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Abstract

Individual tree growth in forest plots is spatially dependent, changes over
time and the magnitude of spatial dependence may also change over time,
particularly in stands subjected to thinning. Models for tree growth in the
literature have been mainly restricted to either spatial models or temporal
models. Spatial models have been mostly restricted to those that have
Gaussian variograms with comparisons at single time points while dynamic
models ignore tree competition caused by close spatial proximity. Spatio-
temporal models were therefore developed to represent the individual tree
growth of Sitka spruce (Picea sitchensis (Bong.) Carr.) based on data from
three long-term, repeatedly measured, experimental plots in Co. Wicklow,
Ireland.

The initial thinning treatments for the three plots were: unthinned, 40%
thinned and 50% thinned. Tree growth was defined as the difference in
the measured diameter at breast height (DBH) (cm) at regular intervals.
Thinned and unthinned plots were modelled separately as they were not
adjacent. A model for tree growth over all locations in a plot and all time
points was fitted using a sum-metric spatio-temporal variogram. Negative
spatial correlation at small distances (due to competition) is evident at
separate time points while at larger distances it is positive and this is
adequately modelled with a wave function. The correlation of a single
tree over time also followed a wave variogram while the spatio-temporal
anisotropy parameter captured the changing spatial wave intensity.

Models with fixed effects of age, number of neighbours and polygon area
were also considered. Predicted values for models were computed us-
ing regression-kriging and mean squared error of prediction was used to
compare models and thinning strategies. Both thinned plots clearly out-
performed the unthinned plot in terms of total individual tree DBH growth
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and also at a stand level. Spatio-temporal bootstrap methods were used
to assess the precision of the spatio-temporal model parameter estimates.

The models indicate, once fixed effects are accounted for, that spatial
variability and correlation is more important than temporal. The models
provide insights into the nature of tree growth and it is seen that mod-
elling spatial dependence is important in the understanding of management
strategies and silvicultural decision making.
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Chapter 1

Introduction

1.1 Forestry in Ireland

In 1989, the entire national forest estate amounted to an estimated 465,000 hectares.
Forest area currently makes up approximately 700,000 ha or 10.82% of the total land
coverage in Ireland which is on course to meeting the government ambition to raise the
Irish forest cover up to 17% by 2030 (Forest Service, 2010). Most of these forests have
been established since the 1950s, with significant increases in the rate of planting in
the private sector since 1989 as a result of the E.U. grant-aided schemes introduced to
encourage private afforestation. Along with these significant increases to the forest area
mainly by private sector afforestation, early to mid-rotation thinning of semi-mature
forests and felling at maturity are also increasing considerably (Forest Service, 2000).

Sitka spruce (Picea sitchensis (Bong.) Carr.) is the most important commercially
grown tree species in Irish forestry among the 53 species presently identified (Joyce
& O’Carroll, 2002). It accounts for 52.3% of the total area of state and private
managed forests in the Republic of Ireland (Olajuyigbe et al., 2011), 61.6% of which
was planted by the private sector. The Pacific North West coast of North America is
the natural home to Sitka spruce. It grows along the coast of Alaska in the north down
through British Columbia, Washington and Oregon to California. Sitka spruce was first
introduced into Europe in 1831 and was first planted in Ireland in Co. Wicklow shortly
afterwards and is best suited for timber production purposes in Ireland.

Sitka spruce generally grows well under a wide range of forest conditions but typi-
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1.2 Thesis Structure and Objectives

cally better on surface water gleys (Farrelly et al., 2009). Its wood is of high commercial
value and useful for construction and many other purposes. According to the Forest
Service (2007), Coillte Teoranta (The Irish Forestry Board), the body that manages the
state owned forests, has not afforested much in recent times making it inevitable for the
private sector to dominate Irish forestry in the future. Despite the anticipated increases
in the private sector afforestation in Ireland, the production of scientific forecasts of
private sector timber availability is yet to be undertaken in the country.

1.2 Thesis Structure and Objectives

The objectives of this thesis were to investigate the spatial and spatio-temporal de-
pendence of Sitka spruce individual tree growth and provide insights into the nature
of the correlation structure of tree diameter (DBH) so that it may be accounted for in
future forestry models to improve estimates and forecasts of timber volume.

• Chapter 2 describes the statistical methodology that will be applied in later
chapters. Spatial and spatio-temporal processes are defined along with variogram
modelling and the kriging procedure used to predict values at a particular location
in space and time.

• Non-spatial and non-temporal models are considered in Chapter 3. An individual
tree volume model for Sitka spruce is considered and compared with existing
models, namely the UK Forestry Commission individual tree model and the Irish
GROWFOR stand model. The model shows that DBH is a good predictor of tree
volume and is used as a proxy for volume in subsequent analysis. The limitations
of models that ignore spatial and temporal dependence are discussed.

• In Chapter 4 spatial models are developed to represent the individual tree growth
of Sitka spruce based on data from three long-term, repeatedly measured, ex-
perimental plots in Co. Wicklow, Ireland. Each plot was exposed to a different
thinning treatment. Initially, spatial effects (computed using Voronoi tessella-
tion) and temporal effects (age) are considered as regression covariates in an
attempt to account for spatial and temporal variability in the data. Variogram
analysis of the regression residuals show spatial correlation is present with a
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1.2 Thesis Structure and Objectives

wave pattern indicating inter-tree competition. The effects of different thinning
strategies on spatial dependence are compared.

• The spatial models are extended to the spatial-temporal domain in Chapter 5
in an attempt to describe the spatio-temporal variability of the residuals, while
allowing for space-time interaction in the form of an anisotropy parameter. A
model for tree growth over all locations in a plot and all time points is fitted
using a sum-metric spatio-temporal variogram model. Universal (Regression)
kriging is carried out as a means of quantifying the spatial and spatio-temporal
predictions so both methods may be compared.

• In Chapter 6 spatio-temporal bootstrap methods are used to assess the preci-
sion of the spatio-temporal model parameter estimates. A parametric spatial
bootstrap that accounts for the spatial correlation in the data by estimating the
correlation structure and then imposing it in the resamples is extended to the
spatio-temporal case. In addition, an iteratively re-weighted generalised least
squares algorithm is applied to the parameter estimates from the regression
model fitted in Chapter 4. This provides updates of the parameter estimates
that account for the spatio-temporal covariance structure in the data.

The methodology described in this thesis can be applied to the residuals of existing,
well-established forestry models. This becomes a realistic possibility as advances in
technology make the recording of individual tree spatial coordinates much easier during
data collection.

It may be possible to characterise tree growth for a particular thinning strategy
over a complete time trajectory. This would enable better predictions of stand timber
volume to be made. It would also enable, via simulation studies, to infer optimal
thinning strategies.

3



Chapter 2

Statistical Methodology

Assume there are n trees laid out in a lattice structure called a plot or stand. For
subsequent use Voronoi tessellation is defined as follows: let P1, P2, . . . , PN be a finite
number of distinct points in a plane, the area associated with PN is the set TN defined
by TN = {x|d(x, Pn) ≤ d(x, Pm)} for all m 6= n where d is Euclidean distance (Okabe
et al., 1992). The set TN is called a Voronoi cell or region. A cell contains the
ground points that are closer to that tree than to any other tree. The area of the
cells or polygons are also known as the area potentially available and are considered
in a forestry context by García (2006). Trees that share a polygon side are known as
neighbours.

2.1 Moran’s I

Moran’s I is a traditional measure of spatial dependence and is the most widely used
statistic for spatial dependence (Anselin & Florax, 1995). Let Z(si) and Z(sj) denote
an attribute for trees at locations i and j, respectively and Z̄ the mean of the attribute
for a plot. If Z is a continuous attribute with a mean that is not spatially varying, i.e.,
E[Z(s)] = µ, then closeness of attributes at locations si and sj can be expressed by
measures such as (Z(si)− Z̄)(Z(sj)− Z̄). If Z̄ is consistent for µ, then E[(Z(si)−
Z̄)(Z(sj)− Z̄)] is a consistent estimator of Cov[Z(si), Z(sj)] (Moran, 1950).

This leads us to consider Moran’s I formula as applied by Cliff & Ord (1972):
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2.1 Moran’s I

I =
n×

∑n
i=1

∑k
j=1wij(Z(si)− Z̄)(Z(sj)− Z̄)∑n

i=1

∑k
j=1wij

∑n
i=1(Z(si)− Z̄)2

where n is the total number of trees in a plot, k is the number of neighbours (neighbours
defined using the Voronoi tessellation) and wij are the spatial connectivity weights
between tree i and j. The connectivity weights are zero if i = j, that is the trees are
not connected, and equal 1 if they are connected. The wij, also known as the binary
weight matrix, is given by

wij =

{
1 if trees i and j are neighbours

0 if trees i and j are not neighbours.

To derive the mean and variance of I one either proceeds under the assumption that
the Z(si) are Gaussian random variables with mean µ and variance σ2 or derives the
mean and variance under the assumption of randomizing the attribute values to the
lattice locations. Either assumption yields

E[I] = − 1

n− 1
.

If I > E[I], then a location tends to be connected to locations that have similar Z(s)

attribute values. The spatial autocorrelation is positive and increases in strength with
|I −E[I]|. If I < E[I], attribute values of locations connected to a particular location
tend to be dissimilar. The variance of I is given by (Cliff & Ord, 1981)

Var(I) =
nS4 − S3S5

(n− 1)(n− 2)(n− 3)(ΣiΣjwij)2
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2.2 Spatial Processes

where

S1 =
1

2

∑
i

∑
j

(wij + wji)
2

S2 =
∑
i

(∑
j

wij +
∑
j

wji

)2

S3 =
n−1

∑
i(xi − x̄)4

(n−1
∑

i(xi − x̄)2)2

S4 = (n2 − 3n+ 3)S1 − nS2 + 3(
∑
i

∑
j

wij)
2

S5 = S1 − 2nS1 + 6(
∑
i

∑
j

wij)
2.

Here, wij = wji since, if i is a neighbour of j, then j is a neighbour of i. Moran’s
I values can be transformed to Z-scores in which values greater than 1.96 or smaller
than -1.96 indicate spatial autocorrelation that is significant at the 5% level.

2.2 Spatial Processes

A spatial process is a collection of random variables that are indexed by some set
D ⊂ Rd containing spatial coordinates s = [s1, s2, . . . , sd]

′. For a process in the plane,
d = 2, the longitude and latitude coordinates are often represented as s = [x, y]′.
If the dimension d of the index set of a stochastic process is greater than one, the
stochastic process is often referred to as a random field. We will be concerned with
spatial processes in Rd with d = 2. A random field {Z(s) : s ∈ D ⊂ Rd} is strongly
(or strictly) stationary if the spatial distribution is invariant under translation of the
coordinates, i.e.,

Pr(Z(s1) < z1, Z(s2) < z2, . . . , Z(sk) < zk) =

Pr(Z(s1 + h) < z1, Z(s2 + h) < z2, . . . , Z(sk + h) < zk),

for all k and h. A strongly stationary random field repeats itself throughout the
domain. As the name suggests, strong stationarity is a stringent condition; most
statistical methods for spatial data analysis are satisfied with stationary conditions
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2.2 Spatial Processes

based on the moments of the spatial distribution rather than the distribution itself.
Second-order (or weak) stationarity of a spatial process implies that E[Z(s)] = µ

and Cov[Z(s), Z(s+h)] = C(h). The mean and variance of a second-order stationary
random field is constant and the covariance between attributes at different locations is
only a function of their spatial separation h. Stationarity reflects the lack of importance
of absolute coordinates. The function C(h) is called the covariance function of the
spatial process and plays an important role in statistical modelling of spatial data.
Strong stationarity implies second-order stationarity but the reverse is not true by the
same token by which we cannot infer the distribution of a random variable from its
mean and variance alone. Even if Z(s) is not second-order stationary, the increments
Z(s)−Z(s+h) might be. The process {Z(s) : s ∈ D ⊂ Rd} is said to be intrinsically
stationary if E[Z(s)] = µ and

1

2
Var[Z(s)− Z(s + h)] = γ(h).

The function γ(h) is called the semivariogram and has the relationship γ(h) = C(0)−
C(h) with the covariance function (Cressie, 1993).

If the covariance function or the semivariogram depends only on the absolute dis-
tance between points, the function is termed isotropic. If the random field is second-
order stationary with an isotropic covariance function, then C(h) = C∗(‖h‖), where
‖h‖ is the Euclidean norm of the lag vector, and for d = 2,

‖(s + h)− s‖ = ‖h‖ =
√
h21 + h22.

γ(h) is estimated by the Matheron (1963) estimator

γ̂(h) =
1

2|N(h)|
∑
N(h)

{Z(si)− Z(sj)}2. (2.1)

The set N(h) consists of location pairs (si, sj) such that si − sj = h and |N(h)|
denotes the number of distinct pairs in N(h). A graph of γ̂(h) against ‖h‖ is called
the empirical semivariogram. The terms variogram and semivariogram will be used
interchangeably here.

For a second-order stationary random field, the (isotropic) semivariogram rises from

7



2.2 Spatial Processes

the origin with increasing h and will approach Var[Z(s)] = σ2 either asymptotically
or exactly at a particular lag h∗. The asymptote is termed the sill of the variogram
and the lag h∗ at which the sill is reached is called the range. Observations Z(si)

and Z(sj) for which ‖si − sj‖ ≥ h∗ are uncorrelated. If the semivariogram reaches
the sill asymptotically, the practical range is defined as the lag h∗ at which γ(h) =

0.95 × σ2. In practice, empirical semivariograms γ̂(h) calculated from a set of data
often suggest that the semivariogram does not pass through the origin. This intercept
of the semivariogram has been termed the nugget effect σ2

n, σ
2
n = limh→0γ(h) 6= 0.

Plotting the variogram produces a curve typically rising from the nugget (the point on
the y-axis where h=0), to a maximum value (the sill) within a certain lag distance on
the x-axis (the range). See Figure 2.1. The nugget describes the spatially uncorrelated
variation or noise in the data. The larger this value, the less spatial dependence there
is amongst the attribute values.

 

lag distance, h

se
m

iv
ar

ia
nc

e,
 γ

(h
)

20

40

60

80

100

120

5000 10000 15000 20000

− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − nugget

− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − −− − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − − sill|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|
|

range
|

Figure 2.1: Schematic representation of a typical variogram, with structural parameters
indicated.
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2.2 Spatial Processes

If the data contain a linear large-scale trend,

Z(s) = X(s)β + ε(s),

then the spatial dependency in the model errors ε(s) is often estimated from the least
squares residuals. Since Var[ε(s)] = Σ is unknown, the ordinary least squares residuals

ε̂(s) =
(
I−X(s)(X(s)′X(s))−1X(s)′

)
Z(s)

are often used. Although the semivariogram estimated from ε̂(s) is a biased estimator
of that for ε(s), this bias is less than the bias of the covariance function estimator
based on ε̂(s) for C(h) (Cressie, 1992)

2.2.1 Anisotropy

If the covariance function of a second-order stationary process is anisotropic, the spa-
tial structure is direction dependent. In the isotropic case, correlation contours are
spherical, whereas a particular case of anisotropy gives rise to elliptical contours. This
is known as geometric anisotropy and can be corrected by a linear transformation of
the coordinate system. A geometric anisotropy manifests itself in semivariograms that
have the same shape and sill in the direction of the major and minor axes, but different
ranges. It is common for processes that evolve along particular directions, e.g. airborne
pollution will likely exhibit anisotropy in the prevailing wind direction.

In a process exhibiting zonal anisotropy the covariance function depends on only
some components of the lag vector. A case of zonal anisotropy exists if the semi-
variogram sills vary with direction. It can be modelled by nesting an isotropic model
and a model which depends only on lag distance in the direction of the greater sill
(Goovaerts, 1997, p. 93).

2.2.2 Semivariogram Models

A selection of the many possible variogram models are described below. Those selected
are those used in this thesis. The parameter σ2 corresponds to the sill and φ is related
to the range of the process. Only for the spherical model does φ equal the range. For

9



2.2 Spatial Processes

the exponential model the practical range is 3φ, while for the Gaussian model it is√
3φ.

2.2.2.1 Exponential Model

The exponential variogram model without a nugget is given by

γ(h) = σ2

(
1− exp

(
−3h

φ

))
.

2.2.2.2 Gaussian Model

The Gaussian variogram model without a nugget is given by

γ(h) = σ2

(
1− exp

(
−3h2

φ2

))
.

The Gaussian model reflects a very smoothly varying process. It may exhibit unstable
behaviour, and is not recommended for use without a nugget effect.

2.2.2.3 Spherical Model

The spherical variogram model with no nugget is given by

γ(h) = σ2

(
3

2

h

φ
− 1

2

(
h

φ

)3
)
, h ≤ φ.

In spherical models the correlation is exactly zero at lag h = φ. The behaviour of the
semivariogram is close to linear near the origin, which abruptly levels to the sill value.

2.2.2.4 Wave Model

The isotropic semivariogram model

γ(h) = σ2
n + σ2

(
1−

(
φ

h

)
sin

(
h

φ

))
is known as the cardinal-sine, hole-effect or wave model, where σ2 is the sill variance, σ2

n

is the nugget variance, φ is the wave intensity and h is the physical distance separating
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2.3 Spatial Kriging

two trees. The wave model is one of the few candidates for parametric models that
allow for negative correlation with a small number of parameters requiring estimation.
The ‘practical’ range for this model is defined as the lag distance at which the first peak
is no greater than 1.05σ2 or the first valley is no less than 0.95σ2. It is approximately
6.5× πφ (Schabenberger & Gotway, 2005).

2.3 Spatial Kriging

One of the problems in spatial statistics is the prediction of the spatial process Zs at
some specified location s0 ∈ D. This can be a location that is part of the set of loca-
tions where Z has been observed, or a new, unobserved location. Kriging refers to a
set of multiple linear regression procedures by which the best linear unbiased estimate
of an unobserved datum value is arrived at by the weighted linear combination of sur-
rounding observations, such that the prediction error is minimised (Isaaks & Srivastava,
1989). The weights ascribed to each observation take into consideration the clustering
of the data locations, and the proximity of each observation to the prediction location.
These spatial effects are included via reference to the autocorrelation structure of the
data set, as summarized by the semivariogram.

2.3.1 Simple Kriging

Simple kriging is used in the situation where the mean of the variable of interest, µ, is
known across the whole study region. This mean need not be the same at all locations,
but the assumption is that the sampling design is sufficient to ensure that calculation
of the mean is not affected by data clustering.

Consider the spatial data Z(s) = [Z(s1), . . . , Z(sn)]′ and assume

Z(s) = µ(s) + ε(s), ε(s) ∼ (0,Σ). (2.2)

Then E[Z(s)] = µ(s) and Var[Z(s)] = Σ and we initially assume both µ(s) and Σ are
known. To find the predictor of Z(s0), p(Z; s0), that minimises E[(p(Z; s0)−Z(s0))

2]

we consider linear predictors of the form p(Z; s0) = λ0 + λ′Z(s), where λ0 and the

11



2.3 Spatial Kriging

elements of λ = [λ1, . . . , λn]′ are unknown coefficients to be determined. Then

E[(p(Z; s0)− Z(s0))
2] = E[(λ0 + λ′Z(s)− Z(s0))

2]

= Var[λ′Z(s)− Z(s0)] + (λ0 + λ′µ(s)− µ(s0))
2.

Since both terms are non-negative, the expected mean-squared prediction error will be
minimised by taking λ0 = µ(s0)−λ′µ(s). If Var[Z(s0)] = σ2 and σ = Cov[Z(s), Z(s0)]

then

Var[λ′Z(s)− Z(s0)] = σ2 + λ′Σλ− 2σ′λ.

Matheron (1963) shows the optimal choices for λ0 and λ are

λ0 = µ(s0)− λ′µ(s);

λ = Σ−1σ

and the optimal linear predictor is

psk(Z; s0) = λ0 + λ′Z(s) (2.3)

= µ(s0) + σ′Σ−1(Z(s)− µ(s)). (2.4)

This is called the simple kriging predictor and is the best linear predictor under squared-
error loss. It has the kriging variance

σ2
sk(s0) = σ2 − σ′Σ−1σ

which depends on the prediction location through the vector σ of covariances between
Z(s0) and the observed data.

2.3.2 Ordinary Kriging

The simple kriging predictor is used when the mean µ(s) in the model (2.2) is known.
If E[Z(s)] is unknown but constant across locations, E[Z(s)] ≡ µ1, the best linear
unbiased prediction under squared-error loss is known as ordinary kriging. When the

12



2.3 Spatial Kriging

data follow the model

Z(s) = µ1 + ε(s), ε(s) ∼ (0,Σ),

then E[Z(s)] = µ1 and Var[Z(s)] = Σ, where µ is an unknown constant and Σ is
known. Following the development in the previous section gives λ0 = µ−λ′µ1. Since
this must hold for every µ, it must hold for µ = 0 and so the unbiased constraint
requires that λ0 = 0 and λ′1 = 1. The ordinary kriging predictor of Z(s0), pok(Z; s0),
that minimises E[(p(Z; s0)− Z(s0))

2] is

pok(Z; s0) = µ̂+ σ′Σ−1(Z(s)− 1µ̂).

