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INTERLACING DIFFUSIONS

THEODOROS ASSIOTIS, NEIL O'CONNELL AND JON WARREN

Abstract

We study in some generality intertwinings between h-transforms of Karlin-McGregor
semigroups associated with one dimensional diffusion processes and those of their
Siegmund duals. We obtain couplings so that the corresponding processes are inter-
laced and furthermore give formulae in terms of block determinants for the transition
densities of these coupled processes. This allows us to build diffusion processes in
the space of Gelfand-Tsetlin patterns so that the evolution of each level is Markovian.
We show how known examples naturally fit into this framework and construct new
processes related to minors of matrix valued diffusions. We also provide explicit for-
mulae for the transition densities of the particle systems with one-sided collisions at
either edge of such patterns.
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1 INTRODUCTION

In this work we study in some generality intertwinings and couplings between Karlin-
McGregor semigroups (see [48], also [47]) associated with one dimensional diffusion
processes and their duals. Let X(t) be a diffusion process with state space an interval
I ¢ Rwith end points ! < r and transition density p:(x, v). We define the Karlin-McGregor
semigroup associated with X, with n particles, by its transition densities (with respect to
Lebesgue measure) given by,

det(pi(xi, y j)):‘f =1

for x, y € W*(I°) where W"(I°) = (x = (x1,- -+ ,x,) : I <x1 < -+ < x, < 7). This sub-Markov
semigroup is exactly the semigroup of n independent copies of the diffusion process X
which are killed when they intersect. For such a diffusion process X(t) we consider the
conjugate (see [71]) or Siegmund dual (see [21] or the original paper [66]) diffusion process
X(t) via a description of its generator and boundary behaviour in the next subsection.
The key relation dual/conjugate diffusion processes satisfy is the following (see Lemma
2.2), with z,z" € I°,

P.(X(t) < 2') = P(X(t) > 2).

We will obtain couplings of h-transforms of Karlin-McGregor semigroups associated with
a diffusion process and its dual so that the corresponding processes interlace. We say that
y € W'(I°) and x € W"(I°) interlace and denote thisby y < xif x; <3 <xp <+ < Xy41.
Note that this defines a space denoted by W' (I°) = ((x,y) : [ <x1 S y1 S xp < -+ <
Xn+1 <T),

X1 Y1 X2 Y1 X3 Xn Yn Xn+1
[ ] [ ]

e o o o o - o ,

1 W Yn
[ )

X1 X2 X3 Xn Xn+1
[ ) [ ) [ ] LR [ ] [ ]

Similarly, we say that x, y € W"(I°) interlace if | < i3 < x3 < yp < -+ < x, < 1 (we still
denote this by y < x). Again, this defines the space W""(I°) = ((x,y) : [ <y1 < x1 < yp <
“en S xn < r),

4! X1 2 x Xp-1 Yn Xy
° e o e .- ° ° .,
with the two-level representation,
n Y2 Yn
° ° cee °
X1 X2 Xn—1 Xn
° e .- ° °

Our starting point in this paper are explicit transition kernels, actually arising from
the consideration of stochastic coalescing flows. These kernels defined on W""*1(I°) (or
W"(I°)) are given in terms of block determinants and give rise to a Markov process
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Z = (X,Y) with (sub-)Markov transition semigroup Q; with joint dynamics described as
follows. Let L and L. be the generators of a pair of one dimensional diffusions in Siegmund
duality. Then, after an appropriate Doob’s h-transformation Y evolves autonomously as n
L-diffusions conditioned not to intersect. The X components then evolve as n + 1 (or n)
independent L-diffusions reflected off the random Y barriers, a notion made precise in
the next subsection. Our main result, Theorem 2.19 in the text, states (modulo technical
assumptions) that under a special initial condition for Z = (X, Y), the non-autonomous X
component is distributed as a Markov process in its own right. Its evolution governed by
an explicit Doob’s h-transform of the Karlin-McGregor semigroup associated with n + 1
(or n) L-diffusions.

At the heart of this result lie certain intertwining relations, obtained immediately from
the special structure of Q;, of the form,

PA = AQ;, 1)
1P, = Q,I1, )

where A is an explicit positive kernel (not yet normalized), I1 is the operator induced by
the projection on the Y'level, P; is the Karlin-McGregor semigroup associated with the one
dimensional diffusion process with transition density p:(x, ) and P; the corresponding
semigroup associated with its dual/conjugate (some conditions and more care is needed
regarding boundary behaviour for which the reader is referred to the next section).

