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Sets of determination for the Nevanlinna class

Stephen J. Gardiner

Abstract

This paper characterizes the subsets E of the unit disc D) with the
property that supg |f| = supy | f| for all functions f in the Nevanlinna
class.

1 Introduction

Let A be a collection of holomorphic functions on the unit disc ), and let
T denote the unit circle. A set E C D is called a set of determination
for A if supg |f| = supp|f]| for all f € A. Brown, Shields and Zeller [3]
have shown that F is a set of determination for H°, the space of bounded
holomorphic functions on D, if and only if almost every point of T can be
approached nontangentially by a sequence of points in E. Massaneda and
Thomas [6] have observed that the same characterization remains valid when
A is the Smirnov class N ™. However, the situation is more complicated for
the Nevanlinna class A/, which consists of all holomorphic functions f on I
that satisfy
2m
sup / log™ ‘f(rew)‘ df < oo.
0<r<1Jo

This is the main focus of [6], where a variety of conditions are shown to be
either necessary or sufficient for E to be a set of determination for A/, and
some illustrative special cases are examined. (See also Stray [7], p.256.) The
purpose of this paper is to give a complete characterization of such sets.

First we recall a related result of Hayman and Lyons [5] for the harmonic
Hardy space h', which consists of those functions on D that can be expressed
as the difference of two positive harmonic functions. For n € N and 0 <
m < 274 et

zmn = (1= 27") exp(2mim/2"+)
and
, o _ 2mm 2r(m + 1
Sm’n:{rele:z n 1§1—7’§2 " and ontd SGS(QTL-M)}7
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and let E,, , = E N Sy,n. The Poisson kernel for I is given by

1— o

IERT

P(z,w) (z e D,weT).

Theorem A [5] Let E C D. The following conditions are equivalent:
(a) supg h = supph for all h € h';
(b) > 27"P(zmp,w) =00 for every w e T.

Emn#0

For any set A which is contained in a disc of radius less than 1, and
any t > 0, we define a capacity-related quantity Q(A,t) as follows. We put
Q(A,t) = 0 if either t = 0 or A = (; otherwise,

k
Q(A,t) =min{k € N: 3¢, ..., &, € C such that E log‘lg‘ >t (z€A)}.
z— .
J

J=1

Clearly Q(-,¢) is translation-invariant and Q({(}, ) = X(g,c0) for any ¢ € C.
Also,

0 ift=0
Q({<17C2}at) = 1 if |C1 — C2| < 2¢tand t >0
2 otherwise

and, if A is a disc of radius of r < 1, then Q(A, 1) is the least integer k satis-
fying k > t/log(1/r). We use [t] to denote the integer part of a non-negative
number ¢, and tA to denote the set {tz : z € A}. Our characterization of
sets of determination for the Nevanlinna class is as follows.

Theorem 1 Let E C . The following conditions are equivalent:
(a) supg || = supy || for all f € N;
(b) Z 27"Q (2"Emm, [P(2mn,w)]) = 00 for every w € T.

m,n
Since
1 2" > 11 (ﬂ)2+12>1 (z € Smn)
og — > ——1o — — - z
8l zmn] = 2 8\ \3 2 3 mon.),
we have
2—77/
3P(zmn,w)log ——— > P(zmn,w) (2 € Spm,w € T).
|z — Zm,n|

By separate consideration of the cases P(2pn,w) > 1 and P(2ppn, w) < 1,
we see that
Q (2" By [Py 0)]) < AP (2, ). 1)



Applying this inequality to terms where E,,,, # 0, it is now clear that
condition (b) of Theorem 1 implies the corresponding condition of Theorem
A. Tt is not difficult to check that condition (a) of Theorem 1 is equivalent
to the assertion that, if log|f| < h on E, where f € N and h € h', then
log|f| < h on all of D (cf. [6]).

Examples Let U = {z: [z — §| < 3} and F = U N {zmn}-

(i) The set E = D\U is not a set of determination (for N') because the series
in condition (b) of Theorem A then converges when w = 1 (cf. Example 6.2
in [5]).

(ii) Further, even E'U F' is not a set of determination because each of the
sets Fy,, contains at most 5 points and so

3 27" Q (2" Fyn, [Plomm, D) <5 Y 27" < 0

m,n Zm,n er

(cf. Example 1 in [6]).
(iii) On the other hand, EU[3,1) is a set of determination since

0 (2n[1 i 27n7 1— 27n71]’ [P(zom’ 1)]) =Q ([0, %], 2”)

and inf, 27709 ([0, 3],2") > 0 because [0, 3] is non-polar.

2 Proof of Theorem 1

Let Gy (-, ) denote the Green function of an open set U, let
Dy(z) ={C: (= z[ <p(I - [z])} (€ D,0<p <,

and let A(g, z) denote the mean value of a function g over the disc D /3(2).
For potential theoretic background we refer to the book [2].

Suppose firstly that condition (b) of Theorem 1 holds and let f € N.
We will assume that supy |f| < oo, for otherwise it is trivially true that
supg |f| = supyp |f|. Further, multiplication by a suitable constant enables
us to arrange that supy|f| € [0,1]. Now let a € (—o0,0] be such that
a > logsupg | f|- We can write

log|f| = h1 — ha — Gpp,

where h; and he are positive harmonic functions and p is a sum of unit point
masses on I satisfying

= lzhduta) < oc.



Further, by addition to both h; and hs, we may assume that hy > 1. By
the Riesz-Herglotz theorem there is a Borel measure v; on T such that

hi(z) = /P(z,w)dyl(w) (z € D).