The best linear unbiased estimator of µ is the generalised least squares estimator

µ̂ = (1′Σ−11)−11′Σ−1Z(s)

and the ordinary kriging variance is (Cressie, 1992)

σ2
ok(s0) = C(0)− σ′Σ−1σ +

(1− 1′Σ−1σ)2

1′Σ−11
.

2.3.3 Universal (or Regression) Kriging

When the constant-mean assumption is generalised to a linear model assumption, the
optimal linear spatial prediction is known as universal (or regression) kriging. Consider
the data Z(s1), . . . , Z(sn) at spatial locations s1, . . . , sn. We want to predict Z(s0)

at location s0 where we do not have an observation. Further suppose that the form of
the general linear model holds for both the data and the unobservables:

Z(s) = X(s)β + ε(s),

Z(s0) = x(s0)
′β + ε(s0),

where x(s0) is the (p× 1) vector of explanatory values associated with location s0. As
before, a general variance-covariance matrix is assumed for the data, Var[Z(s)] = Σ,
but it is also assumed that the data and the unobservables are spatially correlated, so
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2.3 Spatial Kriging

that Cov[Z(s), Z(s0)] = σ, an (n× 1) vector, and Var[Z(s0)] = σ0.
The goal is to find the optimal linear predictor, one that is unbiased and has mini-

mum variance in the class of linear, unbiased predictors. Thus, we consider predictors
of the form a′Z(s), and find the vector a so that a′Z(s) is the best linear unbiased
predictor of Z(s0). The vector a that minimises the mean-squared prediction error

E[(a′Z(s)− Z(s0))
2] = Var[a′Z(s)] + Var[Z(s0)]− 2Cov[a′Z(s), Z(s0)]

= a′Σa + σ0 − 2a′σ, (2.5)

subject to E[a′Z(s)] = E[Z(s0)]. This unbiasedness condition implies

a′X(s)β = x(s0)
′β ∀β,

which gives a′X(s) = x(s0)
′. When this function is minimised subject to the constraint,

we obtain

a = Σ−1
(
σ −X(s)

(
X(s)′Σ−1X(s)

)−1 (
X(s)′Σ−1σ − x(s0)

))
. (2.6)

Note that for this model, β is best estimated using generalised least squares, i.e.
β̂gls = (X(s)′Σ−1X(s))−1X′Σ−1Z(s), and the best linear unbiased predictor of Z(s0)

is the universal kriging predictor

puk(Z; s0) = a′Z(s)

= x(s0)
′β̂gls + σ′Σ−1

(
Z(s)−X(s)β̂gls

)
. (2.7)

The minimized mean-squared prediction error provides a measure of uncertainty asso-
ciated with the universal kriging predictor. This is obtained by substituting the optimal
weights, a, given in (2.6), into (2.5), yielding the kriging variance

σ2
uk(s0) = a′Σa + σ0 − 2a′σ

= σ0 − σ′Σ−1σ

+
(
x(s0)

′ − σ′Σ−1X(s)
) (

X(s)′Σ−1X(s)
)−1

×
(
x(s0)

′ − σ′Σ−1X(s)
)′ (2.8)
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2.3 Spatial Kriging

where X(s)′ is the transpose of the design matrix X(s). The term σ′Σ−1σ is zero if
σ is zero, that is if all observations are uncorrelated with Z(s0), and equals σ2

0 when
s0 is identical to an observation location. The third term of (2.8) is the contribution
of the estimation error, Var(β̂gls − β) = (X(s)′Σ−1X(s))−1 to the prediction: it is
zero if s0 is an observation location, and increases, for example when x(s0) is more
distant from X(s), as when we extrapolate in the space of X(s).

2.3.4 Validation of Spatial Prediction Models

The (spatial) model uncertainty can be best assessed by comparing estimated val-
ues (Ẑ(sj)) with actual observations at validations points (Z(sj)). Commonly, two
measures are most relevant here: (i) the mean prediction error (ME):

ME =
1

l

l∑
j=1

[
Ẑ(sj)− Z(sj)

]
, E[ME] = 0

and (ii) the root mean square prediction error (RMSE)

RMSE =

√√√√1

l

l∑
j=1

[
Ẑ(sj)− Z(sj)

]2
, E[RMSE2] = σ2 for h = 0

where l is the number of validation points.
Because collecting additional samples is often impractical and expensive, validation

of prediction models is most commonly done by using cross-validation, i.e. by sub-
setting the original data set into two data sets - calibration and validation - and then
repeating the analysis. There are several types of cross-validation methods:

• k-fold cross-validation - the original sample is split into k equal parts and then
each is used for cross-validation;

• leave-one-out cross-validation (LOO) - each sampling point is used for cross-
validation;

• jackknifing - similar to LOO, but is aimed at estimating the bias of statistical
analysis and not of predictions;
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2.3 Spatial Kriging

Both k-fold and the leave-one-out cross validation are implemented in the krige.cv

method of the gstat package (Pebesma, 2004). The LOO algorithm works as fol-
lows: Let γ̂(h) be the fitted variogram model (obtained from all the data); Now
delete a datum Z(si) and predict it with Ẑ(si) (based on γ̂(h) and the data Z(−i) =

(Z1, . . . , Zi−1, Zi+1, . . . , Zn). This is done for i = 1, . . . , n, where n is the number of
observations in a plot. Repeating this over many deleted subsets allows an assessment
of the variability of prediction error. Then compute the RMSE for example by

RMSE =

√√√√ 1

n

n∑
i=1

[
Ẑ(si)− Z(si)

]2
If the model fits well, cross-validation residuals should be small, have zero mean,

and no apparent structure. It should be noted that in the cross-validation procedure,
the variogram model is not re-fit for each fold. A variogram is fit on the complete
data set, and in that case validation residuals are not completely independent from
modelling data, as they already did contribute to the variogram model fitting.

2.3.5 A Note on Universal Kriging

Consider again the generalised least squares (GLS) estimator for β used in Sec-
tion 2.3.3,

β̂gls = (X(s)′Σ−1X(s))−1X′Σ−1Z(s).

GLS requires knowledge of Σ. If Σ is unknown, one can resort to estimated GLS
(EGLS), where Σ is replaced with an estimate

β̂egls = (X(s)′Σ̂
−1

X(s))−1X′Σ̂
−1

Z(s).

How to obtain this estimate is not clear. In order to estimate the mean you need
to have an estimate of the covariance parameters, which you can not get by least
squares without knowing the mean. Schabenberger & Pierce (2002, p. 613-615) refer
to this circular argument as the "cat and mouse game of universal kriging". The
approach that is taken to facilitate least squares estimation of covariance parameters
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2.4 Spatio-Temporal Processes

in the case of a spatially varying mean is to compute initially an estimate of the mean
that does not depend on Σ, i.e. using ordinary least squares. Then use this estimate
to detrend the data and estimate the semivariogram by least squares based on the
empirical semivariogram of the residuals. Since the estimate Σ̂ depends on how we
estimated β initially, the process is often repeated (iterated) and is termed iteratively
re-weighted generalised least squares (IRWGLS).

Although this is recommended as the proper procedure by many geostatisticians,
Kitanidis (1993) showed that use of the covariance function derived from the OLS
residuals (i.e. a single iteration) is often satisfactory, because it is not different enough
from the function derived after several iterations; i.e. it does not affect the final
predictions much. Minasny & McBratney (2007) reported similar results: it is often
more important to use more useful and higher quality data than to carry out multiple
iterations of the procedure. In some situations however, the model needs to be fitted
using the most sophisticated technique to avoid making biased predictions, for example:
if the points are extremely clustered and/or if the sample size is � 100.

2.4 Spatio-Temporal Processes

Interpolation of observations in a continuous space-time process should take into ac-
count the interactions between the spatial and temporal components and allow for pre-
dictions in time and space. Joint analyses of spatio-temporal data are preferable to sep-
arate analyses. Define a space-time random field as {Z(s, t) : s ∈ D(t) ⊂ R2, t ∈ T}.
The semivariogram for a stationary spatio-temporal process relates to the covariance
function as before:

γ(h, k) =
1

2
Var[Z(s, t)− Z(s + h, t+ k)]

= Var[Z(s, t)]− Cov[Z(s, t), Z(s + h, t+ k)]

= C(0, 0)− C(h, k).

When the empirical spatio-temporal semivariogram is estimated from data, the im-
plicit anisotropy of spatial and temporal dimensions must be accounted for. The
empirical spatio-temporal semivariogram estimator that derives from the Matheron
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2.4 Spatio-Temporal Processes

estimator (2.1) is

γ̂(h, k) =
1

2|N(h, k)|
∑
N(h,k)

{Z(si, ti)− Z(sj, tj)}2. (2.9)

The set N(h, k) consists of the points that are within spatial distance h and time
lag k of each other; |N(h, k)| denotes the number of distinct pairs in that set. The
lag tolerances in the spatial and temporal dimensions need to be chosen differently to
accommodate a sufficient number of point pairs at each spatio-temporal lag.

The conditional estimator of the spatial semivariogram at time t which would be
used in a two-stage method:

γ̂(h) =
1

2|Nt(h)|
∑
Nt(h)

{Z(si, t)− Z(sj, t)}2.

This is equivalent to the empirical spatial variogram for a particular time point. A
weighted least squares fit of the joint spatio-temporal empirical semivariogram to a
model γ(h, k;θ) estimates θ by minimizing

ms∑
j=1

mt∑
l=1

|N(hj, kl)|
2γ(hj, kl;θ)

{γ̂(hj, kl)− γ(hj, kl;θ)}2,

where ms and mt are the number of spatial and temporal lag points, respectively.

2.4.1 Spatio-Temporal Covariance Representations

Combining spatial and temporal autocorrelation structures to form a complete model
for spatio-temporal data has been an active area of research in the past decade, and
comprehensive reviews can be found in Kyriakidis & Journel (1999); De Cesare et al.
(2001a); Gneiting (2002) and Gneiting et al. (2006). Strategies for combining spa-
tial and temporal autocorrelation structures (which are generally discussed in their
covariance form) can be broadly divided into separable and non-separable classes of
models.

A spatio-temporal covariance function is (second-order) stationary in space and
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2.4 Spatio-Temporal Processes

time if

Cov[Z(si, ti), Z(sj, tj)] = C(si − sj, ti − tj).

The covariance function is furthermore isotropic in space if

Cov[Z(si, ti), Z(sj, tj)] = C(‖si − sj‖, |ti − tj|).

The condition of positive definiteness must be met for C to be a valid covariance
function.

2.4.1.1 Separable Spatio-Temporal Covariance Models

The earliest attempts at producing spatio-temporal covariance functions made use of
separable models, with somewhat simplistic assumptions about the nature of spatio-
temporal variability; either combining spatial and temporal covariance in an additive
or multiplicative manner. For example, let Cs(h;θs) and Ct(k;θt) be a spatial and
temporal covariance function. Valid separable spatio-temporal covariance functions are

Cov[Z(s, t), Z(s + h, t+ k)] = Cs(h;θs)Ct(k;θt)

and

Cov[Z(s, t), Z(s + h, t+ k)] = Cs(h;θs) + Ct(k;θt),

referred to as the product and the sum covariance structures. The separable construc-
tion is tantamount to ignoring spatio-temporal interactions, and stating that spatial
and temporal covariance display complete independence (Kyriakidis & Journel, 1999).
Few observed processes behave in this manner, and considerable effort has been made
in seeking alternative non-separable representations.

2.4.1.2 Non-Separable Spatio-Temporal Covariance Models

Development of non-separable covariance functions began with metric models (Dim-
itrakopoulos, 1994), whereby spatial and temporal separation units were converted
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2.4 Spatio-Temporal Processes

to some common metric, and standard three-dimensional zonal anisotropy techniques
used to produce the spatio-temporal model (e.g. as implemented in the Geostatistical
Software Library (GSLIB): Deutsch & Journel, 1998). The attractive simplicity of this
approach is somewhat offset by difficulties in specifying a common metric, and the loss
of intuitive units to describe autocorrelation. Subsequent to this, Cressie & Huang
(1999) developed a set of permissible non-separable space-time covariance functions
through Fourier inversion of one-dimensional covariance functions. Gneiting developed
this approach to a Fourier free representation (Gneiting, 2002). These developments
were an important step forward in spatio-temporal geostatistics, but it was not until
the contribution of De Iaco et al. (2001) that these forms of stationary, non-separable
covariance functions became generalized and straightforward to implement (see De Ce-
sare et al. (2001a,b)). The product-sum covariance model of De Iaco et al. (2001)
allows the linear combination of arbitrarily complex covariance structures (including
zonal and geometric anisotropy) in space and time, with full interaction. The product-
sum representation incorporates the Cressie-Huang family of covariance functions and
provides new, non-integrable forms that cannot be obtained through the Cressie-Huang
representation (De Iaco et al., 2001). The product-sum covariance structure can be
expressed as follows:

Cov[Z(s, t), Z(s + h, t+ k)] = Cs(h;θs)Ct(k;θt) + Cs(h;θs) + Ct(k;θt).

A comparison of the product and product-sum representations is provided in Figure 2.2.

2.4.1.3 The Sum-Metric Model

Bilonick (1988) presented a simple nonseparate model form. He proposed an extension
of the separate-sum models using geometric anisotropy to solve the problems arising
from the differences in spatial and temporal variability. In the Bilonick model, the
residual component of the process Z(s, t) is divided in three parts:

ε(s, t) = εs(s) + εt(t) + εst(s, t)

where εs is a purely spatial process (i.e., its realisations are constant over time), εt is
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2.4 Spatio-Temporal Processes

Figure 2.2: Comparison of separable and non-separable covariance models. (a) separa-
ble product model. (b) non-separable product-sum model. Both models have identical
functional forms and parameters, but note the increased interaction in space-time for
the non-separable model.
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a purely temporal process (i.e., realisations are constant in space), and εst is a space-
time process for which distance in space is made comparable to distance in time by
introducing a space-time anisotropy ratio. If each of the spatial, temporal and joint
spatio-temporal components of the model has a positive-definite covariance function,
the positive definiteness of the space-time covariance function is guaranteed.

All three components of the above equation are assumed stationary and mutually
independent, which leads to the ‘sum-metric’ space-time covariance structure

C(h, k) = Cs(h) + Ct(k) + Cst(
√

h2 + (α× k)2) (2.10)

where α is an anisotropy ratio introduced to make distance in space comparable to
distance in time. The first two terms in the right-hand side of (2.10) allow for the pres-
ence of zonal anisotropies (i.e., variogram sills that are not the same in all directions).
Zonal anisotropy occurs when the amount of variation in time is smaller or greater
than that in space and/or that in joint space-time. The geometric anisotropy ratio α
that appears in the third term in the right-hand side of (2.10) is needed because a unit
of distance in space is not the same as a unit of distance in time. For instance, if α =

20 m per day, then two points that are separated by 100 m in space and zero days in
time have the same correlation as two points that are five days apart in time and zero
meters in space, or as two points that are separated by 60 m in space and four days in
time (Heuvelink & Griffith, 2010).

In variogram form the model becomes

γst(h, k) = γs(h) + γt(k) + γst(|h|+ α|k|) (2.11)

or

γst(h, k) = γs(h) + γt(k) + γst(|h|2 + α|k|2). (2.12)

The third term of (2.11) or (2.12) on its own would be a metric model. Irrespective
of which form of the metric is used, a pure metric model is rather restricted. Both
marginals will be of the same type and have the same sill (if the model is bounded),
only the range parameter changes. For the sum-metric model the respective marginals
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are

γst(h, 0) = γs(h) + γst(|h|) and γst(0, k) = γt(k) + γst(α|k|).

The strict conditional negative definiteness is ensured by that property for γst hence
the other two components could in fact be only semi-definite. If any of the three
components is unbounded then γst(h, k) is unbounded.

The advantage of the Bilonick model is that it has spatial, temporal and spatio-
temporal components that can be fairly easily interpreted in a physical sense. The
disadvantage is that estimation of the model parameters is not easy. Since there are
three different model types to be determined (along with their parameters) this model
can be difficult to fit to data.

2.5 Spatio-Temporal Kriging

A possible simplification of space-time models is to consider time to be a third dimen-
sion of space. In that case, spatio-temporal interpolation follows the same interpolation
principle as (2.15), except that here the variograms are estimated in three dimensions
(two-dimensional position in space and position in time). Regression modelling can be
simply extended to a space-time model by adding time (i.e. tree age) as a predictor.
The residuals from this regression model can then be analysed for spatio-temporal
auto-correlation using the spatio-temporal empirical semivariogram (2.9) and a spatio-
temporal variogram model such as the sum-metric model discussed in Section 2.4.1.3.

For spatio-temporal simple kriging, again assume that the mean of the variable of
interest is known and

E[Z(s, t)] = µ(s, t), s ∈ D(t) ⊂ R2, t ∈ T.

From the point of view of kriging, time is simply another dimension and Section 2.3 can
be consulted for carrying out kriging in Euclidean spaces. Clearly, any spatio-temporal
covariance or variogram function would have to respect that distances in time would
be treated differently from distances in space.

We define Σ = Var[Z(s, t)], σ = Cov[Z(s, t), Z(s0, t0)] and σ2
0 = Var[Z(s0, t0)].
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Following on from Equation 2.3, the simple-kriging predictor is:

psk(Z; s0, t0) = µ(s0, t0) + σ′Σ−1(Z(s, t)− µ(s, t)). (2.13)

The simple kriging variance is the minimised mean squared prediction error:

σ2
sk(s0, t0) = E[Z(s0, t0)− Ẑ(s0, t0)]

2

= σ2 − σ′Σ−1σ. (2.14)

It is easy to see that (2.13) and (2.14) are appropriate formulas for the spatio-temporal
simple kriging predictor and its mean squared prediction error. If the mean function
is assumed constant over space and time, then we can derive the ordinary kriging
predictor. If the mean function is a linear combination of covariates, then we can
derive the universal kriging predictor:

puk(Z; s0, t0) = x(s0, t0)
′β̂gls + σ′Σ−1

(
Z(s, t)−X(s, t)β̂gls

)
.

Notice that the kriging equations involve taking the inverse of the n × n posi-
tive definite matrix Σ, but this is often impossible for the sizes of spatio-temporal
datasets one sees in geophysical and environmental applications. This practical lim-
itation to spatio-temporal kriging is one reason why separable covariance functions
(Section 2.4.1) have been chosen to represent covariances between data - Σ has a
block structure that makes computation of Σ−1 much easier. However, separability
is not necessary for fast computations; Cressie et al. (2010) use a spatio-temporal
random effects model that is nonseparable (and nonstationary), for which kriging is
possible, even for massive spatio-temporal datasets.

Validation of Spatio-Temporal Prediction Models

To prevent repetitiveness, the methods described in Section 2.3.4 can be applied to
the spatio-temporal case by simply replacing (sj) with (sj, tj).
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2.6 gstat package

The statistical software package R, version 3.1.3 (R Core Team, 2015), is used through-
out, together with certain contributed packages. The dataset used here was provided
by Coillte (The Irish Forestry Board) in long format, where each record reflects a single
time and space combination. Other possible formats are: time-wide, where different
columns reflect different points in time and space-wide, where different columns reflect
different measurement locations or areas. The data was classified as an irregular space-
time grid (STI) of observations using the spacetime R package (Pebesma, 2012). In a
full space-time grid, for each point in time the same set of spatial entities are sampled,
while in an STI only non-missing values are stored. Individual tree data will usually
need to be classified as an STI even in unthinned plots, since trees lost to mortality
will result in an incomplete space-time grid. The stConstruct function is used to
convert the data from long format to an STI data frame (STIDF).

Starting in 2003, a group of programmers developed a set of classes and methods for
dealing with spatial data in R (points, lines, polygons, grids), which was supported by
the publication of the well-known ASDAR book (Bivand et al., 2008). The R package,
gstat (Pebesma, 2004), used in conjunction with the spacetime and sp (Pebesma,
2012) packages, was one of the first packages that adopted and benefited from these
classes. The gstat functionality includes variogram modelling and residual variogram
modelling; simple, ordinary and universal kriging; spatial kriging cross-validation and
fitting of separable and non-separable spatio-temporal parametric models to sample
variograms.
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Chapter 3

Non-Spatial Models

3.1 Growth and Yield Models

Vanclay (1994) discusses the importance of growth and yield models to forest re-
searchers and managers. They are useful as forecasting resources, exploring manage-
ment options and deciding silvicultural alternatives. They also provide an efficient way
for preparing production forecasts (Vanclay et al., 1995). Reliable growth and yield
models are required by policy planners and resource managers to have biologically in-
terpretable parameters for projecting stand growth rates and yield productivity on sites
with varying site capacity. According to Vanclay & Skovsgaard (1997), growth and
yield models are commonly used for the description of forest dynamics. This is be-
cause of the flexibility they offer foresters and researchers to model sustainable forest
management options, forest ecology and carbon sequestration (Fortin et al., 2009).