Now we move towards building a multilevel process. First, note that by concatenating
WL2(1°), W23(I°), - - -, WN=LN(]°) we obtain the space of Gelfand-Tsetlin patterns of depth
N denoted by GT(N),

GT(N) = {(XD, ..., xMNy: X e wi(1°), XM < XDy,

Apoint (XD, --- , XN e GT(N)is typically depicted as an array as shown in the following
diagram:

(1)
X3
°
2 2
Xy X;
° °
(3) (3) (3)
X) X3 X3
° ° °
(N) (N) (N) (N) (N)
X X, X3 Xyt Xy
[ ] [ ] ® 00000 seeeen [ ]

Similarly, by concatenating W1(I°), WY2(1°), W22(I°), - - -, WNN(I°) we obtain the space of
symplectic Gelfand-Tsetlin patterns of depth N denoted by GT(N),

A

GT,(N) = {(XD, XD ..., x™ XKWy x0 X0 e wi(r°), XM < X < X0y
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(1)
Xl
[ )
(1)
Xl
(0]
(2) 2)
Xl XZ
[ ) [ ]
(2) $(2)
! %2
3) (3) 3)
Xl XZ X3
[ ) [ ] [ )
(N) (N) (N)
Xl XZ XN
[ ) [ ] [ ]
&(N) &(N) & (N) &(N)
Xl XZ XN -1 XN
(0] o RO (0] o

Theorem 2.19 allows us to concatenate a sequence of W""*!-valued processes (or two-
level processes), by a procedure described at the beginning of Section 3, in order to build
diffusion processes in the space of Gelfand Tsetlin patterns so that each level is Markovian
with explicit transition densities. Such examples of dynamics on discrete Gelfand-Tsetlin
patterns have been extensively studied over the past decade as models for random surface
growth, see in particular [11], [10], [74] and the more recent paper [18] and the references
therein. They have also been considered in relation to building infinite dimensional
Markov processes, preserving some distinguished measures of representation theoretic
origin, on the boundary of these Gelfand-Tsetlin graphs via the method of intertwiners; see
Borodin and Olshanski [9] for the type A case and more recently Cuenca [22] for the type
BC. In the paper [4] we pursued these directions in some detail.

Returning to the continuum discussion both the process considered by Warren in [72]
which originally provided motivation for this work and a process recently constructed
by Cerenzia in [17] that involves a hard wall fit in the framework introduced here. The
techniques developed in this paper also allow us to study at the process level (and not
just at fixed times) the process constructed by Ferrari and Frings in [31]. The main new
examples considered in this paper are:

o Interlacing diffusion processes built from non-intersecting squared Bessel processes,
that are related to the LUE matrix diffusion process minors studied by Kénig and
O’Connell in [50] and a dynamical version of a model considered by Dieker and
Warren in [26]. More generally, we study all diffusion processes associated with the
classical orthogonal polynomials in a uniform way. This includes non-intersecting
Jacobi diffusions and is related to the JUE matrix diffusion, see [28].

e Interlacing Brownian motions in an interval, related to the eigenvalue processes of
Brownian motions on some classical compact groups.

o A general study of interlacing diffusion processes with discrete spectrum and con-
nections to the classical theory of total positivity and Chebyshev systems, see for
example the monograph of Karlin [47].

We now mention a couple of recent works in the literature that are related to ours.
Firstly a different approach based on generators for obtaining couplings of intertwined
multidimensional diffusion processes via hard reflection is investigated in Theorem 3 of
[60]. This has subsequently been extended by Sun [69] to isotropic diffusion coefficients,
who making use of this has independently obtained similar results to us for the specific
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LUE and JUE processes. Moreover, a general  extension of the intertwining relations
for the random matrix related aforementioned processes was also established in the note
[2] by one of us. Finally, some results from this paper have been used recently in [3]
to construct an infinite dimensional Feller process on the so called graph of spectra, that
is the continuum analogue of the Gelfand-Tsetlin graph, which leaves the celebrated
Hua-Pickrell measures invariant.

