-

bution of the primary phase.

3. Increasing the Young’s modulus value of the second phase results in an

increase in the overall strength of the microstructure.

4. The microstructures are found to be isotropic in terms of both strength

and elastic parameters.

5. The elastic properties of the microstructures are not affected by the

homogeneity of the microstructure.
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[20] V. Kanyanta, A. Ivanković, A. Karac. Validation of a fluidstructure

interaction numerical model for predicting flow transients in arteries. J.

Biomech., 42:11 (2009) 1705–1712.
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