3.1.1 Whole stand models

Whole stand models are those growth and yield models with basic input units that
are stand parameters: such as basal area per hectare, stocking expressed as stems per
hectare and volume per hectare. According to Vanclay (1994), a whole stand model
generally requires relatively little information to provide general yield information about
the stands future growth. One of the criticisms of the whole stand model is that,
while it gives general information about the stand as a whole, detailed information on
individual trees in the stand is normally conspicuously absent (Cao, 2006).
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3.1.2 Single tree models

A model, with basic input units that are detailed individual tree parameter measure-
ments, including attributes like tree height, diameter, and crown size, is called a single
tree model (Burkhart et al., 1987). The model output gives details of individual tree
growth estimates, which is an advantage it has over the whole stand model. The
whole stand estimate can be computed from a single tree model by aggregating the
individual tree estimates in a stand. According to Mitchell (1980), single tree mod-
els, especially crown ratio models, are noted for their high resolution and flexibility
in relation to gauging treatment options in forest plantations. However, Vanclay &
Henry (1988) noted that the single tree model poses some difficulties for accurately
forecasting mortality, hence it is rarely used for natural forests.

3.1.3 Thinning

The decision to thin or not thin a forest stand is a crucial one for a forester to make
and such decisions are made in the light of the forester’s yield optimisation objec-
tives. Silviculturally, marginal thinning intensity (MTI), which is the thinning that can
be maintained without causing loss of timber quality and total volume production,
is strongly recommended and encouraged by the Forestry Commission (Edwards &
Christie, 1981).

Thinning offers the following benefits: forest yield optimisation and meeting the
ecological efficacy objectives of forest management; it improves the quality and in-
creases the size of the remaining trees, allowing larger commercial timber to grow
(Homyack et al., 2004); it optimises the return from the forest crop; it reduces mortal-
ity (Mäkinen & Isomäki, 2004; Omule, 1988); it provides periodic revenue to farmers;
it improves the biodiversity value of the forest; it generates a steady supply of raw
materials for local timber processors such as wood fuel; it provides alternative work
opportunities in rural areas and it provides a critical supply of raw material for large-
scale processors thereby sustaining a healthy rural economy. In spite of all these positive
impacts of thinning, many forests usually remain unthinned throughout their rotation.
According to the 2007 National Forest Inventory (NFI) in Ireland, 69.3% of the planted
forest areas in Ireland were unthinned (Forest Service, 2007), which is largely due to
some edaphic characteristic structure of some forest plantations, e.g. some stands
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were planted on soils where the risk of windthrow following thinning was high. Some
of the forests may not have received the management and care required, also poor
drainage and lack of nutrients can result in trees growing slower than expected while
some plantations are too small, fragmented and/or isolated.

Thinning may not be a suitable option where the site is very exposed or very wet,
access is restricted or the forest has developed beyond the stage that it can be thinned
without a serious risk of wind throw (Forest Service, 2006). It is notably discussed in
the literature that by not thinning, a stand will consist of a large number of small trees
competing for resources, with a likely reduction in commercial value (Forest Service,
2006).

In thinned stands, the total volume production, or cumulative volume production
(CVP), is defined as the present volume in the stand plus previous volumes removed
from the stand through thinning operations, while the total volume production in
unthinned stands is always the present living volume excluding the previous volumes
lost due to mortality (Edwards & Christie, 1981).

3.2 Individual tree volume model for Irish Sitka

spruce

The existing models for Irish Sitka spruce, namely the British Forestry Commission
models and the GROWFOR stand models developed by Broad & Lynch (2006), are
discussed in the following paper. Published in the Irish Forestry journal, the paper
aimed to develop an individual tree volume model for Sitka spruce using Irish data.

The data were collected from homogeneous Sitka spruce plots in the Wexford and
Waterford counties. As expected, the variables tree age (yrs) and diameter at breast
height (DBH), the diameter measured 1.3 m from the ground, were the predominant
variables in predicting tree volume (m3).
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Abstract
The two most common models used to estimate tree volume in Ireland are the British

Forestry Commission (FC) models, developed using British data and the Irish Growfor

models developed from Irish stand data. Here, a model analogous to the British FC model for

Sitka spruce (Picea sitchensis (Bong.) Carr.) is developed using individual Irish tree data and

all models are compared. Sitka spruce data from Coillte Teo (Irish Forestry Board) stands in

the Wexford and Waterford regions, consisting of 81 thinned plots with a total of 4,31 5

volume-sampled trees (5,419 trees including repeated measurements), were used for the

study. Stepwise regression was carried out to select the model and a Box-Cox transformation

was used to improve model fit. A 2k-fold cross validation was used to check the validity of

the selected model across different subsets of the data. The selected model slightly over-

predicts volume in its mean volume per ha estimate by 0.38%, whereas the GROWFOR

estimate under-predicts by 4.6% and the British FC model under-predicts by 8.6%.

Keywords: Stepwise regression, 2k-fold cross validation, subset comparison, Box-

Cox transformation, mean squared predictive error.

Introduction

Sitka spruce (Picea sitchensis (Bong.) Carr.) is the main tree species in Irish forests

accounting for approximately 52% of total forest area (National Forest Inventory

2007). Models are particularly useful when estimating individual tree volumes as

they do not necessitate tree felling or extensive height and diameter measurements.

The two main existing models used for estimating individual tree volume of Irish

Sitka spruce are the British Forestry Commission (FC) single tree model for Sitka

spruce (Hamilton 1985, Matthews and Mackie 2006) and the Sitka spruce model

used in the Irish GROWFOR software that computes volume on a stand basis

(Broad and Lynch 2006a).

More recently, dynamic models and spatio-temporal models have been

developed to model tree growth, for example those developed by Fox (2007a,

2007b). This has arisen in response to more extensive data becoming available, for

example through aerial photography (Dubayah 2000), GIS methodology (Plant

2012) and developments in statistical modelling. However, the models are not in a

a UCD School ofMathematical Sciences, University College Dublin, Belfield, Dublin 4.

b UCD Forestry, UCD School ofAgriculture and Food Science, Belfield, Dublin 4.

* Corresponding author: sarah.o-rourke@ucdconnect.ie
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form that is readily available or usable by industry, e.g. via commercial software

packages. Use of such models is also contingent on the provision of training

regarding their use.

The Forestry Commission model for estimating individual tree volume is widely

used in the UK and Ireland by commercial, government and industrial organisations.

The model parameter estimates are published in the FC tables. The FC model is a

single tree tariff system with the dependent variable, the single tree tariff number

(TN) expressed in the British quarter girth system units, while the independent

variables, diameter at breast height (DBH) and total height, are both expressed in

metric units. The quarter girth units are converted to metric units that can then be

used to read the tables (see Materials and Methods section).

The FC model and the model developed in this paper are static models in that

they assume the stands are managed according to a prescribed thinning pattern as

given by Matthews and Mackie (2006). The GROWFOR model is dynamic in that it

does not assume prescribed management regimes. It relies on modelling incremental

changes in the variables of interest over time. The multivariate extension of the

Bertalanffy-Richards model (García 1994) is used for estimation and just requires

data on a stand basis rather than an individual tree basis. The model takes into

account the relationship between the stand and its variables by classifying the stand

by its top-height – age relationship (i.e. site index class). The GROWFOR model for

Sitka spruce was developed by Broad and Lynch (2006a) with the aim of developing

an “alternative growth projection mechanism for Sitka spruce that is amenable to

simulating a wide range of management alternatives specific to Irish conditions”

(Ibid.).

Until recently, forest growth and yield modelling in Ireland was carried out

using Forestry Commission Yield Models for Forest Management (Hamilton 1985).

In the absence of Irish models, these models served the Irish forestry sector well.

However, given the higher growth rates in Ireland compared to Britain, the use of

these tables in Ireland is questionable. The inadequacy of these tables was further

highlighted by Keogh (1985). Since 1999, the Irish forest industry, with support

from COFORD (Council of Forest Research and Development) and Coillte Teo

(Irish Forestry Board), led a project to develop dynamic yield models which are

based on Irish research data (Purser and Lynch 2012). When Irish dynamic yield

models were compared directly with British Forestry Commission (FC) models it

was found that current volumes (i.e. where there is no growth projection) produced

by Irish dynamic yield models are frequently greater. This may be attributable to a

combination of factors including: 1 . Irish stands show improved upper stem

diameters due to improved growing stock and/or growth conditions; 2. FC volume

estimates may have been prepared on a conservative basis due to mensurational

techniques employed (Ibid. ).

The objective of this study was to develop a model for estimating the individual

tree volume of Irish Sitka spruce that was comparable to the FC model for

individual tree volume, but developed specifically using Irish data and to compare

this with the existing FC and GROWFOR models. Permanent sample plot data from

Coillte stands in the Wexford and Waterford region were used in this study.
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Materials and methods

The data

Coillte Teo (Irish Forestry Board) maintains the most extensive crop structure

database on Sitka spruce in the Irish Republic. The database includes many

silvicultural thinning and spacing experiments that have been repeatedly remeasured

during the period 1963 to 2006. These experiments were established using repeated

measurement experimental designs with the randomized block design being the

most widely adopted approach. Plots that were measured repeatedly were consid-

ered permanent.

The Sitka spruce permanent sample plots were classified into seven regions

throughout the country. The data used to develop the models were extracted from

Sitka spruce thinned plots in counties Wicklow and Wexford. There were 81 plots in

total distributed over eight locations (Table 1 ).

All of the data arose from thinned permanent sample plots. Any models fit to the

data refer only to trees and stands where thinning has occurred. However, neither

the thinning type, thinning intensity or thinning cycle were considered in this study.

Data from the 1971 to 2006 period were used. There were a total of 320 plot

“visits”, which included repeated measures on 81 plots. Plot sizes ranged from

0.0405 ha to 0.0809 ha. The trees in these plots were planted from 1943 to 1966.

The plots were homogenous and contained only Sitka spruce.

The diameter at breast height (cm), measured at 1 .3 m above ground-level, of all

the trees in each plot were recorded at each assessment. The variable mean DBH is

the quadratic mean diameter, i.e the square root of the sum of the DBH’s squared

(Matthews and Mackie 2006). Height (m) was measured on a subsample of the

thinned trees and the maincrop trees after thinning. Within each plot there were trees

for which data on upperstem diameters were also recorded at a specified number of

points along the stem. The number of combined upperstem diameter-height

measurements along the stem varied from 5 to 10, with 10 measurements being the

norm and shorter trees having fewer measurements. From these the volume of the

tree could be calculated. The total tree height (TOTH) of all these was also recorded.

These trees are referred to as volume-sample trees. The age of each tree when

measured or remeasured was also recorded.
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For each plot a number of top height (m) measurements were made, where a

“top height” tree “is the tree of largest DBH in a 0.01 ha sample plot” (Edwards and

Christie 1981 ).

Stocking density (n ha−1) was recorded, and the easting (E) (m), northing (N)

(m) and elevation above sea-level (Z) (m) for each permanent sample plot were

determined using mapping software ArcPad 10 and ArcGIS 10.

Model fitting

The 81 sampled plots consisted of 14,283 trees in total. The volume-sample tree

data containing the sectional lengths and diameters were extracted from the dataset

for 4,31 5 trees, including repeated measurements. This consisted of 5,419

measurements in total. The sectional diameters (d) were converted to cross-sectional

areas (CSA = π(d/200)2) (m2). The sectional volumes (m3) were calculated using

Smalian’s formula for the volume of the frustum of a paraboloid (Avery and

Burkhart 1994). The sum of the sectional volumes is considered a reasonable

estimate of the true individual tree volume.

A series of regression models were fitted with the aim of identifying the

variables that are significant for the individual tree volume (m3) estimates. The

dependent variable was individual tree volume (VOL) and the explanatory variables

considered were DBH, tree height (HT), tree age (years), plot stocking density (n

ha−1), approximate plot eastings, northings and elevation. Following a graphical

analysis of the relationships between VOL and these variables, the quadratic and

cubic terms of DBH and HT and the interaction between DBH and HT were also

considered in the model. Nested models were fitted by adding and dropping

covariates in succession. These models were compared using their adjusted

coefficient of determination (adj . R2) where R2 is adjusted for the number of

explanatory terms in the model. Unlike R2, the adjusted R2 increases only if the new

term improves the model more than would be expected by chance. The preferred

model was chosen as the model with the highest adjusted R2 value.

A Box-Cox transformation (Box and Cox 1964) was used to estimate an

appropriate power transformation (λ) for the dependent variable, individual tree

volume, to improve model fit. Volume estimates were also calculated from the data

using the Forestry Commission and Irish GROWFOR models for Sitka spruce. The

models were compared using their adjusted coefficient of determination (adj . R2)

and by comparing the approximate volume (m3 ha−1) estimates of the predicted

values.

A 2k-fold cross validation was used to check the validity of the preferred model.

The dataset was split retrospectively randomly into approximately two halves; the

model was re-fit to one half and used to predict tree volume estimates on the other.

Stepwise regression was carried out on the two halves to determine if the same

independent variables were selected using the two half datasets. In addition, a

regression was carried out using the variables selected for the original model, a

model with new parameter estimates was fit to one half of the data, the training

dataset. These parameter estimates were then used to predict tree volume estimates
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for the remainder of the data, the test dataset. The mean squared error of the training
dataset was compared to the mean squared predictive error (MSPR) of the test
dataset (Kutner et al. 2004):

(1 )

where Yi is the value of the response variable in the ith validation case, Ŷi is the
predicted value for the ith validation case based on the model-building dataset, and
n* is the number of cases in the validation dataset.

The process was repeated, using the training data instead of the test data and the
test data instead of the training data.

The Forestry Commission (FC) model

The Forestry Commission single tree tariff system for pure even-aged stands allow
tree volume to be calculated. The principle underlying this approach is that there is a
linear relationship between basal area and volume; therefore, volume can be
estimated from DBH (Matthews and Mackie 2006). It does not provide an estimate
of individual tree volume directly but rather estimates the tariff number for any
individual Sitka spruce tree as a function of the DBH and the total height. The
domains over which the single tree tariff model is applicable are:

• 8 ≤ DBH ≤ 80 (cm)
• 8 ≤ TOTH ≤ 40 (m)

A fundemental issue persists with the FC single tree tariff system in that the
dependent variable, the single tree tariff number (TN), is expressed in the British
quarter girth system units, while the independent variables DBH and total height are
both expressed in metric units.

The TN refers to a pre-constructed volume-basal area equation each of which
has two predefined volume-basal area coordinates. The first predefined volume-
basal area coordinates correspond to minimum volume and minimum basal area i.e.
(0.005 m3, 0.03848 m2). The second predefined volume-basal area coordinates
correspond to the volume (m3) associated with the tariff number and the basal area
associated with one square foot quarter girth, i.e. (0.036054 TN m3, 0.11 8288 m2).

Having estimated the TN, the slope (b1) (m
3/m2) and intercept (b0) (m

3) associ-
ated with the pre-constructed local volume-basal area model can be estimated. The
volume of an individual tree is estimated using the estimated parameters of the local
volume-basal area model and the basal area of the individual tree. Using
information from Matthews and Mackie (2006), the Forestry Commission
preconstructed metric single tree model for estimating Sitka spruce individual tree
volume (m3) can be calculated as follows:

Individual tree volume = b0 + b1BA(m
2) (2)
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where basal area (BA) =

b0 = – 0.004882 – 0.002147(HT) + 0.000505(DBH)

b1 = 2.568687 + 0.558008(HT) – 0.1 31221 (DBH)

The FC individual tree volume was estimated for each volume-sample tree using

Equation 2.

Irish GROWFOR software

GROWFOR is Irish forest dynamic yield software that estimates current timber

volume (m2 ha−1) when a specific plot input vector is provided. The input variables

per plot are: species, age, stocking density (n ha−1), top height and basal area (m2

ha−1), or mean DBH - the mean DBH over all trees in a plot.

Input vector estimates from 320 Sitka spruce permanent sample plots, 81 plots

with repeated measurements, were input individually into GROWFOR. Note

GROWFOR estimates are made on a unit area basis and not an individual tree basis.

Results

Model fitting

Table 2 shows eight models that were fit to the data subset consisting of volume

sample trees only (n = 5,419 volume sample trees) and their adjusted R2. The

independent variables in Model 2 (FCIRISH) are the same as those that occur in the

reparamaterized Forestry Commission single tree volume model derived previously.

Diameter at breast height is a good predictor of tree volume; the inclusion of the

quadratic terms DBH and tree height in model 5 gave a high adj . R2 of 0.9798.

Including HT (tree height), age and interaction terms between HT and DBH led to
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an improved fit. Only variables with a significant p-value were retained in any of

the models. Model 2 (FCIRISH), which contains the same variables as the Forestry

Commission individual tree model, but not the same parameter estimates, has an

adj . R2 of 0.9885. There is an increase from 0.9813 to 0.9885 using the newly

estimated coefficients instead of the FC coefficients (Table 5).

When HT and DBH were in the model, E, N and Z were not significant and

therefore were omitted. Similarly, HT2 and the stocking density were not significant.

Model 1 is similar to model 2, except it includes the linear and quadratic term of

tree age. This only led to a slight increase in the adj . R2, but the variables were

significant and were retained. Although the differences in the adjusted R2 values are

small, these become important, in practical terms, when tree volume is converted to

volume per hectare.

The residual variance for these models (Table 2) increased as volume increased

(Figure 1 ). Figure 2 shows the model fit less well for the smallest and largest

volumes. A Box-Cox transformation (Box and Cox 1964) was applied to transform

the dependent variable volume. The “best” lambda (λ) was estimated at 0.25 for all

models containing DBH and height (models 1–6) and at 0 for models excluding

DBH and HT (models 7 and 8). Table 3 shows the back-transformed adjusted R2 for

models 1 and 2, with the highest adjusted R2 values and model 8, to show the effect

of the transformation on a model excluding DBH and HT.

Therefore, root 4 of tree-volume (VOL0.25) was used as the dependent variable

for models 1 and 2, and log(VOL) for model 8. The improvement in the residual

variance can be seen in Figures 3 and 4. Four observations were removed from the

Figure 1: The plot shows the residuals versus the predicted values of individual tree volume

(m3) for model 1 defined in the text. Model 1 is the best fitting model to observed tree volumes

ofSitka spruce in the Wicklow region, based on diameter at breast height, height and age.
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data as outliers. The adjusted R2 and back transformed adjusted R2 for the

transformed models are presented in Table 3.

The Box-Cox model 1 contains the same independent variables as model 1 ,

except the dependent variable is volume0.25. The back-transformed adjusted R2 was

0.9901 , which is a slight increase from 0.9889 in Table 2. Similarly, the Box-Cox

model 2 has the same variables as model 2 and the back-transformed adjusted R2 of

0.9898, which is a slight increase from 0.9885. There were very small increases in

the back-transformed adjusted R2; however, the variance of the residuals did not

increase in proportion to the mean (Figure 3) and thus inference using least squares

estimation, which requires constant variance, is valid.

There is a decrease in the back-transformed adjusted R2 from model 8 compared

Figure 2: A normal q-q plot of the standardised residuals from model 1 defined in the text.

Model 1 is the best fitting model to observed tree volumes of Sitka spruce in the Wicklow

region, based on diameter at breast height, height and age.

where DBH = diameter at breast height (cm), HT = total height (m), AGE = tree age (years)

and VOL = tree volume (m3). 36
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Figure 3: The plot shows the residuals versus the predicted values ofindividual tree volume

(m3) for Box-Cox model 1 defined in the text. Box-Cox model 1 is the best fitting model, with

a Box-Cox transformation, to root 4 of the observed tree volumes of Sitka spruce in the

Wicklow region, based on diameter at breast height, height and age.

Figure 4: A normal q-q plot of the standardised residuals from Box-Cox model 1 defined in

the text. Box-Cox model 1 is the best fitting model, with a Box-Cox transformation, to root 4

of the observed tree volumes of Sitka spruce in the Wicklow region, based on diameter at

breast height, height and age.
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to the Box-Cox model 8; however as before, the distribution of the residual variance

is random.

Box-Cox model 1 has the highest adj . R2 and the residual variance does not

increase in proportion to the mean, therefore, it is considered the “best” model of the

models considered above. The parameter estimates are shown in Table 4 and the

equation is as follows:

(Tree Volume) 0.25 = β0 + β1(DBH) + β2(DBH
2) + β3(DBH

3) + β4(HT)

+ β5(DBH×HT) + β6(DBH
2×HT) + β7(age) + β8(age

2) (3)

The Box-Cox model 1 predicted versus the actual tree volumes are plotted in

Figure 5. Clearly there still is more variability associated with larger volume

estimates. It appears the model does not over- or under-estimate volume, given that

there is an even distribution on either side of the fitted line.