We also study the interacting particle systems with one-sided collisions at either
edge of such Gelfand-Tsetlin pattern valued processes and give explicit Schutz-type
determinantal transition densities for them in terms of derivatives and integrals of the one
dimensional kernels. This also leads to formulas for the largest and smallest eigenvalues
of the LUE and JUE ensembles in analogy to the ones obtained in [72] for the GUE.

Finally, we briefly explain how this work is connected to superpositions/ decimations
of random matrix ensembles (see e.g.[34]) and in a different direction to the study of strong
stationary duals. This notion was considered by Fill and Lyzinski in [32] motivated in
turn by the study of strong stationary times for diffusion processes (first introduced by
Diaconis and Fill in [25] in the Markov chain setting).

The rest of this paper is organised as follows:

(i) InSection 2 we introduce the basic setup of dual/conjugate diffusion processes, give
the transition kernels on interlacing spaces and our main results on intertwinings
and Markov functions.

(ii) In Section 3 we apply the theory developed in this paper to show how known
examples easily fit into this framework and construct new ones, among others the
ones alluded to above.

(iif) In Section 4 we study the interacting particle systems at the edges of the Gelfand-
Tsetlin patterns.

(iv) In Section 5 we prove well-posedness of the simple systems of SDEs with reflection
described informally in the first paragraphs of the introduction and under assump-
tions that their transition kernels are given by those in Section 2.

(v) In the Appendix we elaborate on and give proofs of some of the facts stated about
dual diffusion processes in Section 2 and also discuss entrance laws.

Acknowledgements. Research of N.O’C. supported by ERC Advanced Grant 669306.
Research of T.A. supported through the MASDOC DTC grant number EP/HO23364/1. We
would like to thank an anonymous referee for many useful comments and suggestions
which have led to many improvements in presentation.

2 TWO-LEVEL CONSTRUCTION

2.1 SET UP OF CONJUGATE DIFFUSIONS

Since our basic building blocks will be one dimensional diffusion processes and their
conjugates we introduce them here and collect a number of facts about them (for justifi-
cations and proofs see the Appendix). The majority of the facts below can be found in the
seminal book of Ito and McKean [41], and also more specifically regarding the transition
densities of general one dimensional diffusion processes, in the classical paper of McKean
[56] and also section 4.11 of [41] which we partly follow at various places.
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We consider (X¢):0 a time homogeneous one dimensional diffusion process with state
space an interval | with endpoints / <  which can be open or closed, finite or infinite
(interior denoted by I°) with infinitesimal generator given by,

d? d
L= a(x)ﬁ + b(x)a,

with domain to be specified later in this section. In order to be more concise, we will
frequently refer to such a diffusion process with generator L as an L-diffusion. We make
the following regularity assumption throughout the paper.

Definition 2.1 (Assumption (R)). We assume that a(-) € C'(I°) with a(x) > 0 for x € I° and
b(-) € C(I°).

We start by giving the very convenient description of the generator L in terms of its
speed measure and scale function. Define its scale function s(x) by s’(x) = exp (— fc ) Z%d y)
(the scale function is defined up to affine transformations) where c is an arbitrary point
in I°, its speed measure with density m(x) = s(x}% in I° with respect to the Lebesgue
measure (note that it is a Radon measure in I° and also strictly positive in I°) and speed
function M(x) = fc * m(y)dy. With these definitions the formal infinitesimal generator L

can be written as,
L = sz)s ’

— d _ d _ d _d
Whereﬂm—ﬁ%—mandﬂs—s,}—x)a—%. A
We now define the conjugate diffusion (see [71]) or Siegmund dual (see [66]) (Xi)0
of X to be a diffusion process with generator,

2
L= a(x)% + (a'(x) - b(X));—x,

and domain to be given shortly.
The following relations are easy to verify and are key to us.

§'(x) = m(x) and m(x) = ' (x).
So the conjugation operation swaps the scale functions and speed measures. In particular
L=DuD: = DDy .