We know that

hl—a§h2+G]]]),LL on F. (2)
Also,
GID)(Z7§) - A(GD(‘7§>72> < GDl/g(Z)('Z7§)
1-— 8
e L INCIC

and Gp(z,§) — A(Gp(+€), z) = 0 otherwise. Let ¢ € (0,1) and
I. = {(m,n) : Gppu > A(Gpp,-) +ch1 on Ey .},

and let Il denote the complementary set of pairs (m,n). (We note that
(m,n) € I. whenever E,, , = 0.) If (m,n) € I, then we see from (3) that

ehi(z) < Gpu(z) — A(Gpp, 2)
- / (Go(2,€) — A(Gp(-,6), ) du(€)
Dl/S(z)

9—n
< /Am,n log Wdﬂ(f) (z € Empn),

where

A = {6 dist(&, Spnn) < 27773},

(Here we have used the fact that the diameter of 2"A,, ), is less than 1.)
By Harnack’s inequalities there is an absolute constant c¢; > 1 such that
h(¢y) < c1h((s) for any positive harmonic function h on D, any points
C1,Cy € Smn, and any choice of (m,n). For any w € T we thus have

c1 2—m
P(zmn,w) < ———<P(zmmn,w / log —d 2 € Epn),
(Zmn, W) et G ( )Am,n P n(&)  ( )
and so
n C1
< | — .
Q2 B [P 0)]) < ( Gty Plomns ) +1) )

Integration of the above inequality with respect to dvi(w) yields
c
[ Q@ B, (PGl dis(w) < (2 4+ 11(0)) (A

4



Since no point of I can lie in more than 4 of the sets A, ,,, and 1—|z| > 2772
when z € A,, ,, we see that

Z 27"Q (2nEm,n7 [P(Zm,m w)]) dyl(w)
(m,n)€el.

<24 (24 m) [ (- |ehdutz) < o

SO

Z 27"Q (2" Emn, [P(2mm, w)]) < oo for vi-almost every w € T,
(m,n)el.

and hence, by hypothesis,

Z 27"Q(2"Emn, [P(2mn,w)]) = oo for vi-almost every w € T.
(m,n)ell

In view of (1) we now see that

Z 272 | — zm7n]72 = oo for vq-almost every w € T. (4)
(m,n)ell

For each (m,n) € I. we can find (,,,, € Ep, 5 such that
GotlConn) < AGDt: G ) + 1 (G
Let F' = {Cpp : (m,n) € IZ}. Then
(1—-¢e)h1 —a < ha+ A(Gpp,-) on F, (5)
in view of (2). Also, by (4),

/ lw—z|2dA\(z) =00 (0<p<1) (6)
Fo

for vi-almost every w € T, where F, = UserpD,(¢) and A denotes area

measure. At this point we could invoke Theorem 2 of [4], but for the sake of

completeness we will extract the relevant reasoning in the next paragraph.
Let 0 < p < 1/8. If 2/ € D,(2), then by the mean value inequality

1
Cou(z) > / Gou() dA(Q)
’ m(p+ 1/8P2(1 ~ 21 Jicic—s<orimaia
(1/8)?
7-’4 G ) )
2 L1187 (Gop, 2)
and by Harnack’s inequalities

1—p , 1+p .
“—Phi2) < hi(2) < —Fh; =1,2
() < b < ) (= 1.2)



o (5) yields

1—p
1- hy —
( 8)1+ 1-6s

+
— Zhg + (8p+1)’Gpp on F,,. (7)

Condition (6) is known to ensure that the reduced function R?E- w) Where

w" = inf {v : v is positive and superharmonic on D and v > v on F,},

coincides with P(-,w) (see Corollary 7.4.6 in [1]). Since this condition holds
vi-almost everywhere on T, we have

F F
REr = / R dvy(w) = / P(,w)dv (w) = hy.

Also, h; > 1, so v1 majorizes normalized arclength measure on T, and we
similarly have R;” = 1. Hence, on taking reductions over F),, we see that
the inequality in (7) extends to all of ). (Recall that a < 0.) We can now
let p — 0+ and € — 0+ to see that log|f| < a on D. It is now clear that
(b) implies (a).

Next suppose that condition (b) of Theorem 1 fails. Then there exists
wq € T such that

> 2 g < 00, Where grp = Q (2" By, [Plemawo))) . (8)

m,n
For each m,n we can choose points &, ,, , (k =1,..., gmn) such that

qm,n

Z log

and without loss of generality we can assume that &, ,, ,, lies in the convex
hull conv(Sp, n) of Sppn. In view of (8), the Blaschke product

) _ H ‘&c,m,n‘ ( fk,m,ﬁ -z )

Emn gk,m,n 1- Zé-k,m,n

> P(zmmn,wo) —1 (2 € Epp), 9)
ékmn‘

converges on . There is an absolute constant co > 0 such that

—-n

€ — 2|

for any pair (m,n). For a given pair (mg, ng) we thus have

Gp(z,€) = czlog (2,€ € conv(Sm.n))

dmg,ng
_log ‘B(Z)‘ = Z G]D)(ngk,m,n) > Z G]D)(Z7€k,mo,no)
k,m,n k=1
dmg,nq 9—n0
> e Z log 7 (2 € Smo,no)
k=1 lgk,moyno - Z’



so, by (9),

c
ca —log |B(2)| > c2P(2mg.ng> wo) > —QP(Z, wo) (2 € Emgme) - (10)

Let B
f(z) = B(z) exp (gj <zgfj)> (z € D).

Then log|f(2)| < (c2/c1)P(z,wp), so f € N, and certainly f is unbounded
on . However, |f| < e on E, by (10). Hence condition (a) of Theorem 1
also fails.
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