The Forestry Commission mean volume and volume per hectare estimates

The percentage differences between actual tree volumes and the FC tree volume

estimates (VOL_ESTUK) were calculated as a percentage of the actual tree volumes.

The average difference was 12%; however, this varied from year to year. It should

be noted that the average difference decreased in later years, i.e. as tree-age

increased.

Figure 6 shows a plot of VOL_ESTUK versus VOL. Many of the tree volume

estimates from the FC model are below the line of equality suggesting the FC model

under-estimates tree volume. The adj . R2 for the FCUK model is 0.981 3.

The 320 mean volume per ha (mVOL_ha) estimates are shown in Table 5 to

further compare the models. The volumes estimated using Box-Cox model 1 were

closest to the actual volumes from the volume-sample trees. The Forestry

Commission model per hectare estimates were approximately 8.6% lower than the

volume-sample tree estimates.

where DBH = diameter at breast height (cm), HT = total height (m) and AGE = tree age

(years).
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GROWFOR estimates

Using the GROWFOR input vector for a plot, i.e. age, stocking, top-height and

mean DBH, the output, i.e. the VOL_ha estimates, for each plot were computed and

stored in a separate file.

The mean and total volume per hectare estimates from GROWFOR were

approximately 4.6% lower than the observed per hectare estimates. It may be argued

that these are not comparable since the projections from GROWFOR are stand-

based. However, it is worth noting that the GROWFOR estimates did better than the

Forestry Commission volume per hectare estimates. Figure 7 shows GROWFOR

volume per hectare estimates versus the observed volume per hectare estimates; the

points below the fitted model illustate that the GROWFOR estimates tended to be

lower than the observed volumes.

Figure 5: Predicted values of the best fitting model (Box-Cox model 1), with a Box-Cox

transformation, to root 4 ofthe observed tree volumes ofSitka spruce in the Wicklow region,

based on diameter at breast height, height and age were obtained. In the figure these are

plotted against observed tree volumes (VOL).

where SE = standard error. 39
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Subset comparison

The Irish individual tree models above were fitted to the entire dataset. As a

validation method for Box-Cox model 1 , the dataset was split retrospectively and

randomly into approximately two halves to carry out cross validation of the data.

Each half contained 160 plots and will be referred to as DA (2,1 57 trees) and DB

(2,1 87 trees).

Stepwise regression was carried out separately on DA and DB, with all of the

variables discussed in the results (model fitting) section included, with VOL0.25 as

the dependent variable. In the case of DB, the same variables were selected as those

in the Box-Cox model 1 . In the case of DA, all the variables that were in Box-Cox

model 1 were chosen except DBH×HT, the interaction term between DBH and tree

height. However, since DBH2×HT was chosen, both terms were kept in the model in

accordance with the hierarchy principle. In both cases, DA and DB, the models

selected are consistent with Box-Cox model 1 . Therefore, in the comparison below

all variables of Box-Cox model 1 were used for prediction. The variables from Box-

Cox model 1 were fitted to DA, providing a new set of parameter estimates. These

were used to calculate predicted estimates of tree volume for DB. The mean squared

error (MSE) from DA and the mean squared predictive error (MSPR) from DB are

presented in Table 6.

The MSE for DA is 0.002627 and the MSPR for DB is 0.002552. The fact that the

Figure 6: Predicted values of the forestry commission model of the response variable

observed tree volume (VOL_ESTUK) ofSitka spruce in the Wicklow region, were obtained. In

the figure these are plotted against observed tree volumes (VOL).
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MSPR is close to MSE implies that the MSE based on the training data set is a valid

indicator of the predictive ability of the fitted regression model.

The process was repeated with DB as the training data and DA as the test data.

The variables from Box-Cox model 1 were fit to DB, providing a new set of

parameter estimates which were used to calculate predicted estimates of tree volume

for DA. The MSE from DB and MSPR from DA are shown in Table 7. When using

DB for the training data, the MSE of the model fit is 0.002311 , the MSPR for DA is

0.003164. As above, the fact that these values are close suggests the MSE for DB is

a reasonably valid indicator of the predictive ability of the fitted regression model.

The fact that the MSE and MSPR values are not very different is not surprising

Figure 7: Volume estimates (m3 ha−1) for 320 Sitka spruce plots in the Wicklow region were

obtained using the GROWFOR software. In the figure these are plotted against the observed

volumes.
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since the training and test data were subsets of the same large dataset. However, it

supports the validity of the model fit to these data.

Discussion

The 81 plots from which the data were collected plots established for the purposes

of research by Coillte. They were used by Broad and Lynch (2006a) to develop

dynamic yield models for Sitka spruce, and made available in GROWFOR. In a

subsequent paper, Broad and Lynch (2006b) found that sampling in Coillte research

plots has been skewed towards higher productivity stands. Defining site index as the

top height at age 30 (Ibid. ), there were no experimental plots in the lower two site

index classes in the Coillte estate. Therefore, any models fit to these data are

representative of the site index distribution associated with research plots.

One issue with this dataset is that it contains repeated measures. Data from the

81 plots were collected over a 35-year period, with each plot revisited

approximately four or five times. The selection procedure followed was always the

same over time as specified by the experiment protocol. Some volume-sample trees

were measured once only, while some were measured up to three times. Repeated

measurements, from the same tree, are not independent and are therefore correlated.

However, in like manner, repeated measurements from different trees are

independent and uncorrelated. This issue was not accounted for in the present model

and may lead to underestimation of standard errors in estimates in the fitted models.

For comparison purposes, with the FC and GROWFOR models, the correlation

from repeated measurements was not investigated.

The eastings, northings and elevations were excluded from models that included

DBH and HT as they were not significant, suggesting a plot’s location did not affect

the volume of its trees. However, values of E, N and Z were the same for all trees in

a plot and individual tree GIS co-ordinates were not available for analysis. Thus,

while there were no large scale spatial effects, on a smaller scale they may have

existed.

While the issues discussed above (i.e. bias in the data and repeated measures)

need to be considered, for this research dataset Box-Cox model 1 had the highest

adjusted R2 and the best fit. It over-predicted mean volume per ha estimates

(Table 5) by 0.38%, but was better than the GROWFOR estimates which under-
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predicted by 4.6% and the FC model which under-predicted by 8.6%. For a forest of

100 ha size, the estimated timber volume (using the observed tree volumes) would

be 397,100 m3. Using the Box-Cox model 1 , the predicted volume would be

398,600 m3. Using the GROWFOR and FC models the predicted volume would be

378,1 00 m3 and 363,1 00 m3, respectively. This leads to a difference of 20,500 m3

and 35,500 m3, respectively, which may be significant in terms of commercial

timber value. Note that these models assume a pre-determined management regime.

The Box-Cox model 1 requires the age, DBH and height of a tree to estimate

volume. While the age of a tree is usually recorded and the DBH is easily measured,

height is usually only measured on a subsample of trees. This might no longer be the

case with new methods of measurements, such as lidar remote sensing technology

and other methods, which has demonstrated the capability to accurately estimate

important forest structural characteristics (Dubayah 2000).
Further analysis could be carried out to investigate the presence of spatial effects

and the effects of thinning, if individual tree locations were available. In the present

model time is accounted for by age of the tree. The data could be modelled over

time, as the trees grow, producing a more dynamic model. This is very important for

forecasting and predicting tree volume.

Currently forests are seen as ecosystems and developments continue to progress

in relation to their management application subject to associated changing rules

from regulatory bodies. In addition, climate change plays an increasing role in forest

management and associated production. Thus, while here only a static model has

been considered it may provide a basis on which more general models may be built.

It may also be useful in itself as changes may occur too rapidly to be incorporated in

a general model.
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3.3 Limitations of Non-spatial and Non-temporal

Models

The models presented in the the paper in Section 3.2 were non-spatial and non-temporal
in the sense that tree volumes were taken as independent of each other and repeated
measures of the same tree over time were assumed to be independent.

Tree growth is a complex process and, although growth modelling methodologies
are evolving to better describe this process with the development of process based or
mechanistic models (Landsberg, 1986), the vast majority of current growth models re-
main overly simplified. This over-simplification results in large amounts of unexplained
variability, and growth modellers have come to accept this as an ‘occupational hazard’
(Burkhart & Grégoire, 1994). However, recent research has demonstrated that incor-
porating this unexplained variability in individual-tree growth models is theoretically
sound and produces more realistic predictions of actual tree growth (e.g. Stage &
Wykoff, 1993 and Miina, 1993).

Historically, forest growth and yield modelling has focused on the deterministic
prediction of mean trends. This has been done to the neglect of stochastic compo-
nents of growth models (Grégoire et al., 1995) that denote variation about these mean
trends. Stochastic components consist of both unstructured random variability and
various structured components. Although the unstructured stochastic component has
received some attention (e.g. Daniels & Burkhart, 1975) stochastic structures oper-
ating in the spatial and temporal domain have been largely neglected. However, it is
likely that both components are prevalent in many applications of forest growth and
yield models (Burkhart & Grégoire, 1994). There appears a clear reluctance on the
part of practitioners of forest growth and yield models to characterise and incorporate
stochastic structure. Some recent exceptions to this exist, with Stage & Wykoff (1993)
and Miina (1993) explicitly incorporating temporal stochastic structure in stochastic
individual-tree growth models. Further work is required to identify methodologies that
appropriately incorporate spatial and temporal stochastic structure.

Until recently, individual-tree growth modelling methodologies have treated individual-
trees as independent units. This simplifying assumption is made to permit the use
of ordinary least-squares (OLS), the predominant means of estimating individual-tree
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3.3 Limitations of Non-spatial and Non-temporal Models

growth models. However, there is a growing realisation that the individual-trees of a
forest cannot be treated as independent units (Ford & Diggle, 1981 and Matern, 1994).
When individual units are not independent, a stochastic structure is produced, violat-
ing the basic assumptions of OLS. Whilst OLS provides an exact first-order description
of the data, the second-order properties suffer when it is applied in the presence of
stochastic structure (Johnston, 1972). The affected second-order estimation properties
include a biased estimate of the standard error of parameters and reduced estimation
efficiency (Krämer, 1980). Improved methodologies need to be identified that explicitly
incorporate stochastic structure in model estimation.

The spatial stochastic structure prevalent in individual-tree models is complicated
by the confounding of spatial micro-site and competitive influences (Matern, 1960).
This confounding of spatial processes can complicate attempts to characterise the spa-
tial stochastic component, generating complex patterns of spatial dependence that
change with stand development (Magnussen, 1990). Because of the difficulties asso-
ciated with characterisation, explicit modelling of spatial dependence for incorporation
in the growth model has not been implemented. However, statistical techniques for
characterising and modelling the previously unexplained, spatial stochastic component
of models, have undergone rapid advances in recent years.

The last 20 years has seen an explosion of statistical developments in the field
of spatial modelling (Burkhart, 1994) resulting in a number of different approaches
for characterising and modelling spatial dependence. Spatial modelling methodologies
have been widely used in applied statistics with applications prevalent in agriculture,
economics, geology, geography, and the environmental sciences (Isaaks & Srivastava,
1989). Forest scientists have largely failed to adopt these new developments, despite
their relevance to growth and yield modelling.

Because of the extent of unknown variability associated with forest growth models,
some methodologies have used stochastic individual-tree models. These stochastic
models have added a random component from the univariate normal distribution to
predictions (e.g. Daniels & Burkhart, 1975). Researchers hypothesise that incorporat-
ing this random component is important for preserving variability in predictions (e.g.
Stage & Wykoff, 1993). However, predictions incorporating random variability do not
accurately portray important sources of structured temporal and spatial variation. Im-
proved stochastic individual-tree models need to be identified that more appropriately
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3.3 Limitations of Non-spatial and Non-temporal Models

incorporate structured stochastic variation in model predictions and use of the multi-
variate normal distribution offers considerable potential in this regard (Burkhart et al.,
1987).

On the other hand, stochastic stand-level models have a brief but diverse history and
have predominantly attempted to incorporate temporal stochastic structure in models.
Important early works include the contributions of Suzuki (1966), García (1979), and
Grégoire (1987). Suzuki (1966) pioneered the use of matrix formulations and transi-
tion probabilities in stochastic, stand-level growth models to describe movements of
individual-trees among diameter classes. This methodology was never widely adopted
due to difficulties with estimating the transition equations for general cases (Tanaka,
1986).

Another problem with the transition probability methodology is that the assump-
tions of Markovity and stationarity are violated in most instances (Johnston et al.,
1991). Leary (1975) introduced an alternative stochastic, stand-level model using the
state space approach and García (1979) extended this work. The state space approach
used stochastic differential equations which enabled the improved characterisation of
actual forest growth (García, 1994). Again, this methodology has been rarely adopted
due to its complexity, however, the FC have adopted García’s approach in the devel-
opment of recent models. Grégoire (1987) provides a dichotomy of the stochastic
components prevalent in forestry growth and yield models.

Fox et al. (2007a,b) introduce examples of stand-level models and individual-tree
models that incorporate stochastic structure while this thesis is restricted to individual-
tree models. It is the objective of this thesis to present past and current attempts
to characterise and incorporate stochastic components in individual-tree modelling
methodologies, and to identify directions for further research.

47



Chapter 4

Spatial Models

4.1 Review

Individual-tree based growth models can provide a powerful framework for understand-
ing forest dynamics and spatial interaction. They can be used to integrate existing
data and knowledge in order to make projections of future forest dynamics (Wimberly
& Bare, 1996).

The spatial pattern of plants can be considered a realisation of a spatial marked
point process. The locations of the plants are the points and some characteristic of
the plants (e.g. diameter) is the mark (Pommerening & Särkkä, 2013). While a spatial
point process is defined on a continuous spatial domain, the mark variable exists only
at points of the process on a marked point field. A simple marked point process can
be defined by

Ψ =
⋃
i

[si;m(si)]

where m(si) denotes the real-valued mark at si. The mark variogram γm(h) is defined
as the conditional expectation of the mark difference,

γm(h) =
1

2
E
[
{m(0)−m(h)}2|0,h ∈ D

]
where D is defined in Section 2.2. This is half the expected mean square of the mark
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4.1 Review

difference given that there are points of D at the origin 0 and at h (Schlather et al.,
2004).

During the last 20 years the mark variogram has been successfully used as a statis-
tical tool in plant ecology and forestry. Biondi et al. (1994) for example studied growth
processes in old-growth ponderosa pine forests in Arizona. In their analysis the points
are tree locations and the marks are 10-year basal area increments. The corresponding
empirical mark variograms of some of the research plots had the shape of variograms
with negative autocorrelation where the empirical mark variogram decreased with in-
creasing distance. For larger distances, the empirical mark variogram increased and
took the form of a geostatistical variogram, which typically increases with increasing
distance. The definition of the mark variogram differs from that of a geostatistical
variogram, which is used to study the variability of variables taking values in the whole
space (forest). The mark variogram takes values only at some specific tree locations
(Cressie, 1993).

Biondi et al. (1994) ignored the behaviour of the empirical mark variogram for
small distances and approximated it by a typical geostatistical variogram, with the aim
of providing information on the long-range variability of basal area increments. Wälder
& Stoyan (1996) and Stoyan & Wälder (2000) used the same data and discussed
the unusual shape of the mark variogram by concentrating on short distances. They
concluded that the shape was caused by a high frequency of pairs of dominant and
suppressed trees at close proximity. In the studied data the occurrence of dominant
and suppressed trees is a significant property of the woodland forest and therefore
should not be ignored. Reed & Burkhart (1985) suggested a ‘development path’ for
plantation forests: In young even-aged plantations positive autocorrelation prevails,
i.e. the variogram shape is the one known from geostatistical variograms. As stands
develop prior to self-thinning, spatial autocorrelation becomes negative as dominant
trees suppress neighbouring trees, i.e. a local size hierarchy develops. Mortality of
small trees, as the stand experiences self-thinning, eventually leads to positive auto-
correlation. Fox et al. (2007a) also discuss how the growth of individuals trees are
subject to interacting influences, two of which are competition and micro-site vari-
ability. Competition can be defined as the negative effect of one tree on another by
consuming, or controlling access to, a resource that is limited in availability (Keddy,
1989), while micro-site variability describes local, spatial variation in soil, topographic,
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4.2 Shillelagh Study Data

geologic and micrometeorological factors (Matern, 1960). Competition tends to create
negative dependence in size or growth of trees in spatial proximity.

Suzuki et al. (2008) considered the spatio-temporal pattern of a mixed Abies forest
in Japan. The authors used mark variogram, pair correlation function, and mark
correlation function with tree heights as marks for six spatial surveys over a total time
period of 47 years following a large disturbance in 1959. During this period, 1956 to
2006, no human interventions took place other than the occasional removal of wind-
blown trees. This study is particularly remarkable since it is one of the few cases that
show the gradual evolution of a negative autocorrelation variogram over time. The
authors concluded that the variogram shape developed as a result of high mortality in
clusters of suppressed trees, which increased the probability of pairs of different sized
trees at close proximity.

In particular, the last study suggested a ‘development path’ of mark variograms:
Large mature trees are more or less randomly distributed in the forest. They are
surrounded by clusters of many small trees. Since there are many more small trees
than large trees, the influence of the latter on the shape of the mark variogram is small.
As time goes by, more and more of the small trees die or are removed by people. As a
result the influence of large mature trees increases, i.e. pairs of large and small trees
at short distances gain a larger weight. Thus the mark variogram has larger values for
small distances than for large distances. Ford (1975) and Suzuki et al. (2008) refer to
this phenomenon as local size hierarchy.

4.2 Shillelagh Study Data

The data for the following sections of this thesis is from thinning experiment carried out
on Sitka spruce, located in a Coillte-owned (Irish Forestry Board) forest at Shillelagh,
Co. Wicklow, Ireland. The data were selected as GIS coordinates were available for in-
dividual trees in a plot, unlike the data in Chapter 3. The data are modelled to examine
the spatial (and spatio-temporal) dependence that may be affecting stands containing
trees of the same age. The experiment was designed as a randomised complete block
with three treatments representing different thinning strategies, replicated six times,
and a total of 18 plots were measured. Planting occurred in 1951, of one year old
Sitka spruce seedlings, planted with an initial espacement of 5 ft × 5 ft, approximately
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4.2 Shillelagh Study Data

1.5 m × 1.5 m. In the original experimental design, plots were approximately square
and each occupied one tenth of an acre (i.e. 0.04 ha, or approximately 20 m × 20 m),
with a five metre buffer which received the same thinning treatment as the plots. The
experiment was laid out in 1971, when the stand was 21 years of age. Individual-tree
diameters at breast height (DBH) were recorded in each plot every 5 years from 1972
until 1997, giving six sets of repeated measurements from every living tree.

The three thinning types were unthinned, 40% thinned and 50% thinned with
treatment beginning in 1972 and occurring on a five year cycle. Two of the unthinned
plots received a 40% thinning treatment, beginning between the second and third
thinning cycle (1979), as it was decided there was not a requirement to have six
unthinned plots. They are referred to as 40% (delayed) plots. Initial thinning type was
line thinning, and subsequent thinning type was selection. Line thinning involves the
removal of a complete row of trees. In the case of 50% thinned plots every second row
was removed (1:2), while in the 40% thinned case 2 in 5 rows were removed (2:5).

Thereafter, all thinnings were to marginal thinning intensity (MTI) or removal of
70% of the general yield class (GYC) per annum e.g. if the GYC of the plots was 20
m3 ha−1 a−1, the MTI was 14 m3 ha−1 a−1 or 70 m3 ha−1 on a five year thinning
cycle. The thinning type was low to intermediate in all thinnings after the first. This
means that the average volume of the thinnings to the average volume of the stand
before thinning i.e. the thinning ratio was between 0.5 and 0.7 for all thinnings other
than the first. In plots which were thinned the trees thinned were from the lower
and intermediate crown classes. The forest management objective in all forests and
experimental plots at the time these plots were thinned was maximisation of cumulative
volume production per hectare. Further details may be found in Lynch (1980).

The main reason for thinning is to promote tree growth so that trees are not so
close as to be in competition with each other. When no thinning takes place more
trees are lost to mortality. The close proximity of trees in an unthinned plot is shown
in Figure 4.1a.
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4.2 Shillelagh Study Data

(a) Plot 18 (unthinned)

(b) Plot 9 (50% thinned)

Figure 4.1: Photographs of (a) Plot 18 (unthinned) and (b) Plot 9 (50% thinned)
taken at revisit in 2012.
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4.3 Exploratory Analysis

The coordinates, with respect to the Irish National Grid (ING), of the individual
trees were not recorded, but could be inferred from the grid they were laid out on.
The plots were revisited in 2012 to obtain the coordinates of the remaining trees and
reconstruct the original tree locations. We were able to infer GIS coordinates for trees
in 11 of the plots (five 50% thinned, both of the delayed 40% thinned and all four of
the unthinned).

4.3 Exploratory Analysis

There were approximately 166 trees in each plot in 1972 (stand age 22 years). By
1997, 47 years after planting, there were, on average, approximately 75 trees in each
unthinned plot. For 40% (delayed) plots this number was reduced to 30 trees and 50%
thinned plots contained an average of 16 trees. Table 4.1 shows the total number of
stems in each plot for the first three time points.