Using Feller’s classification of boundary points (see Appendix) we obtain the follow-
ing table for the boundary behaviour of the diffusion processes with generators L and L
atlorr,

Bound. Class. of L | Bound. Class. of L
natural natural
entrance exit
exit entrance
regular regular

We briefly explain what these boundary behaviours mean. A process can neither be
started at, nor reach in finite time a natural boundary point. It can be started from an
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entrance point but such a boundary point cannot be reached from the interior I°. Such
points are called inaccessible and can be removed from the state space. A diffusion can
reach an exit boundary point from I° and once it does it is absorbed there. Finally, at a
regular (also called entrance and exit) boundary point a variety of behaviours is possible
and we need to specify one such. We will only be concerned with the two extreme
possibilities namely instantaneous reflection and absorption ( sticky behaviour interpolates
between the two and is not considered here). Furthermore, note that if / is instantaneously
reflecting then (see for example Chapter 2 paragraph 7 in [12]) Leb{t : X; = I} = 0 a.s. and
analogously for the upper boundary point r.

Now in order to describe the domain, Dom(L), of the diffusion process with formal
generator L we first define the following function spaces (with the obvious abbreviations),

CHh={feCU: liIlIll fx), li?’l f(x) exist and are finite} ,

D={feC)NC*I°): Lf € C(I)},
bnat =9 ’
Dentr = Drepr = {f € D (Dsf)(I7) = 0},
Dexit = Daps = {f € D1 (L(IT) = O}.

Similarly, define D", Do, Drefl Dexit pabs by replacing | with r in the definitions
above. Then the domain of the generator of the (X;),( diffusion process (with generator
L) with boundary behaviour i at/ and j at r where i, j € {nat, entr, refl, exit, abs} is given by,

Dom(L) = D; N D/ .

For justifications see for example Chapter 8 in [29] and for an entrance boundary point
also Theorem 12.2 of [49] or page 122 of [56].

Coming back to conjugate diffusions note that the boundary behaviour of X;, the
L-diffusion, determines the boundary behaviour of X;, the L-diffusion, except at a regular
point. At such a point we define the boundary behaviour of the L-diffusion to be dual
to that of the L-diffusion. Namely, if | is regular reflecting for L then we define it to
be regular absorbing for .. Similarly, if I is regular absorbing for L we define it to be
regular reflecting for L. The analogous definition being enforced at the upper boundary
point r. Furthermore, we denote the semigroups associated with X; and X, by P; and P,
respectively and note that P;1 = P;1 = 1. We remark that at an exit or reqular absorbing
boundary point the transition kernel p;(x, dy) associated with P; has an atom there with
mass (depending on t and x) the probability that the diffusion has reached that point by
time ¢ started from x.

We finally arrive at the following duality relation, going back in some form to Sieg-
mund. This is proven via an approximation by birth and death chains in Section 4 of [21].
We also give a proof in the Appendix in Section 6 following [73] (where the proof is given
in a special case). The reader should note the restriction to the interior I°.

Lemma 2.2. P1j;,(x) = Pl (y) for x,y € I°.

Now, itis well known that, the transition density p;(x, ) : (0, 00)xI°xI° — (0, o) of any
one dimensional diffusion process with a speed measure which has a continuous density
with respect to the Lebesgue measure in [° (as is the case in our setting) is continuous in
(t,x,y). Moreover, under our assumptions d.p;(x, y) exists for x € I° and as a function of
(t, y) is continuous in (0, c0) X I° (see Theorem 4.3 of [56]).
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This fact along with Lemma 2.2 gives the following relationships between the transi-
tion densities for x, y € I°,

7

P, y) = 0P () = 9y f Py, d2), 3

pu(x, 1) = ~3,Pilya(y) = -2, fl Py, d2). @

Before closing this section, we note that the speed measure is the symmetrizing measure
of the diffusion process and this shall be useful in what follows. In particular, for x, y € I°
we have,

m(y)

m(x)

pi(y, x) = pr(x, ¥). ®)

2.2 TRANSITION KERNELS FOR TWO-LEVEL PROCESSES
First, we recall the definitions of the interlacing spaces our processes will take values in,

WHI)=((x):l<x1 < <x,<71),
WY = () i I <x1 Sy Sxp <o S Xpa1 < 7)),
W) = ()i l<yi <x1 <yp < <x, <7),
W) = () 1< y1 <X S Y2 <0 < Yot <1
Note that, for (x,y) € W*"*}(I°) we have x € W'(I°) and y € W"(I°), this is a minor

difference in notation to the one used in [72]; in the notations of that paper W1 is our
W1 (R). Also define for x € W*(I°),

W (x) = {y € W*(I°) : (x,y) € W*"(I°)}.