Table 4.1: The number of trees in each mapped 0.1 acre (≈ 0.04 hectare) plot for
years the first three thinnings and/or plot assessments were carried out. The number
of trees per hectare are given in parentheses.

Plot Thinning No. of trees No. of trees No. of trees
number treatment in 1972 (22 yrs) in 1977 (27 yrs) in 1982 (32 yrs)

6 0% 162 (4050) 148 (3700) 131 (3275)
7 0% 166 (4150) 153 (3825) 138 (3450)
14 0% 156 (3900) 146 (3650) 135 (3375)
18 0% 170 (4250) 157 (3925) 138 (3450)
5 40% 163 (4075) 153 (3825) 84 (2100)
16 40% 163 (4075) 150 (3750) 86 (2150)
2 50% 163 (4075) 58 (1450) 30 (750)
8 50% 163 (4075) 77 (1925) 38 (950)
9 50% 166 (4150) 81 (2025) 39 (975)
11 50% 160 (4000) 78 (1950) 39 (975)
12 50% 163 (4075) 75 (1875) 38 (950)

Most plots contained either twelve or thirteen rows and columns. Since plots are
not located directly beside one another, spatial analyses for combined plots were not
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4.3 Exploratory Analysis

appropriate, so analyses were carried out for each plot individually and the results
subsequently compared.

Data from the 6 available time points were selected at the equally spaced 5-year
intervals. Time points begin at 1972 (tree-age 22 years) and end at 1997 (tree-age 47
years). DBH was measured on all trees at the regular intervals. Tree height was only
measured on a small number of trees (usually 10 trees) and, therefore, we will consider
DBH as a proxy for tree growth. This is not unreasonable as O’Rourke et al. (2013)
showed that DBH is a good predictor of volume. Figures 4.2 (a)-(c) display DBH for
both an unthinned (1972 and 1997) and thinned (1997) plot. Note the circle radii size
of the three plots: the thinned plot shows a greater mean DBH - albeit for a smaller
number of trees.

Figures 4.3 and 4.4 are similar to Figure 4.2 in that they show mean DBH increases
over time and that this increase is greatest in thinned plots. Figure 4.3 is included to
show the mean DBH of the 40% thinned plots (coordinates unavailable). Note how the
mean DBHs overlap in the 40% and 50% thinned cases, unlike in the 40% (delayed)
thinned case. Here we consider a plot of each thinning type as a case study - plot 18
(unthinned), plot 5 (40% (delayed) thinned) and plot 9 (50% thinned).
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Figure 4.2: Circle plots showing tree locations where circle radii are determined by
DBH. Tessellation lines determine polygons with the number of sides representing the
number of nearest neighbours (NN) for the tree contained within it. (a) Plot 18
(unthinned) assessed in 1972, the first timepoint. The thinned plots will be similar to
this before rows are removed at the first thinning. (b) Plot 18 (unthinned) at the last
timepoint (1997). (c) Plot 9 (50% thinned) at the last timepoint (1997).

55



4.3 Exploratory Analysis

Mean DBH vs. Tree Age for 18 plots
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Figure 4.3: Mean DBH for each experimental plot (18) versus tree age. Dashed vertical
lines show the tree ages at which thinning and/or plot assessment took place.

Mean DBH vs. Tree Age for 11 plots
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Figure 4.4: Mean DBH for each plot for which coordinates were available (11) versus
tree age. Dashed vertical lines show the tree ages at which thinning and/or plot
assessment took place.
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4.4 Moran’s I

Moran’s I was defined in Section 2.1 as a measure of spatial autocorrelation. It was
standardised using the expected value and variance under asymptotic normality. This
standard normal deviate is useful for testing if the observed Moran’s I is significantly
different to zero. Moran’s I was calculated for one plot of each thinning type for each
time point using the R package spdep (Bivand & Piras, 2015). The results are given
in Table 4.2.

Table 4.2: Moran’s I for DBH in three plots, one of each thinning type. The standard
deviate and p-value testing for significance of spatial dependence is included.

Plot Year I E[I]
√

Var[I] p-value
0% thinned

18 1972 -0.0699 -0.0059 1.4047 0.9199
18 1977 -0.1096 -0.0064 2.1815 0.9854
18 1982 -0.0675 -0.0073 1.1998 0.8849
18 1987 -0.0781 -0.0080 1.3375 0.9095
18 1992 -0.0553 -0.0092 0.8278 0.7961
18 1997 0.0316 -0.0132 0.6783 0.2488

40% thinned
5 1972 -0.1581 -0.0062 3.2652 0.9995
5 1977 -0.1111 -0.0066 2.1596 0.9846
5 1982 0.0273 -0.0121 0.6046 0.2727
5 1987 -0.0060 -0.0204 0.1746 0.4307
5 1992 -0.0046 -0.0286 0.2655 0.3953
5 1997 -0.0943 -0.0435 0.5259 0.7005

50% thinned
9 1972 0.0848 -0.0120 1.4814 0.0693
9 1977 0.0173 -0.0125 0.4456 0.3279
9 1982 0.0557 -0.0263 0.8783 0.1899
9 1987 0.0398 -0.0357 0.7111 0.2385
9 1992 0.0217 -0.0455 0.5675 0.2852
9 1997 -0.0770 -0.0556 0.1712 0.5680

The falling magnitude of Moran’s I as the plots age is consistent with the increasing
importance of competitive processes. In the unthinned plot negative values of Moran’s
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4.4 Moran’s I

I may be an expression of intense competition. Its increasing values with time reflect a
declining competitive influence due to self-thinning which allows re-expression of micro-
site influences in the later developmental stages. Plots subject to less severe thinning
or no thinning tend to exhibit a more persistently negative Moran’s I consistent with
more intense and sustained competition. Plots subject to more intense thinning often
have positive values for Moran’s I due to competition being alleviated at a young age,
and the re-expression of micro-site influences. In all cases spatial dependence is not
significant (p-value > 0.05). However after considering the sample variogram for each
plot and time point a wave-like pattern was found, suggesting there is both positive and
negative autocorrelation. Moran’s I, which shows either positive or negative correlation
but not both, may not be suitable for checking significance of spatial autocorrelation
here.
R code to carry out Moran’s I test:
# Load required package

library(spdep)

# Define matrix of coordinates

coords <- as.matrix(cbind(Xcoord,Ycoord))

# Create list of neighbours

tri.nb <- tri2nb(coords, row.names=TREE)

# Weight of unity for each neighbour relationship, B for binary

weights

W2=nb2listw(tri.nb,style="B")

# Morans I test

moransI=moran.test(DBH,listw=W2)
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4.5 Regression Modelling and Repeated Measures

Analysis

Consider again universal kriging as discussed in Section 2.3.3. We want to estimate the
underlying mean function, µ(s), typically by assuming either a trend surface model or,
if covariate information is available, a more general regression model. The observations
are then converted to residuals, R(si) = Z(si)− µ̂(si), before calculating the empirical
variogram. The properties of the observed residuals, R(si) do not exactly match
those of the theoretical but unobserved residuals, R(si) = Z(si) − µ(si). However,
their covariance structure should not differ too much from that of the true residuals
provided the number of parameters estimated in µ̂(si) is small relative to n, the number
of observations (Diggle & Ribeiro, 2007, Section 5.2.5). Here we consider possible
covariates for predicting individual tree DBH.
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Figure 4.5: Box plots for tree diameters at each time point for a plot of each thinning
type (Plots 18, 5 and 9).

Figure 4.5 shows the relationship between tree diameter and tree age (year) for a
plot of each thinning type. The plots show the DBH values change systematically in the
time domain, at a different rate for the different thinning types. All trees assessed in
this study were planted in 1950. As would be expected, because no thinning treatments
had yet been applied, the distribution of DBHs in 1972 at the start of the experiment,
when trees were aged 22 years, is similar in each experimental plot. The distribution
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4.5 Regression Modelling and Repeated Measures Analysis

of values over time indicates that higher levels of thinning resulted in improved DBH
growth in retained trees. The no thinning treatment is associated with the lowest
mean DBH because dead and suppressed trees are retained with the subdominant
and dominant trees. Higher intensities of thinning are associated with an increase in
the mean DBH because the dead and suppressed trees were removed during thinning
generating advanced DBH growth in retained trees. The distribution of DBH at the
six time points, from 1972 to 1997, clearly illustrate the very positive effect of both
thinning treatments on the mean DBH and DBH range.

Next possible covariates that may affect DBH over time are considered. The area
of each Voronoi cell, produced using Voronoi tessellation (Chapter 2), are considered
the area potentially available (APA, in m2) for the corresponding tree. The number
of sides of the polygons produced are referred to as the number of neighbours (NN)
for each tree. Both covariates are computed using the deldir package in R (Turner,
2014). Figure 4.2 shows circle plots describing interactions between trees over time
while the tessellation lines show how the covariates APA and NN change over time.

Figure 4.2(a) shows an unthinned plot at the first time point (1972). All the forest
plots will look similar to this at this time since thinning has not yet been carried out.
Figures 4.2(b) and 4.2(c) show an unthinned and a 50% thinned plot at the last time
point (1997). The increase in APA over time is clearly larger in the thinned case. There
is also a slight increase in NN over time, particularly in the thinned case. Analogous
figures over further time points are in Appendix A.1.

At the first time point in 1972 the unthinned plot contained 170 trees. This
was reduced to 77 trees by 1997. An average of 15 trees died every 5 years due to
natural mortality from factors such as: competition, disease and a shorter life-span of
suppressed trees. Some trees also suffered windblow damage leading to mortality.

The thinned plots (40% and 50%) contained 163 and 166 tree stems in 1972. This
was reduced to 24 and 19 trees respectively by 1997 from the thinning procedure. The
percentage of trees lost to mortality (15% and 0% respectively) was considerably lower
than in the unthinned case (55%). It is reasonable to assume that the 15% mortality
rate for the 40% thinned plot would be lower if the first thinning had not been delayed.

Regression modelling is carried out for each case study plot using the lm function in
R. The variables of interest are tree age (AGE), tree X-coordinate, tree Y-coordinate,
APA and NN. The quadratic term AGE2, along with the interaction terms between
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4.5 Regression Modelling and Repeated Measures Analysis

all variables are also investigated. The X and Y coordinates, along with AGE2 are
not found to be significant in the model and are excluded from further analysis. The
selected model is

DBH = β0 + β1(AGE) + β2(APA) + β3(NN). (4.1)

There is an issue with the regression model assumptions in that the residuals show
increasing variance. A Box-Cox transformation of DBH is used which models DBHλ

where λ is chosen by likelihood methods (Box & Cox, 1964). The regression model
is refitted with the response variable DBHλ. The effect of the transformation on the
residuals can be seen in Figure 4.6. Heteroskedasticity has been reduced and the
variance of the residuals appears more constant.

Since the data contains repeated measures on trees over time, diameter measure-
ments from the same tree (within-subject effects) are highly correlated. In order to
provide a contrast to fitted spatial or spatio-temporal models, repeated measures anal-
ysis is carried out for the Box-Cox regression model with an unstructured covariance
matrix using the R package nlme (Pinheiro et al., 2015). The covariance matrix is
selected as the preferred covariance structure as it results in smaller Akaike informa-
tion criterion (AIC) values than that for the compound symmetry or autoregressive
covariance matrix structures. Here, different parameters for the variance of each mea-
surement over time were estimated as well as different covariance parameters for each
pair of repeated measurements. Spatial correlation was not considered in this model.

For the unthinned plot, the estimate of λ was 0.384. The estimated coefficients for
AGE, APA and NN were all positive and very highly significant (P < 0.001) (discussed
further in Chapter 6). The RMSE for the regression model is 4.128. After repeated
measures analysis was carried out the RMSE value increased to 5.774 (Table 5.2). For
the thinned plots (40% and 50%) the values of λ̂ were 0.585 and 0.747, respectively.
The RMSE values for the regression model with repeated measures are also given
in Table 5.2. In all three models, the estimated coefficients for AGE and APA were
significant, while the coefficients for NN were significant for the unthinned plot and
the plot which received a 50% thinning, but not for the plot which received a 40%
thinning.
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Figure 4.6: Regression residuals vs. fitted values for Plot 18 (a) without Box-Cox
transformation and (b) with Box-Cox transformation.
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R code for repeated measures regression analysis:
# Load required package

library(nlme)

# Carry out Repeated Measures Regression with an unstructured

correlation matrix. Dataset referred to as ’sla’, after forest

location Shillelagh.

sla$DBHlambda <- sla$DBHˆlambda

fit.un <- gls(DBHlambda ∼ age + poly.area + neighbours, data=sla,

corr = corSymm(form = ∼ 1 | TREE),

weights = varIdent(form = ∼ 1 | age))

summary(fit.un)

4.6 Variogram Modelling

The variogram model fitting method in the gstat package uses non-linear regression
to fit the coefficients of the variogram. This involves fitting a model to the Matheron
(empirical) variogram as given in (2.1). For this, a weighted sum of square errors

(WSSE)
p∑
j=1

wj(γ(h)− γ̂(h))2, with γ(h) the value according to the parametric model,

is minimised. The optimisation routine alternates between the following two steps
until convergence: (i) a direct fit over the partial sill, and (ii) non-linear optimising of
the range parameter(s) given the last fit of partial sill. The weights are selected as
wj = Nj/h

2
j for the jth lag where Nj is the number of sample data pairs occurring

at distance interval hj (Bivand et al., 2008). This means that the algorithm will give
more importance to semivariances with a large number of point pairs and to shorter
lag distances.

The Shillelagh tree data is studied here. The data comes from homogeneous plots
located in the same forest stand where factors such as soil composition and weather
exposure are assumed to be similar for all trees. The DBH process is considered to be
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Figure 4.7: Matheron variograms for plot 18 (unthinned) tree diameters including
sample values (dots) and fitted model (continuous line) in: (a) 1972, (b) 1977,
(c) 1982, (d) 1987, (e) 1992 and (f) 1997.
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4.6 Variogram Modelling

isotropic (Section 2.2) as the distance range covers a small area. If data from
multiple forests were being analysed zonal anisotropy would need to be considered.
The sample variogram for each plot at each time point was produced for the observed
DBH data and these are shown in Figure 4.7 for plot 18.

For these data, it was noticed especially that the largest value of γ(h), where
γ(h) is the Matheron (empirical) variogram defined in (2.1), occurred at the shortest
lag interval. The estimated variogram then decreased and increased in a wave-like
fashion. This makes sense if following the logic that, in a particular row of trees, a
large (dominant) tree may be followed by a small tree. This in turn may be followed by
a large tree and so on. The same applies in all directions. The wave accounts for (a)
the negative spatial dependence over small inter-tree distances caused by competition
among immediate neighbours (Reed & Burkhart, 1985) and (b) the positive micro-site
variation that occurs from trees in close proximity being exposed to the same growing
conditions. If thinning has been carried out, the decreasing spatial dependence resulting
from competition would be expected to diminish or become reduced over time as the
trees thinned are always from smaller diameter classes (Bradley, 1971).

The variogram models discussed in Section 2.2.2 are then considered and fitted
using the gstat package as described in Section 4.6, with the wave (or hole-effect)
model (2.2) performing best using the weighted sum of squares error (WSSE) criterion.
This is a non-monotone correlation function which are rare in practice Diggle & Ribeiro
(2007), though the damped oscillatory nature of the function performs suitably well
in this context. The wave frequency (number of oscillations at time t) is related to
1/φ. As tree age increases, φ generally increases and the number of wave oscillations
decrease (the wave becomes smoother). This can be seen in Figure 4.7 which shows
the sample variogram, with fitted wave variogram model, at each time point for an
unthinned plot. Analogous figures for a 50% thinned plot are in Appendix A.1.

It was of interest to consider the relationship between the parameter φ and tree
age to see whether it would be possible to make reasonable predictions of φ for a
particular time point/age. Figure 4.8 shows φ versus tree age for all eleven plots, with
plots grouped for each thinning type. In most cases, AGE and AGE2 are not significant
predictors of the φ parameter for each thinning type. However 50% thinned plots
indicate that the φ parameter increases with age.

Now consider the sample variograms for the transformed residuals of the regression
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4.6 Variogram Modelling
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Figure 4.8: Wave variogram model parameter, φ, for each plot and time point, with
plots grouped by thinning type.

model discussed in the previous section. The variograms exhibit the same wave-like
behaviour with the differences being that the scale of γ(h) is smaller (dealing with
residuals instead of observed DBH) and the sill does not increase over time as much as
before (Box-Cox transformation removes increasing variance of residuals). The sample
variogram for the transformed residuals is computed with all time points combined
for each plot. Figures 4.9 and 4.10 show a comparison of the spatial variograms and
variogram models for individual time points and for all time points combined for the
unthinned plot 18. Here the φ parameter does not show an increasing trend over time,
it remains similar across time points (Figure 4.9) and this is also the case for all time
points combined (Figure 4.10). The sill parameter increases over time suggesting that,
even with the Box-Cox transformation, the residuals increase in variance due to greater
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Figure 4.10: Variogram of transformed regression residuals with fitted wave model for
an unthinned plot (Plot 18) for all time points combined.
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4.6 Variogram Modelling

Table 4.3: Spatial variogram model parameters of the Box-Cox regression model resid-
uals by treatment with all time points combined.

Plot Treatment Nugget Sill Range (m)
18 Unthinned 0.053 0.08 1.7
5 40% thinned 0.045 0.52 5.8
9 50% thinned 1.600 1.85 3.7

Again, the wave model gave the best fit from a variety of covariance functions
fitted. The variogram model parameters are shown in Table 4.3. The nuggets and
sills for each plot cannot be compared directly as their scale has been changed by the
Box-Cox parameter λ̂. However, this is not the case for the range parameter which is
in metres for all plots. Consider the parameters for the unthinned plot 18 which has a
sill of 0.08 and a substantial nugget of 0.053. This is expected to be the case as the
variance at spatial lag zero (i.e. the nugget) includes repeated DBH measurements
from the same tree taken at each time point while any temporal effect is ignored. The
spatial range parameter value is small at 1.7 m showing that the residuals are only
correlated with their closest neighbours.

For the thinned plots, thinning does not take place until the first time point (1972).
The thinning effect is not yet manifested in the diameter data and the variogram
model parameters essentially provided a description of an unthinned treatment. For
this reason, 1972 data from thinned plots is not included in any analysis. The thinned
residual variograms contain 5 time points which start in 1977 and end in 1997. As
in the unthinned case, a large portion of the sill is contained within the nugget value
because of repeated measures on individual trees spanning twenty years. A noticeable
difference between the unthinned plot and and the thinned plots is the ranges are
approximately two and three times larger in the latter (Table 4.3). This suggests the
covariance extends over a larger area for thinned plots. The variogram model (all time
points combined) for the 50% thinned plot is shown in Figure A.5 of the Appendix.

The variogram models given in Table 4.3, i.e. all time points combined, are used to
carry out spatial leave-one-out cross validation (LOOCV) universal kriging as described
in Section 2.3.3. All residuals from the Box-Cox regression model are used in the kriging
to make predictions of the regression residuals. The predicted residuals are then added
to the predicted trend from the regression model and the RMSE value is computed.
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4.6 Variogram Modelling

The models are compared in Table 4.4 with the Box-Cox regression model with repeated
measures (as discussed in Section 4.5) by RMSE. The root mean square (predictive)
error is reduced from 5.774 to 4.206 after spatial regression kriging is carried out for the
unthinned plot. Similarly, spatial regression kriging performs better than the repeated
measures regression model in the thinned cases. The results show that the average
accuracy for predicting tree diameters is ±4.2 cm.

Table 4.4: The root mean square prediction error (RMSE) for three models and the
Box-Cox transformation parameter, λ̂, for an unthinned plot, for a 40% thinned plot
and for a 50% thinned plot.

Model Plot Treatment RMSE λ̂

1 18 Unthinned 5.774 0.384
2 18 Unthinned 4.206 0.384

1 5 40% Thinned 6.208 0.585
2 5 40% Thinned 4.266 0.585

1 9 50% Thinned 6.208 0.747
2 9 50% Thinned 3.969 0.747

Model 1. Box-Cox regression with repeated measures analysis.
Model 2. Spatial regression kriging (LOOCV).
LOOCV: Leave-one-out cross-validation.