We now make the following standing assumption, enforced throughout the paper,
on the boundary behaviour of the one dimensional diffusion process with generator L,
depending on which interlacing space our two-level process defined next takes values in.
Its significance will be explained later on. Note that any possible combination is allowed
between the behaviour at / and r.

Definition 2.3 (Assumption (BC)). Assume the L-diffusion has the following boundary be-
haviour:
When considering W""+1(I°):

lis either Natural or Entrance or Regular Reflecting , (6)
r is either Natural or Entrance or Regular Reflecting. (7)

When considering W™*(I°):

lis either Natural or Exit or Regular Absorbing , (8)
r is either Natural or Entrance or Regular Reflecting. )

When considering W™ (I°):

lis either Natural or Exit or Regular Absorbing , (10)
r is either Natural or Exit or Regular Absorbing. (11)
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We will need to enforce a further regularity and non-degeneracy assumption at regular
boundary points for some of our results. This is a technical condition and presumably
can be removed.

Definition 2.4 (Assumption (BC+)). Assume condition (BC) above. Moreover, if a boundary
point b € {I,r} is regular we assume that linga(x) > 0 and the limits linl}b(x), linl} (@’ (x) — b(x))

exist and are finite.

We shall begin by considering the following stochastic process which we will denote
by (@o(x1),- -+, Po(xn);t = 0). It consists of a system of n independent L-diffusions
started from x; < --- < x,, which coalesce and move together once they meet. This is a
process in W"(I) which once it reaches any of the hyperplanes {x; = x;,1} continues there
forever. We have the following proposition for the finite dimensional distributions of the
coalescing process:

Proposition 2.5. Forz,z’ € W"'(I°),
7 . . - n
]P(CI)O,t(z,-) <z for1<i< n) = det(Ptl[l,z/,](z,-) —1(i < ])), .
J i,j=1
Proof. This is done for Brownian motions in Proposition 9 of [72] using a generic argument
based on continuous non-intersecting paths. The only variation here is that there might
be an atom at / which however does not alter the proof. o

We now define the kernel g/""*'((x, y), (', y'))dx’'dy’ on W"**1(I°) as follows:

Definition 2.6. For (x,y), (x',y’) € W 1(I°) define g ((x, y), (', y/')) by,

n,n+1

" (o y), () =
= M(_l)n J" &n+1
H?:l ﬁl(yl) ayl e ayn 8,(1 s 8x/

n+1

P(@o(x7) < ], Do) < ) forall i,j).

This density exists by virtue of the regularity of the one dimensional transition den-
sities. It is then an elementary computation using Proposition 2.5 and Lemma 2.2, along
with relation (4), that g/""*' can be written out explicitly as shown below. Note that each
yi and x; variable appears only in a certain row or column respectively.

Ai(x,x")  Bi(x,y)

a" (G y), &y = det (00 Dy ) 2
where,
At(x, x/)l-]- = ax; Ptl[l,x;](xi) = Pt(xi, x;) ’
Bi(x, y)ij = m(y)(Pelyyy(x) = 1( 2 1),
Ci(y, x/)ij = —ﬁi_l(yi)ay,ax}Ptl[l,x}](yi) = _Dsylpt(yi’ x;) ’

’ m(y;) A ’
Di(y, y)ij = _Wayfptl[l,y}](yi) =Py v)):
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We now define for t > 0 the operators Q;" i

on W1(]°) by,

acting on the bounded Borel functions

Q" f)(x,y) = f 2 (@), (O, NS, )y 13)
WYI,H+1([

Then the following facts hold:
Lemma 2.7. Assume (R) and (BC) hold for the L-diffusion. Then,

QVI,VZ+11 < 1
ML > 0 for f 2 0.
Proof. The first property will follow from performing the dx’ integration first in equation
(13) with f = 1. This is easily done by the very structure of the entries of g,” 1. noting

that each x! variable appears in a single column, then using multilinearity to bring the
integrals inside the determinant and the relations:

v
f Ay(x, x )l]dx = Pt Ly:] (xl) Ptl[l,y},l](xi)z
Vi,

1 1
C ,x,dx ———3,,Plpy1(yi) + ——30y,Plpy (i),
fyﬂ iy, x')ij YA 1,y1(Yi) iy O 1y, 1Y)

and observing that by (BC) the boundary terms are:

T

T

/ / / 1

f A, X )inadxy g = 1= Py (xi), f Ce(y, X)inw1dxyy = =y, Pelpy (i),
U S m(y,)

v Vi
f A, ¥, = Py (i), f Coy, Yd, =~ Py (i),
1 1

A()

we are left with the integral:

Q;””Hl :f " det(p:(yi, y])),] Ay < 1.
Wi (1°)

This is just a restatement of the fact that a Karlin-McGregor semigroup, to be defined
shortly in this subsection, is sub-Markov.
The positivity preserving property also follows immediately from the original defini-

tion, since ]P(CI)O,t(xi) < X, Po(y)) < y;. for all i, j) is increasing in the x/ and decreasing
in the y; respectively: Obviously for any k with x; < ¥, and §ix < y each of the events:

{@o(xi) < x],1 # k, @o,(x) < 7, Po,(y)) < ), forall j},
{d)o,t(x,) < xj, foralli, ®@o(y)) <y, j # k, @os(Fx) < y,;},
contain the event:
{(DOt(xz) < x;, Do(y)) < y; forall i, ]}
Thus, the partial derivatives dy and —d,; of ]P((I)o,t(x,-) < x, @o(y)) < y;. forall i, ]) are

positive. O

10
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In fact, Q;””“ defined above, forms a sub-Markov semigroup, associated with a
Markov process Z = (X,Y), with possibly finite lifetime, described informally as fol-
lows: the X components follow independent L-diffusions reflected off the Y components.
More precisely assume that the L-diffusion is given as the pathwise unique solution X to
the SDE,

AX(t) = \2a(X(D)dB(t) + bX(D)dt + dK'(t) — dK' ()

where f is a standard Brownian motion and K’ and K" are (possibly zero) positive finite
variation processes that only increase when X = [ or X = r, so that X € [ and Leb{t : X(t) =
lor r} = 0 a.s. We write s; for the corresponding measurable solution map on path space,
namely so that X = s; ().

Consider the following system of SDEs with reflection in W""*! which can be de-
scribed in words as follows. The Y components evolve as 1 autonomous L-diffusions
stopped when they collide or when (if) they hit / or 7, and we denote this time by T""*!.
The X components evolve as n + 1 L-diffusions reflected off the Y particles.

dX1(H) = 2a(X1(D)dp1() + b(X1(H)dt +dK'(t) — dKS (1),

dYi(t) = v2a(Y1(t)dy1(H) + (@ (Y1(1)) — b(Y1())dt,

dXx(H) = N2a(Xo(D)dPa(t) + b(Xa(H)dt + dK; (1) — dK3 (8),
: (14)

dY,(t) = 2a(Y,()dya(t) + (@ (Ya() = Y4 ()dt,

AXp1(t) = V2a(Xos1 (D) (1) + b(Xops1 (D)dt + dK, | (1) — dK' ().

HereB1, -, Bu+1, V1, -+, Yn areindependent standard Brownian motions and the positive
finite variation processes K/, K", K, K;” are such that K’ (possibly zero) increases only when
X1 =1, K" (possibly zero) increases only when X1 =7, Ki*(t) increases only when Y; = X;
and K (t) only when Yi1 = X, so that (X1(t) < Y1(f) < --- < X41(f); £ 2 0) € WD) up
to time T""*1. Note that, X either reflects at [ or r or does not visit them at all by our
boundary conditions (6) and (7). The problematic possibility of an X component being
trapped between a Y particle and a boundary point and pushed in opposite directions
does not arise, since the whole process is then instantly stopped.

The fact that these SDEs are well-posed, so that in particular (X, Y) is Markovian, is
proven in Proposition 5.2 under a Yamada-Watanabe condition (incorporating a linear
growth assumption), that we now define precisely and abbreviate throughout by (YW).
Note that, the functions a(-) and b(-) initially defined in I° can in certain circumstances be
continuously extended to the boundary points / and r and this is implicit in assumption
(YW).