69



4.6 Variogram Modelling

R code for fitting variogram model and LOOCV kriging:
# Load required packages

library(sp)

library(spacetime)

library(gstat)

# Create object of class ‘SpatialPointsDataFrame’

coordinates(sla) <- ∼Xcoord+Ycoord

# Estimate Matheron (empirical) variogram of Box-Cox transformed

regression residuals

sla.vgm <- variogram(residuals∼1, sla,cutoff=12, width=1.5)

# Fit wave variogram model, choosing initial parameter estimates

for nugget, sill and range

sla.fit <- fit.variogram(sla.vgm, model=vgm(0.09, "Wav", 2.5, 0))

# Print WSSE

attr(sla.fit,"SSErr")

# Carry out leave-one-out cross-validation kriging

kcv <- krige.cv(residuals∼1, sla, model=sla.fit, nmax=100,

nfold=length(sla$TREE))

4.6.1 Cross-Validation Z-Scores

The z-scores of the cross-validated kriged predictions are considered to check the
prediction values behave well. The z-score, zi, is computed as

zi =
Z(si)− Ẑ(si)

σi
,
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4.6 Variogram Modelling

Table 4.5: The mean and standard deviation of DBH for a plot of each thinning type
is given with the z-score mean and standard deviation for LOOCV regression kriging
predictions

Plot % Thinned DBH (cm) σDBH (cm) z-score σz−score

18 0 15.84 5.51 -0.0001 1.061

5 40 20.68 7.18 0.0001 0.998

9 50 22.51 9.51 -0.0003 0.993

with Ẑ(si) the cross validation prediction for si, and σi the corresponding kriging
standard error defined as the square root of the kriging variance, σ2

uk(si), given in
Equation (2.8). In contrast to standard residuals, the z-score takes the kriging variance
into account: it is a standardised residual, and if the variogram model is correct, the
z-score should have mean and variance values close to 0 and 1. If, in addition, Z(s)

follows a normal distribution, so should the z-score.
Table 4.5 shows the mean and standard deviation of the z-score values for plots 18,

5 and 9. In each case the z-score mean is approximately zero and the standard deviation
is approximately 1 suggesting the kriged predictions behave well. A histogram of the
z-scores for plot 18 (Figure 4.11(b)) show they follow a normal distribution. A slight
skew to the left is seen in the histogram that is similar to the shape of the residuals
that the kriging is carried out on (Figure 4.11(a)).

The regression model slightly underpredicts large DBH values which may indicate
dependence on unknown covariates. In conclusion it is seen that the spatial model
outperforms repeated measures analysis. The dependence of the correlation structure
on distances between trees is accounted for in the spatial model and thus it gives better
predictions.
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Figure 4.11: For plot 18 (unthinned), histograms of (a) the residuals from the Box-Cox
transformed regression model and (b) the z-scores of the regression kriging predictions,
both with overlain density curves
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Chapter 5

Spatio-Temporal Models

5.1 Review

During the past few decades, interest in space-time geostatistics has grown, although
apart from in meteorology, for example, few applications have been very well developed.
There has been little work in the forestry area. One of the obstacles to applications
is the difficulty in building a space-time model, in particular, a model for the space-
time variogram. The space-time variogram should provide a realistic description of
space-time variability and should not be too complex to be feasible to determine from
available data. If a statistical model characterising the spatio-temporal behaviour of a
variable is to be of any value, it has to take into account differences between variation
in space and in time. Hengl et al. (2012) carried out spatio-temporal predictions of
weather data over a network of meteorological stations in Croatia. They used a spatio-
temporal nonseparable sum-metric variogram model to explain the autocorrelation of
their regression residuals. They made their spatio-temporal kriging and cross-validation
kriging functions available in the gstat package (Section 2.6) and we adapt some of
these methods for forestry data.

Forest growth data are often both cross-sectional and longitudinal in nature, thus
are likely to contain both spatial and temporal structures (Grégoire (1987), Grégoire
et al. (1995)). This is important in light of the current tendency for growth modellers
to discard spatial dependence as unworthy of concern. A review of previous studies
demonstrates that spatial dependence is dynamic as stand development occurs and the
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5.2 Temporal Autocorrelation and Cross Correlation

intensity of competition changes. Characterising this dynamic relationship has been
hampered by limited long-term data (Burkhart, 1994). As more long term spatial
measurements become available it is a priority that this relationship be examined and
characterised for incorporation in individual-tree modelling methodologies.

5.2 Temporal Autocorrelation and Cross Correla-

tion

Following the assumptions of second-order stationarity and isotropy for the spatial
and temporal dimensions, discussed in Section 2.4, second moments are particularly
important in the practical analysis of time series/longitudinal data (Venables & Ripley,
2002, Section 14.5). Assuming that the series Z(t) runs throughout time, but is
observed only for t = 1, . . . , n, the series has covariance and correlation

γt = Cov(Z(t+ τ), Z(τ)), ρt = Cov(Z(t+ τ), Z(τ)).

The covariance is estimated for t > 0 from the n−t observed pairs (Z(1+t), Z(1)), . . . ,

(Z(n), Z(n − t)). Under our assumption of second-order stationarity these have the
same mean and variance. This suggests the estimators

ct =
1

n

min(n−t,n)∑
k=max(1,−t)

[Z(k + t)− Z̄][Z(t)− Z̄], rt =
ct
c0

for γt and ρt known as the autocovariance and autocorrelation functions respectively.
Note that the divisor n is used even though there are n− |t| terms. This is to ensure
that the sequence (ct) is the covariance sequence of some second-order stationary time
series. Note that all of γ, ρ, c, r are symmetric functions (γ−t = γt and so on).

The definitions are easily extended to multiple observations over the same interval
to estimate the cross covariance and cross correlation.

γij(t) = Cov(Zi(t+ τ)), Zj(τ))

cij(t) =
1

n

min(n−t,n)∑
k=max(1,−t)

[Zi(k + t)− Z̄i][Zj(k)− Z̄j]
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5.2 Temporal Autocorrelation and Cross Correlation

which are not symmetric in t for i 6= j.

Figure 5.1: autocorrelations (diagonal panels) and cross correlations (off-diagonal pan-
els) of DBH for four selected trees from plot 18; time lag unit equals 5 years.

In the following, autocorrelation functions are computed and plotted using the acf
function in R for the DBHs of four randomly selected trees in an unthinned plot (plot
18). The resulting plots are shown in Figure 5.1. From these graphs the following can
be observed:

• autocorrelations for lag 0 are always 1.

• cross correlations for lag 0 are not always 1.

• cross correlations can be asymmetric, meaning that when cij(k) is the correlation
between Z(si, t) and Z(sj, t+ k),

cij(k) = cji(−k) 6= cij(−k)
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5.3 Variogram Modelling

where si and sj are the two trees between which a cross correlation is computed,
and k is the (directional) lag between the series.

The plots in Figure 5.1 show the pattern typical of a growth series, and the autocor-
relations do not damp down for large lags. The plots further show that for these four
trees the asymmetry is not very strong, but that cross correlations are fairly strong
and of a similar form to autocorrelations. The dashed lines represent approximate 95%
confidence limits.

5.3 Variogram Modelling

Here we consider three plots as in Chapter 4 as a case study - plot 18 (unthinned),
plot 5 (40% (delayed) thinned) and plot 9 (50% thinned). Consider the sample spatio-
temporal variogram, computed as in equation (2.9), of tree DBH for an unthinned
plot (plot 18) in Figure 5.2. The marginal spatial variogram is shown at time lag 0.
The (spatial) wave pattern can be seen at time lag 0 as expected from analysis in
Chapter 4. For increasing time lags, the wave pattern is still visible. This suggests the
spatial relationship between individual tree diameters that are observed 5 years apart
(one time lag) can be described by a wave covariance function, as can trees observed
25 years (five time lags) apart. Figure 5.3 shows the sample spatio-temporal variogram,
discretised by distance, with time lag now on the x-axis. It is clear the semivariance,
γ(h, k), is increasing with each time lag, k, which is expected since the variance of
DBH increases with tree age. A large difference in the order of magnitude of variation
in time and space exists. The temporal variation appears much greater than the spatial
variation.

The sum-metric covariance function is used to fit a spatio-temporal variogram
model to each plot sample variogram. Different choices for Cs, Ct and Cst in equa-
tion (2.10) are considered. The sum-metric covariance model is fitted using the func-
tion fit.StVariogram available in the gstat package. Initial estimates are first
determined for: (1) the nugget of the marginal temporal variogram, (2) sill of marginal
temporal variogram, (3) temporal range parameter, (4) nugget of marginal spatial
variogram, (5) sill of marginal spatial variogram, (6) spatial range parameter and (7)
total sill, visually by the plotted marginal sample variograms. Parameters are then
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Figure 5.2: 2-D spatio-temporal sample variogram shown at distance lags increasing
by 1 m and sum-metric variogram model for DBH in an unthinned plot (plot 18) with
space lag on the x-axis.

determined using the optim function in R until a satisfactory fit is achieved. The
procedure to estimate a sum-metric spatio-temporal variogram is explained in more
detail in Heuvelink & Griffith (2010). The model which performs best consists of a
wave covariance function for the spatial process, a Gaussian covariance function for the
temporal process and a wave covariance function for the joint spatio-temporal process.
The model describes the variogram well, as seen in Figures 5.2 and 5.4.

The sample spatio-temporal variogram of the residuals from the Box-Cox regression
model is then estimated for each plot. With the removal of the temporal trend, i.e. tree
age, using the regression model, the difference in the order of magnitude of variation
in time and space is less predominant. The temporal variation no longer shows a steep
increasing pattern (Figures 5.5 and 5.6). The spatio-temporal sample variograms for
the transformed DBH residuals are shown in Figure 5.7 (unthinned plot) and Figure 5.8
(50% thinned plot). After checking for appropriate initial values, the sum-metric model
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Figure 5.3: 2-D spatio-temporal sample variogram of DBH in an unthinned plot (plot
18) shown at 1 m distance lags with time lag on the x-axis.

best described the spatio-temporal covariance with a wave function used for the spatial
component, temporal component and joint spatio-temporal component, i.e.

γ(h, k) = σ2
n1 + σ2

1[1− ((
φ1

h
) sin(

h

φ1

))]

+ σ2
n2 + σ2

2[1− ((
φ2

k
) sin(

k

φ2

))]

+ σ2
n3 + σ2

3[1− ((
φ3√

h2 + (α× k)2
) sin(

√
h2 + (α× k)2

φ3

))],

(5.1)

where σ2
n1, σ

2
n2 and σ2

n3 are the spatial, temporal and joint spatial-temporal nuggets,
respectively, σ2

1, σ
2
2 and σ2

3 are the respective partial sills, φ1, φ2 and φ3 are the wave
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Figure 5.4: 3-D spatio-temporal sample variogram and sum-metric variogram model
for DBH in an unthinned plot (plot 18).

intensity parameters and α is the anisotropy ratio.
The estimated model parameters are shown in Table 5.1 for three plots. For the

unthinned plot (plot 18), the spatial sill (0.06) is larger than the temporal sill (0.006),
which confirms that spatial variation in the transformed DBH residual dominates tem-
poral variation. The nugget variance for the temporal component is zero, which implies
that the DBH residuals are perfectly correlated at very short distances in time. The
space-time component has a sill larger than the temporal sill (0.05), and its contribution
needs to be considered in assessing temporal correlation.

Similar to the spatial variogram models in Section 4.6, the range of the spatial
component in the unthinned plot is also a short distance of 1.24 m, however this
increases when the joint spatio-temporal range is accounted for. The temporal range
is 15 showing that residuals are correlated up to a time period of 15 years.
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5.3 Variogram Modelling

Table 5.1: Spatio-temporal variogram model parameters of the Box-Cox regression
model residuals by treatment.

Plot Treatment Component Nugget Sill Range Anisotropy
18 Unthinned Space 0.023 0.056 1.24 m
18 Unthinned Time 0.000 0.006 15 yr
18 Unthinned Space-Time 0.019 0.047 55 m 0.02 m a−1

5 40% Thinned Space 0.000 0.196 1.33 m
5 40% Thinned Time 0.000 <0.001 10 yr
5 40% Thinned Space-Time 0.196 0.321 4.73 m 0.19 m a−1

9 50% Thinned Space 0.591 0.592 1.86 m
9 50% Thinned Time 0.000 0.121 10.2 yr
9 50% Thinned Space-Time 0.482 1.145 3.1 m 0.18 m a−1

There is little anisotropy in the unthinned case (0.02 m a−1). Since the anisotropy
parameter, α, is multiplied by the temporal lag, k, this suggests the joint spatio-
temporal component contributes more to the spatial aspect than the temporal aspect
(since α is small) and the sum-metric variogram model essentially becomes the sum
model. Here, the differences in the covariances through space are the same over time
and the shape of the variogram does not change with increasing temporal lags.

The anisotropy parameter, α, provides a unique estimate of the spatio-temporal
homogeneity of the DBH covariance structure in thinned and unthinned stands. The
anisotropy parameter, α, is much larger for the thinned plots, 0.19 and 0.18 m a−1, by
a factor of approximately nine times compared to the unthinned anisotropy parameter,
α, 0.02 m a−1, though there is very little difference between the 40% and 50% case.
This suggests the spatial covariance of the tree diameters in the thinned cases are
changing over time. For example, the covariance between trees aged 25 with those
aged 45 that are 10 m apart may differ from the covariance between trees aged 10
and those aged 30 that are 10 m apart. This is because trees have been felled and the
competition structure has changed due to the thinning process.
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Figure 5.5: 2-D spatio-temporal sample variogram and sum-metric variogram model
for (Box-Cox transformed) residuals of tree diameters in an unthinned plot (plot 18)
with space lag on the x-axis.

5.4 Kriging

The fitted sum-metric variogram model is used to carry out spatio-temporal regression
kriging. Similar to the spatial prediction, leave-one-out cross-validation of the kriging
predictions is carried out as a means of comparing our model choices. One possible
difference worth mentioning is that, in the space-time situation, predictions are often
forecasts. When predictions into the future are based on observations in the past
and present, space-time kriging becomes an extrapolator, instead of an interpolator,
along the time axis. This feature has no effect on the kriging equations but does
cause the predictions to become less accurate (i.e. larger kriging variance) because
information comes from one direction only. The spatio-temporal prediction grids for
plot 18 (unthinned) and plot 9 (50% thinned) are shown in Appendix A.2.
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Figure 5.6: 2-D spatio-temporal sample variogram for (Box-Cox transformed) residuals
of tree diameters in an unthinned plot (plot 18) shown at 1 m distance lags with time
lag on the x-axis.

The models are compared in Table 5.2 with the Box-Cox regression model with
repeated measures (as discussed in Section 4.5) by RMSE. The root mean square (pre-
dictive) error is reduced from 5.774 to 4.206 after spatial regression kriging is carried
out. Similarly, for spatio-temporal variogram modelling, regression kriging performs
better than the repeated measures regression model, however, the RMSE value is al-
most the same as that of the spatial (2D) models. The results show that the average
accuracy for predicting tree diameters is ±4.2 cm.

The RMSE values for the spatial and spatio-temporal kriging predictions are very
close, however, it must be remembered that repeated measurements were present but
ignored in the spatial model. These measurements are correlated as they are from the
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Figure 5.7: Spatio-temporal sample variogram and sum-metric variogram model for
(Box-Cox transformed) residuals of tree diameters in an unthinned plot (plot 18).
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5.4 Kriging

Table 5.2: The root mean square prediction error (RMSE) for three models and the
Box-Cox transformation parameter, λ̂, for an unthinned plot, for a 40% thinned plot
and for a 50% thinned plot.

Model Plot Treatment RMSE λ̂

1 18 Unthinned 5.774 0.384
2 18 Unthinned 4.206 0.384
3 18 Unthinned 4.205 0.384

1 5 40% Thinned 6.208 0.585
2 5 40% Thinned 4.266 0.585
3 5 40% Thinned 4.264 0.585

1 9 50% Thinned 6.208 0.747
2 9 50% Thinned 3.969 0.747
3 9 50% Thinned 4.088 0.747

Model 1. Box-Cox regression with repeated measures analysis.
Model 2. Spatial regression kriging (LOOCV).
Model 3. Spatio-temporal regression kriging (LOOCV).
LOOCV: Leave-one-out cross-validation.

same tree and thus the RMSE in the spatial model is an underestimate.
The observed, spatial predicted, and spatio-temporal predicted cumulative basal

area1 (CBA) (m2) per plot after thinning, inclusive of all previous thinnings, are pre-
sented in Table 5.3.

The effect of thinning treatments on cumulative basal area (CBA) per hectare
(m2ha−1) after thinning was very highly significant. The CBA was significantly higher
(P < 0.05) in the 50% thinning treatment compared to the 40% thinning treatment,
and was very significantly higher (P < 0.01) in the 50% thinning treatment compared
to the no thinning treatment.

For the no thinning treatment, the predicted CBA from regression kriging under-
estimated the observed CBA. The spatial regression kriging predicted CBA was closer
to the observed than that from the spatio-temporal predicted CBA. For the thinned
treatments, the spatial regression kriging led to an over-prediction of CBA, while the
spatio-temporal predicted CBA was closer to the observed value for the 40% thinned

1Basal area (m2)= π(DBH/2)2.
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Table 5.3: Observed, spatial predicted, and spatio-temporal predicted cumulative basal
area (CBA) (m2ha−1) per hectare after thinning by treatment at the last, 1997, time
point.

Initial thinning treatment
Cumulative basal area (m2ha−1)
per hectare after thinning 0% removal 40% removal 50% removal
Observed 87.23 104.33 113.50
Spatial predicted 79.98 109.95 123.20
Spatio-temporal predicted 71.08 103.38 123.17

treatment and only slightly closer than the spatial case for the 50% thinned treatment.
The observed, spatial predicted, and spatio-temporal predicted cumulative basal area
(CBA) per hectare (m2ha−1) after thinning by treatment, for age from 22 to 47 years,
are presented in Figure 5.9.

The observed maincrop mean basal area per tree (m2) after thinning (this excludes
the thinned crop), and maincrop basal area per hectare (m2ha−1) after thinning, by
treatment, for age from 22 to 47 years, are presented in Figure 5.10. The maincrop
mean basal area per tree (m2) after thinning increased at a higher rate in the 40%
and 50% thinning treatments compared to the no thinning treatment (Figure 5.10a).
However, this does not take into account the number of maincrop stems after thinning
which was considerably larger for no thinned treatment.

The maincrop basal area per hectare (m2ha−1) after thinning, by treatment, for
age from 22 to 47 years, was larger in the no thinning treatment, compared to the
40% and 50% thinning treatments, as no trees were removed by thinning.

It is clear from Figure 5.9 that the 50% thinned plot produced the largest amount of
timber (m3) since CBA (includes thinned crop) is highest in this case. The spatial and
spatio-temporal models slightly overpredict this value of CBA, more so in the spatial
model - perhaps because correlation over time is being ignored here and the model
assumes temporal independence.
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Figure 5.9: Observed: left panel; spatial predicted: middle panel; and spatio-temporal
predicted: right panel, cumulative basal area (CBA) per hectare (m2ha−1) after thin-
ning by treatment for age from 22 to 47 years.
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Generally, in Sitka spruce homogeneous plots the recommended clearfell age would
be approximately 40 years. This is because the rate of growth slows down at this point
(see Figure 5.10, right panel). At age forty the spatial and spatio-temporal models
overpredict the 50% thinned case and underpredict the unthinned case, however, the
40% thinned estimates are closest to the observed 40% thinned value. It would be of
great interest to consider a 30% thinned plot and how well the models predict in this
case, a possibility in future research.

R code for spatio-temporal modelling and LOOCV kriging:
# Load required packages

library(sp)

library(spacetime)

library(gstat)

# Create object of class ‘STIDF’

sla$time <- as.Date(sla$year)

slaST <- stConstruct(sla, c("Ycoord", "Xcoord"), "time")

# Estimate spatio-temporal sample variogram residuals

vST <- variogramST(residuals∼1, data=slaST, cutoff=12,

width=1,tlags=0:5)

# Choose lower and upper boundaries of starting values

pars.l <- c(sill.s = 0, range.s = 0, nugget.s = 0.0001,

sill.t = 0, range.t = 0.5, nugget.t = 0.0001,

sill.st = 0, range.st = 0.5, nugget.st = 0.0001,

anis = 0.01)

pars.u <- c(sill.s = 2, range.s = 2, nugget.s = 10,

sill.t = 20, range.t = 100, nugget.t = 10,

sill.st = 20, range.st = 100, nugget.st = 10,

anis = 5)
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5.4 Kriging

# Choose starting values

sumMetricVgm <- vgmST("sumMetric",

space=vgm(0.05, "Wav", 1.35, 0.1),

time =vgm(0.1, "Wav", 15, 0.1),

joint=vgm(12, "Wav", 50, 0.1),

stAni=0.5)

# Fit sum-metric variogram model

sepVgmf <- fit.StVariogram(vST, sumMetricVgm, method = "L-BFGS-B",

lower=pars.l, upper=pars.u)

# Print WSSE

attr(sepVgmf, "optim")$value

# Carry out leave-one-out cross-validation kriging

Predict <- data.frame()

for (i in 1:length(coordinates)){
slaSTmodel <- stConstruct(sla[sla$TREES != i, ],

c("Xcoord", "Ycoord"), "time")

slaSTmodel <- as(slaSTmodel, "STSDF")

slaSTvalid <- stConstruct(sla[sla$TREES == i, ], c("Xcoord",

"Ycoord"), "time")

kriged <- krigeST(residuals∼1, data=slaSTmodel,

newdata <- slaSTvalid, nmax=100,

modelList=sepVgmf, computeVar=TRUE)

krig <- as.data.frame(kriged)

Predict <- rbind(Predict, krig)

}

88



5.5 Other Spatio-Temporal Variogram Models

5.5 Other Spatio-Temporal Variogram Models

Besides the sum-metric model, the variogram models discussed in Section 2.4.1 were
considered; the separable, product-sum, metric and simple sum-metric spatio-temporal
covariance functions.

The separable covariance model assumes that the spatio-temporal covariance func-
tion can be represented as the product of a spatial and temporal term:

Csep(h, k) = Cs(h)Ct(k)

Its variogram is given by (see Appendix A.3.1 for details):

γsep(h, k) = sill · (γ̄s(h) + γ̄t(k)− γ̄s(h)γ̄t(k))

where γ̄s and γ̄t are standardised spatial and temporal variograms with separate nugget
effects and (joint) sill of 1. The overall sill parameter is denoted by "sill". Figure 5.11
shows a separable variogram model fit to an unthinned plot (plot 18) DBH data. The
separable model has a strong computational advantage in the setting where each spatial
location has an observation at each temporal instance (Pebesma, 2012). In these cases,
the covariance matrix (and its inverse) can be composed using the Kronecker-product of
the purely spatial and purely temporal covariance matrices (respectively their inverse).

The above model extends to the product-sum covariance model that is given here
in a slightly different notation as De Cesare et al. (2001a) and De Iaco et al. (2001)
by

Cps(h, k) = ωCs(h)Ct(k) + Cs(h) + Ct(k)

with ω > 0. The corresponding variogram can be written as

γps(h, k) = (ω · sillt + 1)γs(h) + (ω · sills + 1)γt(k)− ωγs(h)γt(k)

where γs and γt are spatial and temporal variograms (see Appendix A.3.2 for details).
The parameter ω needs to be positive and the following identity defines the overall sill
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Figure 5.11: Spatio-temporal sample variogram and separable variogram model for tree
diameters in an unthinned plot (plot 18).

(sillst) of the model in terms of the model’s spatial and temporal sills:

sillst = ω · sills · sillt + sills + sillt.

The above equation can also be used to estimate ω based on the three sill values. An
alternative formulation of the product-sum variogram can be found in De Iaco et al.
(2001). Figure 5.12 shows a product-sum variogram model fit to an unthinned plot
(plot 18) DBH data.

Assuming identical spatial and temporal covariance functions except for spatio-
temporal anisotropy, allows the use of a spatio-temporal metric covariance model
where, after matching space and time by an anisotropy correction α, the spatial, tem-
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Figure 5.12: Spatio-temporal sample variogram and product-sum variogram model for
tree diameters in an unthinned plot (plot 18).

poral and spatio-temporal distances are treated equally resulting in a single covariance
model Cjoint:

Cm(h, k) = Cjoint

(√
h2 + (α · k)2

)
The corresponding variogram is

γm(h, k) = γjoint

(√
h2 + (α · k)2

)
where γjoint is any known variogram possibly including some nugget effect (plot to
follow).

A simplified version of the above model is to restrict the spatial, temporal and
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5.5 Other Spatio-Temporal Variogram Models

joint variograms to nugget free models. Additionally, a single spatio-temporal nugget
is introduced and the variogram takes the representation:

γssm(h, k) = nug · 1h>0∨k>0 + γs(h) + γs(k) + γjoint

(√
h2 + (α · k)2

)
,

the simple sum-metric covariance model. Figure 5.13 shows a simple sum-metric
variogram model fit to an unthinned plot (plot 18) DBH data. None of the above
models fit as well as the sum-metric model and were disregarded when carrying out
kriging.
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Figure 5.13: Spatio-temporal sample variogram and simple sum-metric variogram
model for tree diameters in an unthinned plot (plot 18).
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5.5.1 Analysis of Further Plots

The analysis described in Chapters 5 and 4 was carried out for the remainder of the plots
with available spatial coordinates. In all cases the wave covariance function was found
to be the most suitable spatial variogram model. Direct comparison is difficult because
of the transformation parameter, λ, which changes the scale of the OLS residuals from
centimetres to a different scale for each plot. It was noticed that λ̂ was approximately
0.4 for four of the five unthinned plots and greater than 0.75 for the 50% thinned
cases. This is because 50% thinned plots have more extreme positive values of DBH.
The sum-metric model was found to be the most suitable spatio-temporal variogram
model for all plots. The spatio-temporal variogram model for a selection of plots, one
of each thinning type, is discussed below. Table 5.4 gives the parameter estimates
for the fitted sum-metric model. It can be seen in both Tables 5.1 and 5.4 that in
the unthinned case the spatial sill is larger than the temporal and joint sills, while in
the 50% thinned case the joint spatio-temporal sill is the largest sill. The ranges and
anisotropy parameter estimates are very similar for plot 8 and 9. The spatio-temporal
sample variograms for the transformed DBH residuals are shown in Figure 5.14 for plot
14 (an unthinned plot) and Figure 5.15 for plot 8 (a 50% thinned plot). The shape is
clearly similar to those in Figures 5.7 and 5.8. This is also the case for the remainder
of the plots.

Table 5.4: Spatio-temporal variogram model parameters of the Box-Cox regression
model residuals by treatment.

Plot Treatment Component Nugget Sill Range Anisotropy
14 Unthinned Space 0.079 0.102 1.35 m
14 Unthinned Time 0.000 0.005 10 yr
14 Unthinned Space-Time 0.031 0.031 15 m 0.05 m a−1

16 40% Thinned Space 0.000 0.030 1.38 m
16 40% Thinned Time 0.000 0.005 20 yr
16 40% Thinned Space-Time 0.011 0.011 10 m 0.99 m a−1

8 50% Thinned Space 0.000 1.729 1.25 m
8 50% Thinned Time 0.1247 0.125 10.02 yr
8 50% Thinned Space-Time 2.040 4.829 3.3 m 0.19 m a−1
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Figure 5.14: Spatio-temporal sample variogram and sum-metric variogram model for
(Box-Cox transformed) residuals of tree diameters in an unthinned plot (plot 14).
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Figure 5.15: Spatio-temporal sample variogram and sum-metric variogram model for
transformed residuals of tree diameters in a 50% thinned plot (plot 8).
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Chapter 6

Spatio-Temporal Bootstrapping

As previously stated the algorithm used to estimate the spatio-temporal variogram of
the residuals is fitted using a weighted sum of squares (WSSE) criterion. This is not
a likelihood method and standard errors of parameter estimates are not produced by
the algorithm. Other methods for fitting variograms in Cressie & Hawkins (1980) and
Genton (1998) for the spatial case only, and methods for estimating standard errors
are approximate. The bootstrap provides a method for assessing uncertainty in the
estimates.

If spatial data have very weak correlations, then a simple basic bootstrap method
can yield approximately valid resamples of the observed data ("bootstrap" refers to
"resampling with replacement"; see Davison & Hinkley (1997) for more details). Boot-
strap methods provide a simple way to calculate confidence intervals for model param-
eters. Bootstrap methods have also been shown in finite samples to provide better
coverage than an analytic solution (DiCiccio & Efron, 1996). However, in strongly
correlated spatial data, naively ignoring the spatial correlation inherent in the data and
directly resampling the observations will inevitably destroy the correlation structure
among the original observations. In addition, while a point estimator T̂ may not be
difficult to derive for a parameter of interest from observed spatial data, a confidence
interval usually involves complicated calculations of the sampling distribution for T̂ .
Consequently, fidelity to the correlation structure is critically important.

To improve the bootstrap method for dependent data, several different block boot-
strap methods (Carlstein, 1986; Kunsch, 1989; Liu & Singh, 1992; Politis & Romano,
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1992, 1994) have been proposed to nonparametrically replicate the dependence struc-
ture of the observations in the resamples. The block bootstrap preserves the depen-
dence structure within the blocks, but distorts the correlation between blocks. Hall
et al. (1995) pointed out that the bias and the variance of a block bootstrap esti-
mator are heavily influenced by the block length. Motivated by the ability to model
spatial correlation patterns within deep brain regions, Tang et al. (2007) introduced a
parametric spatial bootstrap (PSB) method. They adapted a parametric approach in
Sjöstedt-de Luna & Young (2003) and a spatial bootstrap method in Solow (1985) to
obtain valid resamples from a Gaussian process or a lognormal process. This method
accounts for the spatial correlation in the data by estimating the correlation structure
and then imposing it in the resamples. The proposed method offers a correct way to
obtain confidence limits based on the statistic T̂ . The advantage of the PSB method
over Sjöstedt-de Luna & Young’s (2003) method is that PSB offers more flexibility
in spatial modelling. Based on spatial residuals, it is not only able to obtain interval
estimates for a constant mean as in Sjöstedt-de Luna & Young (2003), but also is able
to obtain confidence intervals on nonlinear trend surfaces of spatial data. In order to
apply the method an estimator of the covariance matrix of the data must be available.

Recall from Chapter 1 that the covariogram C(h) is often given by
Cov[Z(s), Z(s + h)]. There is a close relationship between the semivariogram γ(h)

and the covariogram C(h). If the error process ε(·) is assumed to be a zero-mean
second-order stationary process then the parametric semvariogram method gives a
valid estimator of γ̂(h; θ̂). The relationship between the estimator, Ĉ(h) and γ̂(h; θ̂)

is

Ĉ(h) ' Ĉ(0)− γ̂(h; θ̂),

where Ĉ(0) = σ̂2, the sill. An estimate, Σ̂, of the n × n covariance matrix, Σ =

Cov[Z(si), Z(sj)], can then be obtained from Σ̂(i, j) = Ĉ(h).
The method-of-moments covariogram estimator, Ĉ(·), yields an estimator Σ̂ of

the covariance matrix, but the resulting covariance matrix is not necessarily positive
definite. Therefore it cannot be directly used for the parametric spatial bootstrap
method described below. However, fits to the semivariogram models discussed in
Section 2.2.2 do produce estimated covariance matrices that are positive definite.
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6.1 Parametric Spatial Bootstrap

Direct application of the nonparametric bootstrap method fails to provide valid re-
samples whenever there is correlation in either time series or spatial data. When this
bootstrap is applied to correlated data, it randomises either the residuals or the obser-
vations and destroys the correlation pattern inherent in the joint distribution.

Solow (1985) proposes a spatial bootstrap (SB) method to obtain spatial resamples
from the original data. He calculates the predicted spatial error process as

δ̂ = {Z(s1)− µ̂(s1), . . . , Z(sn)− µ̂(sn)}.

The covariance matrix is estimated from δ̂ and the SB method is based on the Cholesky
decomposition given by Σ̂SB = L̂SBL̂

T
SB, where L̂ is a lower triangular n× n matrix.

The SB method then uses the Cholesky decomposition matrix inverse, L̂−1SB, to decor-
relate the spatial error sequence

(ε̂1, ε̂2, . . . , ε̂n) ≡ ε̂ ≡ L̂−1SBδ̂ (6.1)

and then centers the ε̂ to obtain

ε̃i = ε̂i −
1

n

n∑
j=1

ε̂j

for i = 1, . . . , n. The decorrelated and centered residuals ε̃1, ε̃2, . . . , ε̃n are boot-
strapped to provide the resampled residuals ε∗SB = (ε∗1, . . . , ε

∗
n). The SB resample is

obtained by transforming to recorrelate the bootstrapped residuals

Z∗SB = µ̂+ L̂SBε
∗
SB. (6.2)

However, the SB method may not be valid because the predicted spatial error
process δ̂ may not retain the same correlation structure as the original spatial data.
Confidence intervals based on (6.2) tend to suffer from significant undercoverage be-
cause the ‘decorrelated’ residuals are not sufficiently uncorrelated in practice. Here a
valid parametric spatial bootstrap (PSB) approach is used beginning with a random
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sample of uncorrelated errors:

ε∗SB = (ε∗1, ε
∗
2, . . . , ε

∗
n), where ε∗j ∼ N(0, 1) for j = 1, . . . , n.

The semivariogram parameter θ̂PSB and resulting covariance matrix Σ̂PSB are esti-
mated from the original spatial data Z(s). Next, the spatial resamples are transformed
by

Z∗PSB = µ̂+ L̂PSBε
∗
PSB, (6.3)

where L̂PSB is the Cholesky decomposition matrix of Σ̂PSB. The statistic of interest,
T̂ ∗, is calculated from Z∗SB or Z∗PSB. The above procedures are repeated B times to
estimate the sampling distribution of T̂ .

This PSB method does not obtain the errors ε∗ by decorrelating the spatial (or
spatio-temporal) error process as in the SB algorithm. Instead, the errors are inde-
pendently generated from a standard normal distribution and transformed by (6.3).
More importantly, because δ̂ may not retain the original spatial (or spatio-temporal)
structure, the covariance matrix is estimated directly from the original data. This
faithfully mimics the sum-metric model introduced in Section 2.4.1.3. The theoretical
foundation is given in Sjöstedt-de Luna & Young (2003).

6.1.1 Bootstrap Algorithm

Cressie (1986), Quimby (1986) and Davis (1987) summarise several spatial data sim-
ulation procedures that are based on the Cholesky decomposition. The Cholesky de-
composition procedure allows the covariance matrix Σ to be factored into the product
of two matrices

Σ = LLT .

The algorithm for bootstrapping the spatio-temporal data in this study is:

1. Estimate the spatio-temporal covariance structure from the data using the fitted
sum-metric semivariogram model - denote it by Σ̂.
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6.1 Parametric Spatial Bootstrap

2. Obtain the Cholesky matrix L̂ such that Σ̂ = L̂L̂T .

3. Generate independent random variables ε from the standard normal distribution,

ε = (ε1, ε2, . . . , εn), where εj ∼ N(0, 1) for j = 1, . . . , n.

4. Compute ε∗ = L̂ε. ε∗ now have the required covariance structure.

5. Fit a spatio-temporal variogram to ε∗ and obtain the parameter estimates θ∗.

Repeat steps 3-5 B times to obtain θ∗1, . . . , θ
∗
B. Compute the bootstrap difference

∆∗ = θ∗ − θ̂. The bootstrap principle says that the distribution of ∆∗ approximates
the distribution of ∆ = θ̂ − θ. Select the 2.5th and 97.5th percentiles of ∆∗. The
estimated 95% bootstrap confidence interval for θ is[

θ̂ −∆∗.025, θ̂ −∆∗.975

]
. (6.4)

The bootstrapping method was carried out for the three plots of different thinning
types considered in Chapters 4 and 5.

6.1.2 Results - PSB method

Tables 6.1 and 6.2 show the 95% confidence limits for the spatio-temporal semivari-
ogram parameter estimates given in Table 5.1. The ‘original’ initial parameter estimates
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6.1 Parametric Spatial Bootstrap

Table 6.1: Spatio-temporal variogram model parameters and bootstrapped 95% con-
fidence intervals for an unthinned plot (plot 18). B=1000 bootstrap iterations.

Parameter Lower CI Upper CI Interquartile
Model Parameter Estimate Limit Limit Range
Spatial Nugget 0.023 0.000 0.042 0.027
Spatial Sill 0.056 0.043 0.068 0.009
Spatial Range 1.241 m 1.168 1.299 0.066

Temporal Nugget 0.000 0.000 0.004 <0.001
Temporal Sill 0.006 0.000 0.022 0.008
Temporal Range 15.030 yr 15.029 15.033 0.001

Joint Nugget 0.019 0.015 0.024 0.003
Joint Sill 0.047 0.017 0.197 0.077
Joint Range 55.502 m 55.428 55.532 0.041

Anisotropy 0.020 m a−1 0.020 0.021 <0.001

Table 6.2: Spatio-temporal variogram model parameters and bootstrapped 95% con-
fidence intervals for a 50% thinned plot (plot 9). B=500 bootstrap iterations.

Parameter Lower CI Upper CI Interquartile
Model Parameter Estimate Limit Limit Range
Spatial Nugget 0.591 0.000 0.985 0.482
Spatial Sill 0.592 0.290 1.321 0.433
Spatial Range 1.862 m 0.789 2.656 0.356

Temporal Nugget 0.000 0.000 0.150 <0.001
Temporal Sill 0.121 0.000 2.181 0.395
Temporal Range 10.204 yr 8.230 50.000 5.106

Joint Nugget 0.482 0.228 1.019 0.316
Joint Sill 1.145 0.566 2.093 0.502
Joint Range 3.132 m 3.003 49.918 9.500

Anisotropy 0.181 m a−1 0.100 1.827 0.834
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6.1 Parametric Spatial Bootstrap

were used for starting values when fitting the semivariogram to each resample. This led
to convergence in almost all bootstrap iterations. The function fit.StVariogram in
R that fits the spatio-temporal variogram assesses convergence by WSSE. All bootstrap
iterations here had reasonable values of WSSE.
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Figure 6.1: Histogram plots showing the bootstrapped estimates for the spatio-
temporal variogram model parameters of an unthinned plot (plot 18). B=1000 boot-
strap iterations.

For the unthinned plot (plot 18) B=1000 iterations of the resampling were carried
out. Computation time was approximately ten hours (using R (64-bit) software, version
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Figure 6.2: Histogram showing the bootstrapped estimates for the spatio-temporal
variogram model anisotropy parameter of (a) an unthinned plot (plot 18), (b) a 40%
thinned plot (plot 5) and (c) a 50% thinned plot (plot 9).

3.1.3). The 95% confidence intervals (Table 6.1) are narrow suggesting that the
fitted semivariogram parameter estimates are quite stable. Most attempts to fit a
semivariogram to this spatio-temporal covariance structure will result in convergence
at similar values. Figure 6.1 shows the distributions of the bootstrapped estimates.
It is clear that, with the exception of the spatial sill and joint nugget, there are a
small number of bootstrap iterations where the fitting algorithm converges at different
values, e.g. there is only one case where the temporal range is as large as 24 years. This
skewness is also seen in the distribution of the anisotropy parameter (see histogram
in Figure 6.2a). The confidence intervals can also be used to test if parameter values
differ significantly from zero. It can be seen from Table 6.1 that the anisotropy estimate
differs significantly from zero, as do the joint nugget, joint sill and joint range estimates.
Thus the spatio-temporal variogram model cannot be reduced or simplified.
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6.1 Parametric Spatial Bootstrap

For the 50% thinned plot (plot 9) B=500 iterations of the resampling were carried
out as computation time was more than twice as long as in the unthinned case. The
95% confidence intervals (Table 6.2) are clearly wider than in the unthinned case. This
is especially seen in the intervals for the temporal and joint ranges. It suggests that the
fitting of the semivariogram in the thinned case is less stable than in the unthinned case.
Approximately 10% of the time the values of the temporal range and joint were larger
than expected, this can be seen in the histograms in Figure 6.3. Intuitively, this may
not be surprising as the unthinned plot remained largely undisturbed until the last time
point in 1997, whereas the thinned plot experienced large man-made disturbances in the
form of thinning resulting in a more ‘complex’ semivariogram pattern (see Figures 5.7
and 5.8). This reflects greater variability in the data of the thinned case. It is possible
that extreme values of parameter estimates were caused by bad starting values but
automated starting values had to be used because of the large number of bootstrap
iterations. The same observation concerning significance of the parameter estimates
also applies to the 50% thinned case here. Thus the spatio-temporal variogram model
cannot be reduced.

Table 6.3: Spatio-temporal variogram model parameters and bootstrapped 95% con-
fidence intervals for a 40% thinned plot (plot 5). B=1000 bootstrap iterations.

Parameter Lower CI Upper CI Interquartile
Model Parameter Estimate Limit Limit Range
Spatial Nugget 0.000 0.000 0.149 <0.001
Spatial Sill 0.196 0.093 0.354 0.104
Spatial Range 1.329 m 0.925 1.588 0.199

Temporal Nugget 0.000 0.000 0.034 0.005
Temporal Sill <0.001 0.000 0.183 0.052
Temporal Range 10.003 yr 9.997 13.152 0.006

Joint Nugget 0.196 0.082 0.236 0.064
Joint Sill 0.321 0.155 0.455 0.119
Joint Range 4.727 m 3.884 7.230 0.921

Anisotropy 0.194 m a−1 0.100 0.470 <0.110
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Figure 6.3: Histogram plots showing the bootstrapped estimates for the spatio-
temporal variogram model parameters of a 50% thinned plot (plot 9). B=500 bootstrap
iterations.

The 95% confidence limits for the 40% thinned plot (plot 5) are given in Table 6.3.
The width of the intervals are wider than the unthinned case and narrower than the
50% thinned case. Similar to the 50% thinned case, the distributions of some of the
model parameters are highly skewed with a small number of bootstrapped estimates
resulting in larger values than most (see Figure 6.4).