Definition 2.8 (Assumption (YW)). Let I be an interval with endpoints | < r and suppose p
is a non-decreasing function from (0, oo) to itself such that f0+ % = oo. Consider the following
condition on functionsa: 1 — Ry andb: 1 — R,

|Va() = VaW)P < p(lx - yl),

Ib(x) = b(y)l < Clx - yl.

Moreover, we assume that the functions +ja(-) and b(-) are of at most linear growth (for b(-) this
is immediate by Lipschitz continuity above).

11
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We will say that the L-diffusion satisfies (YW) if its diffusion and drift coefficients a and b
satisfy (YW).

Moreover, by virtue of the following result these SDEs provide a precise description
of the dynamics of the two-level process Z = (X, Y) associated with QZ””“. Proposition 2.9
below will be proven in Section 5.2 as either Proposition 5.4 or Proposition 5.6, depending

on the boundary conditions.

Proposition 2.9. Assume (R) and (BC+) hold for the L-diffusion and (YW) holds for both the
L and L diffusions. Then, Q""" is the sub-Markov semigroup associated with the (Markovian)

system of SDEs (14) in the sense that if Q;‘,’;” governs the processes (X, Y) satisfying the SDEs
(14) and with initial condition (x, y) then for any f continuous with compact support and fixed

T>0,

I oy T YN Y = QT [FXD, YD < T

For further motivation regarding the definition of Q;””H and moreover, a completely

different argument for its semigroup property, that however does not describe explicitly
the dynamics of X and Y, we refer the reader to the next subsection 2.3.

We now briefly study some properties of QZ””“, that are immediate from its algebraic
structure (with no reference to the SDEs above required). In order to proceed and fix
notations for the rest of this section, start by defining the Karlin-McGregor semigroup P}

associated with n L-diffusions in I° given by the transition density, with x, y € W"*(I°),
pi (e y)dy = det(pi(xi, y)); ;4 dy- (15)

Note that, in the case an exit or regular absorbing boundary point exists, P} is the
semigroup of the L-diffusion killed and not absorbed at that point. In particular it is not
the same as P; which is a Markov semigroup. Similarly, define the Karlin-McGregor
semigroup P associated with n L-diffusions by,

P (x, y)dy = det(p(xi, y)); 114y, (16)

with x, y € W*(I°). The same comment regarding absorbing and exit boundary points
applies here as well.

Now, define the operators I, ,+1, induced by the projections on the Y level as follows
with f a bounded Borel function on W"(I°),

(Hn,n+1f)(x/ y) = f(y)

The following proposition immediately follows by performing the dx’ integration in
the explicit formula for the block determinant (as already implied in the proof that
QI < 1).

Proposition 2.10. Assume (R) and (BC) hold for the L-diffusion. For t > 0 and f a bounded
Borel function on W"(I°) we have,

Hn,n+113?f = Q?’nﬂnn,nﬂf (17)

12
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The fact that Y is distributed as 7 independent L-diffusions killed when they collide
or when they hit [ or r is already implicit in the statement of Proposition 2.9. However, it
is also the probabilistic consequence of the proposition above. Namely, the intertwining
relation (17), being an instance of Dynkin’s criterion (see for example Exercise 1.17 Chapter
3 of [63]), implies that the evolution of Y is Markovian with respect to the joint filtration
of X and Y i.e. of the process Z and we take this as the definition of Y being autonomous.
Moreover, Y is evolving according to P". Thus, the Y components form an autonomous
diffusion process. Finally, by taking f = 1 above we get that the finite lifetime of Z exactly
corresponds to the killing time of Y, which we denote by T""*1.

Similarly, we define the kernel ;" ((x, y), (x', y'))dx’dy’ on W""(I°) as follows:

Definition 2.11. For (x,y), (X', y’) € W*"(I°) define q;" ((x, y), (x', y')) by,
0" ((xy), (¢, y) =

— H?:l m(yl/)(_l)n &VZ &VZ
T rit(y) - By, -0y, O s

- P(Do(x:) < ], Po,(y)) < y; forall i,j).