While parameter estimates from the unthinned to thinned case do not have a
particular pattern, it is noteworthy that the width of the confidence limits increase
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6.1 Parametric Spatial Bootstrap

from unthinned to 40% thinned to 50% thinned. This is to be expected as growth
in the 50% thinned plot showed the greatest variability while the width of confidence
limits for the 40% thinned plot falls between that of the unthinned and 50% thinned
case. This provides a further check on the consistency of the results.
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Figure 6.4: Histogram plots showing the bootstrapped estimates for the spatio-
temporal variogram model parameters of a 40% thinned plot (plot 5). B=1000 boot-
strap iterations.

6.1.3 Results - SB method

As a comparative study, the spatial bootstrap (SB) method proposed by Solow (1985)
was carried out for the unthinned plot (B=1000 iterations) and the 50% thinned plot
(B=500 iterations). Using this method, the Box-Cox transformed regression resid-
uals were decorrelated using the Cholesky decomposition matrix inverse, L̂−1SB of the
spatio-temporal covariance matrix, Σ̂. The decorrelated residuals were resampled, then
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6.1 Parametric Spatial Bootstrap

recorrelated using L̂SB, see Equation 6.1. The sum-metric variogram model was then
fit to these residuals. Again, all bootstrap iterations here converged and had reasonable
values of WSSE. Computation time was approximately ten hours for 1000 iterations
of the unthinned plot while the number of iterations was stopped at 500 for the 50%
thinned plot as computation time was more than twice as long.

The 95% confidence limits for both plots are shown in Tables 6.4 and 6.5. The
distributions of the bootstrapped estimates are similar to those as for the PSP method
for all parameters (see Figures 6.1 and 6.3). In all cases the confidence limits resulting
from the SB method are narrower than those computed using the PSP method. It
is difficult to know which method is preferable. While the SB method samples from
the residuals themselves and does not assume they are normally distributed, Tang
et al. (2007) discusses the possibility that the predicted spatial error process may not
retain the same correlation structure as the original spatial data. However, in this
study, the bootstrapped sample variogram plots appeared to have a similar shape as
the sample variogram of the original data. Also, the WSSE values tend to be smaller
for the SB method; with the mean WSSE decreasing from 0.0532 to 0.0328 for the
thinned plot and from 1.424 × 10−5 to 9.424 × 10−6 for the unthinned plot. This
suggests that there was a better fit of the sum-metric model to the variograms produced
from the SB bootstrapped estimates, though we don’t know if these bootstrapped
sample variograms were closer to the sample variogram from the original data than the
variograms produced using the PSB method.
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6.1 Parametric Spatial Bootstrap

Table 6.4: Spatio-temporal variogram model parameters and bootstrapped 95% con-
fidence intervals for an unthinned plot (plot 18). B=1000 bootstrap iterations (SB
method).

Parameter Lower CI Upper CI Interquartile
Model Parameter Estimate Limit Limit Range
Spatial Nugget 0.023 0.000 0.036 0.017
Spatial Sill 0.056 0.035 0.056 0.008
Spatial Range 1.241 m 1.186 1.289 0.007

Temporal Nugget 0.000 0.000 0.003 <0.001
Temporal Sill 0.006 0.000 0.018 0.007
Temporal Range 15.030 yr 15.030 15.032 0.001

Joint Nugget 0.019 0.012 0.019 0.003
Joint Sill 0.047 0.014 0.146 0.058
Joint Range 55.502 m 55.466 55.531 0.029

Anisotropy 0.020 m a−1 0.020 0.020 <0.001

Table 6.5: Spatio-temporal variogram model parameters and bootstrapped 95% con-
fidence intervals for a 50% thinned plot (plot 9). B=500 bootstrap iterations (SB
method).

Parameter Lower CI Upper CI Interquartile
Model Parameter Estimate Limit Limit Range
Spatial Nugget 0.591 0.000 0.700 0.375
Spatial Sill 0.592 0.212 0.972 0.300
Spatial Range 1.862 m 0.689 2.251 0.389

Temporal Nugget 0.000 0.000 0.095 <0.001
Temporal Sill 0.121 0.000 1.548 0.211
Temporal Range 10.204 yr 8.482 50.000 3.853

Joint Nugget 0.482 0.192 0.817 0.244
Joint Sill 1.145 0.434 1.758 0.373
Joint Range 3.132 m 3.161 49.136 8.273

Anisotropy 0.181 m a−1 0.100 1.791 0.767
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6.2 IRWGLS Algorithm

6.2 IRWGLS Algorithm

Consider again the generalised least squares (GLS) estimator for β used in Sec-
tion 2.3.3,

β̂gls = (X(s)′Σ−1X(s))−1X′Σ−1Z(s),

required to find the best linear unbiased predictor of Z(s0). GLS requires knowledge
of Σ. If Σ is unknown, one can resort to estimated GLS (EGLS), where Σ is replaced
with an estimate

β̂egls = (X(s)′Σ̂
−1

X(s))−1X′Σ̂
−1

Z(s). (6.5)

The iteratively re-weighted generalised least squares (IRWGLS) method to obtain β̂egls
(see Section 2.3.5) is carried out as follows:

1. Obtain a starting estimate of β, say β̂;

2. Compute residuals r = Z(s) = X(s)β̂;

3. Estimate and model the semivariogram of the residuals, obtaining Σ̂;

4. Obtain a new estimate of β using equation (6.5);

5. Repeat steps 2-4 until the relative or absolute change in estimates of β and Σ

are small.

The starting value in step 1 is almost always obtained by ordinary least squares. In
the first go-round of the IRWGLS algorithm you are working with OLS residuals, once
past step 4, you are working with EGLS residuals. In an attempt to investigate the
change in values between β̂ols and β̂gls, the IRWGLS algorithm was carried out for 10
iterations for the three plots of different thinning types considered in Chapters 4 and
5.

6.2.1 Results

Table 6.6 shows the β̂egls estimates for iterations 1, 3 and 5 for an unthinned plot
(plot 18). The percentage change in the β̂ values from the ordinary least squares
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estimates, β̂ols, are also given. As expected, the largest percentage change occurs
after one iteration of the IRWGLS algorithm.

Table 6.6: Regression model estimated generalised least squares parameters, β̂egls, and
comparison with β̂ols for an unthinned plot (plot 18).

Coefficient β̂ols β̂
(1)

egls β̂
(3)

egls β̂
(5)

egls

(% Change from β̂ols)
Intercept 1.719 1.944 1.934 1.932

(13.1%) (12.5%) (12.4%)

Age 0.025 0.018 0.017 0.017
(26.8%) (31.4%) (31.4%)

Polygon Area 0.068 0.047 0.052 0.052
(30.3%) (22.6%) (22.6%)

Number of 0.035 0.007 -0.005 -0.005
Neighbours (80.8%) (115.7%) (115.7%)

The shape of the spatio-temporal semivariogram changed from that seen in Fig-
ure 5.7 to that shown in Figure 6.5. Most of the sum-metric model parameter estimates
remained the same, with the exception of the temporal range, which increased from
15 years to 50 years. It is not clear if this was caused by or is related to the reduction
in the size of the parameter estimates for the Age coefficient, which was reduced by
26.8%. After iteration 1 the semivariogram of the residuals, r, remained the same.

The largest change occurs for the coefficient Number of Neighbours (NN) (80.8%).
The values of NN generally range from 1 to 7 and contribute a considerably smaller
amount to the estimate of DBH than the variables Age and Polygon Area. This may
be the reason the parameter estimates for NN experience the most change.

By the third iteration the values of β̂egls began to stabilize, showing little change.
After the fifth iteration the parameter estimates remain the same up to five decimal
places.

The β̂egls estimates are given for a 50% thinned case (plot 9) in Table 6.7 for
iterations 1, 2 and 10 of the algorithm. The parameter estimates experienced increased
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Figure 6.5: Spatio-temporal sample variogram and sum-metric variogram model for
(Box-Cox transformed) residuals of tree diameters in an unthinned plot (plot 18) after
1 iteration of the IRWGLS algorithm.

percentage changes than in the unthinned case. By the tenth iteration they were
still unstable when it was decided to stop the algorithm. However, at this stage the
estimates remained unchanged up to two decimal places.

The semivariogram shape remained largely the same (see Figure 5.8), though the
values for the nuggets, sills and ranges change slightly after each iteration and with
no consistent trend. As with the parametric bootstrapping method, the difficulty in
producing precise estimates, when compared with that of the unthinned case, appears
to be caused by the more complex shape of the spatio-temporal semivariogram that
occurs in the thinned case.

Table 6.8 shows the β̂egls estimates for iterations 1, 2 and 10 for a 40% thinned
plot (plot 5). Again, the largest percentage change occurs after one iteration of the
IRWGLS algorithm. The shape of the spatio-temporal semivariogram changed from
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Table 6.7: Regression model estimated generalised least squares parameters, β̂egls, and
comparison with β̂ols for a 50% thinned plot (plot 9).

Coefficient β̂ols β̂
(1)

β̂
(2)

β̂
(10)

(% Change from β̂ols)
Intercept -3.909 0.386 1.276 1.042

(109.9%) (132.6%) (126.7%)

Age 0.379 0.280 0.261 0.268
(26.2%) (31.4%) (29.5%)

Polygon 0.089 0.092 0.096 0.095
Area (3.9%) (7.7%) (6.6%)

Number of 0.174 -0.003 -0.013 -0.009
Neighbours (101.8%) (107.6%) (105.5%)

that seen in Figure 6.6 to that shown in Figure 6.7. Most of the sum-metric model
parameter estimates remained the same, with the exception of the temporal range,
this time increasing from 10 years to 36.8 years. After iteration 2 the semivariogram
of the residuals, r, remained the same. The largest change was seen in the estimate
of the intercept after 1 iteration though it continued to change value up to the tenth
iteration.
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Table 6.8: Regression model estimated generalised least squares parameters, β̂egls, and
comparison with β̂ols for a 40% thinned plot (plot 5).

Coefficient β̂ols β̂
(1)

β̂
(2)

β̂
(10)

(% Change from β̂ols)
Intercept -0.225 0.854 1.208 1.114

(479.6%) (636.9%) (594.9%)

Age 0.159 0.118 0.106 0.107
(25.7%) (33.0%) (32.3%)

Polygon 0.036 0.051 0.044 0.044
Area (40.9%) (22.0%) (22.0%)

Number of -0.002 0.022 0.002 0.002
Neighbours (14.8%) (2.49%) (2.49%)
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Figure 6.6: Spatio-temporal sample variogram and sum-metric variogram model for
transformed residuals of tree diameters in a 40% thinned plot (plot 5).
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Figure 6.7: Spatio-temporal sample variogram and sum-metric variogram model for
(Box-Cox transformed) residuals of tree diameters in a 40% thinned plot (plot 5) after
1 iteration of the IRWGLS algorithm.
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Chapter 7

Conclusions

The data in this thesis were initially analysed using a non-spatial model (Chapter 3).
The limitations of this model were clear as it ignores spatial competition between
trees. The model fitted less well than a corresponding spatial model (Chapter 4) and
a spatio-temporal model (Chapter 5, Table 5.2).

It was seen in both spatial and spatio-temporal models that the variograms for
all three plots show a pronounced wave effect due to competition between trees as
described earlier. The wave had a higher frequency in the unthinned plot (Figure 5.7)
where there is greater natural competition.

The spatio-temporal model fit to the 50% thinned plot was less accurate for large
time lags and this may have resulted in over prediction of the total basal area as seen
in Table 5.3. The software used, gstat, is not developed for non-metric variograms
thus this time effect could not be incorporated in the model. However, in general, the
model fitted well, as can be seen in terms of the RMSE (Table 5.2) and predicted total
BA (Table 5.3) values.

The spatial models performed almost as well as the spatio-temporal models indicat-
ing spatial variability is more important in these plots than temporal variability. This
can be seen in Table 5.1 where temporal sills are small relative to spatial sills.

This study quantified spatial variation within 0.04 ha permanent sample plots which
were subject to three thinning treatments over a 25 year period. In terms of fixed
effects, it was assumed there was a constant-in-time thinning effect which was incor-
porated in the covariance structure. It is possible that quantifying the thinning effect
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spatially and temporally and including it as a fixed effect may yield similar fits as the
spatio-temporal models. Watson (1972) and Ford & Diggle (1981) state it is not
always possible to distinguish between models with a spatial trend and those with a
spatial covariance structure. The advantage of using a covariance modelling approach
here allowed the identification of the space-time interaction.

In terms of fitting the regression kriging models, a fixed effects model was first
fitted and then a variogram model fitted to the residuals. This is the first iteration in
simultaneously fitting a mean and covariance structure but Schabenberger & Gotway
(2005, Section 6.3) indicate that this will give a close approximation to a fully iterated
model. Updating the fixed effects by using the IRWGLS algorithm showed there was
generally little change after one iteration and the variogram model parameter esti-
mates remained unchanged, except for the temporal range which increased if the age
coefficient decreased (Section 6.2.1).

In terms of forest management the results suggest that the 50% thinning treat-
ment optimises mean basal area per tree (m2) and cumulative basal area per hectare
(m2ha−1). No clear pattern in the estimated covariance parameters for different thin-
ning treatments could be inferred from Table 4.3 and thus interpolation for other
thinning strategies could not be undertaken. The exception was the spatial range pa-
rameter estimate which increased as thinning increased. Bootstrap methods provided
a means of obtaining standard errors for estimates of the parameters in the spatio-
temporal variograms. From these one could also test whether a parameter differed
significantly from zero. This indicated that spatio-temporal interaction was significant
in the model. A more complex variogram shape for thinned plots resulted in wider
confidence intervals for the variogram model parameter estimates (Section 6.1.2).

The main objective of spatio-temporal modelling was not only to predict DBH but
quantify individual tree growth and yield. It was not possible to incorporate biological
growth and yield functions, such as the Chapman-Richards (CR) function, into the
mean regression model as data was only available for the trees from age 22 onwards.
It is known that the second derivative of the CR function, with respect to age, defines
the juvenile, adolescent, mature and senescent stages of growth start and end and
these are useful quantities in comparing thinning treatments. Future work could focus
on extending CR models to the spatio-temporal domain.
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Chapter 8

Discussion

According to (Anselin & Griffith, 1988), ‘Spatial variation caused by micro-site variabil-
ity and competition is escaping the growth model and appearing in the residuals where
its presence threatens estimation efficiency and the validity of model inference’. This
is not new to the forestry literature, however it has yet to be incorporated into current
growth models. It is clear that improved individual-tree growth modelling methodolo-
gies need to be developed capable of incorporating this observed spatial dependence.

A review of previous studies demonstrates that spatial dependence is dynamic as
stand development occurs and the intensity of competition changes. Characterising
this dynamic relationship has been hampered by limited long-term data (Burkhart,
1994). As more long term spatial measurements become available it is a priority that
this relationship be examined and characterised for incorporation in individual-tree
methodologies.

An important advantage of the integrated spatio-temporal modelling is that, for
a particular thinning treatment, a single regression model and a single semivariogram
based on a complete space-time data set, covering the life cycle of a tree, are valid
for the whole life of the tree, while purely spatial models require regression models
and semivariograms for each time point, using only data records available for one
time point. This is much more labour intensive and makes quality checking difficult.
Besides the elegance of the spatio-temporal model (estimation of just one model for the
whole phenomenon), the spatio-temporal model is also advantageous because temporal
trajectories of predictions and simulations look much more realistic. If separate spatial
interpolation is done for each time point, time series at prediction locations may show
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abrupt jumps that have no physical basis.
A methodology has been identified as capable of successfully modelling spatio-

temporal dependence, but is this methodology suitable for practical implementation?
The central use of individual-tree growth models is for growth prediction and simulation.
Until now, because of the time and expense involved, forest inventories rarely collect
information on the spatial position of individual trees. This information is necessary if
the proposed methodology is to be used for growth prediction in forest management.
The spatio-temporal dependence affecting individual tree growth models is particularly
complex and unlike any structure used in previous simulation studies. The influence on
model estimation of complex patterns of confounded positive and negative dependence
needs to be explicitly quantified. A disadvantage of this methodology is that the
selection of appropriate initial starting values to fit the semivariogram model can be
time consuming. If this methodology was applied to a large range of forestry data, an
appropriate choice of starting values should become clearer. Development of remote
sensing and global positioning technologies should make collecting this type of data
far less expensive so growth models incorporating spatial stochastic structure could be
more widely adopted in the future (Dubayah & Drake, 2000).

While this research has considered even-aged homogeneous stands, the rate of
expression and relative magnitudes of competitive and micro-site influences will almost
certainly differ for more irregularly structured stands and on sites where the underlying
micro-site variation is different. The generality of results from this investigation need to
be explored by studies in different sites, species and forest structures. In particular, the
applicability of these methods to forests exhibiting irregular structure warrants further
study. This is a novel study in terms of modelling forestry data and represent to the
best of our knowledge, the first use of spatio-temporal models in this context. It is
clear that spatio-temporal dependence has an important impact on tree growth and
models need to reflect this.
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Appendix A

Supplemental Material

A.1 Spatial Modelling Plots

The following figures are related to Chapter 4. The circle plots are given for each time
point for an unthinned (plot 18) and 50% thinned (plot 9) case. Figure A.3 shows
the sample variogram with fitted wave model of tree diameter, DBH, for the 50%
thinned plot 9 at each time point, while Figures A.4 and A.5 show the variograms of
the transformed regression residuals for plot 9.
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A.1 Spatial Modelling Plots
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Figure A.1: Circle plots for an unthinned plot (plot 18) showing tree locations where
circle radii are determined by DBH. Tessellation lines determine polygons with the num-
ber of sides representing the number of nearest neighbors (NN) for the tree contained
within it. (a) 1972, (b) 1977, (c) 1982, (d) 1987, (e) 1992 and (f) 1997.
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A.1 Spatial Modelling Plots
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Figure A.2: Circle plots for a 50% thinned plot (plot 9) showing tree locations where
circle radii are determined by DBH. Tessellation lines determine polygons with the num-
ber of sides representing the number of nearest neighbors (NN) for the tree contained
within it. (a) 1972, (b) 1977, (c) 1982, (d) 1987, (e) 1992 and (f) 1997.
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A.1 Spatial Modelling Plots
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Figure A.3: Matheron variograms for plot 9 (unthinned) tree diameters including sam-
ple values (dots) and fitted model (continuous line) in: (a) 1972, (b) 1977, (c) 1982,
(d) 1987, (e) 1992 and (f) 1997.

121



A.1 Spatial Modelling Plots
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Figure A.4: Vari-
ograms of trans-
formed regression
residuals with fitted
wave models for a
50% thinned plot
(Plot 9) at each
time point.
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Figure A.5: Variogram of transformed regression residuals with fitted wave model for
a 50% thinned plot (Plot 9) for all time points combined.

122



A.2 Spatial-Temporal Modelling Prediction Grids

A.2 Spatial-Temporal Modelling Prediction Grids
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Figure A.6: Spatio-temporal locations of the trees in plot 18 (unthinned).
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Figure A.7: Spatio-temporal locations of the trees in plot 9 (50% thinned).
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A.3 Spatio-Temporal Covariance and Variogram Identities of Chapter 4

A.3 Spatio-Temporal Covariance and Variogram

Identities of Chapter 4

A.3.1 Derivation of the separable covariance and variogram

identities

The separable covariance and variogram identity is readily available through

Csep(h, k) = Cs(h)Ct(k)− sill · c̄s(h)c̄t(k)

γsep(h, k) = Csep(0, 0)− Csep(h, k)

= sill · (1− c̄s(h) · c̄t(k))

= sill · (1− (1− γ̄s(h)) (1− γ̄t(k)))

= sill · (1− (1− γ̄s(h)− γ̄t(k) + γ̄s(h)γ̄t(k)))

= sill · (γ̄s(h) + γ̄t(k)− γ̄s(h)γ̄t(k))

where c̄ and γ̄ are normalised correlation and correlogram functions respectively.

A.3.2 Derivation of the product-sum covariance and vari-

ogram identities

The product-sum covariance and variogram identity is readily available through:
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A.3 Spatio-Temporal Covariance and Variogram Identities of Chapter 4

Cps(h, k) = ω · Cs(h)Ct(k) + Cs(h) + Ct(k)

γps(h, k) = Cps(0, 0)− Cps(h, k)

= ω · Cs(0)Ct(0) + Cs(0) + Ct(0)

− (ω · Cs(h)Ct(k) + Cs(h) + Ct(k))

= ω · sills · sillt + sills + sillt

−ω · [(sills − γs(h)) (sillt − γt(k))]− (sills − γs(h))− (sillt − γt(k))

= ω · sills · sillt + sills + sillt

−ω · [sills · sillt − sills · γt(k)− sillt · γs(h) + γs(h)γt(k)]

−sills + γs(h)− sillt + γt(k)

= ω · silltγs(h) + ω · sillsγt(k)− ωγs(h)γt(k) + γs(h) + γt(k)

= (ω · sillt + 1)γs(h) + (ω · sills + 1)γt(k)− ωγs(h)γt(k)

with ω > 0 ...the anisotropy.
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