n

We note that as before g} can in fact be written out explicitly,

nn AN A (xr x,) Bt(xr y,)
qt ((xl y)/ (x 4 y )) - det (Ctt(y/ x/) Dt(y/ y/)) (18)

where,

Ay(x, x')ij = ax;l:’l‘l[l,x}](xi) = pe(xi, x;),
Bi(x, y)ij = m(y ) (Pl (xi) = 1( > 1)),
Cu(y, ¥)ij = =it 1)y Pl (1) = DY pu(y x),

m(y’,
Dy, )i = =5 OuPlu(v) = Pulyi ).

n,n+1

Remark 2.12. Comparing with the g,
function being 1(j > i) instead of 1(j > i).

formulae everything is the same except for the indicator

Define the operator Q}" for t > 0 acting on bounded Borel functions on W""(I°) by,

Q@ P = [ a7 <y ey 19)

Then with the analogous considerations as for Q;””H (see subsection 2.3 as well), we can

see that Q}"" should form a sub-Markov semigroup, to which we can associate a Markov
process Z, with possibly finite lifetime, taking values in W""(I°), the evolution of which
we now make precise.

To proceed as before, we assume that the L-diffusion is given by an SDE and we
consider the following system of SDEs with reflection in W*" which can be described
as follows. The Y components evolve as 1 autonomous [-diffusions killed when they
collide or when (if) they hit the boundary point r, a time which we denote by T"". The X

13
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components evolve as n L-diffusions being kept apart by hard reflection on the Y particles.

dY1(t) = V2a(Ya()dy1(H) + (@ (Y (t) = b(Y1(£))dt + dK'(p),

dX1(t) = \2a(Xi()dpr(t) + b(X1(D)dt + dK; (1) — dK7 (2),

: (20)
Y, (H) = N2a(Yu()dya(t) + @ (Yu(t) = b(Y, (1)),
dXu(t) = 2a(Xu(D)dB(b) + b(X,(D)dt + dK (t) — dK'(8).

Here 1, ,Bu, V1, , Vn are independent standard Brownian motions and the positive
finite variation processes K, K, K', K are such that K! (possibly zero) increases only
when Y1 = [, K (possibly zero) increases only when X, = r, K (t) increases only when
Yi = X; and K (t) only when Y;_; = X;, so that (Y1(t) < Xq(t) < --- < X,,(t);t = 0) € W(I)
up to T"™". Note that, Y reflects at the boundary point / or does not visit it all and similarly
X reflects at ¥ or does not reach it all by our boundary assumptions (8) and (9). The
intuitively problematic issue of Y, pushing X, upwards at  does not arise since the
whole process is stopped at such instance.

That these SDEs are well-posed, so that in particular (X, Y) is Markovian, again fol-
lows from the arguments of Proposition 5.2. As before, we have the following precise
description of the dynamics of the two-level process Z = (X, Y) associated with Q"

Proposition 2.13. Assume (R) and (BC+) hold for the L-diffusion and (YW) holds for both the
L and L diffusions. Then, Q" is the sub-Markov semigroup associated with the (Markovian)
system of SDEs (20) in the sense that if Q) governs the processes (X, Y) satisfying the SDEs (20)
with initial condition (x, y) then for any f continuous with compact support and fixed T > 0,

I oy TG @YY = QT A, YIDIT <)

We also define, analogously to before, an operator I, ,, induced by the projection on
the Y level by,

Iy )X, y) = f(y)-

We have the following proposition which immediately follows by performing the dx’
integration in equation (19).

Proposition 2.14. Assume (R) and (BC) hold for the L-diffusion. For t > 0 and f a bounded
Borel function on W"(I°) we have,

1L, P f = Q)" f. (21)

This, again implies that the evolution of Y is Markovian with respect to the joint
filtration of X and Y. Furthermore, Y is distributed as n L-diffusions killed when they
collide or when (if) they hit the boundary point r (note the difference here to W""*! is
because of the asymmetry between X and Y and our standing assumption (8) and (9)).
Hence, the Y components form a diffusion process and they are autonomous. The finite
lifetime of Z analogously to before (by taking f = 1 in the proposition above), exactly
corresponds to the killing time of Y which we denote by T"". As before, this is already
implicit in the statement of Proposition 2.13.

14
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n+l,n

L (), (), y'))dx'dy” on W1L%(]°) in an analo-
gous way and also the operator Q/*"" for t > 0 acting on bounded Borel functions on
Wrn(1°) as well. The description of the associated process Z in W"*1(I°) in words
is as follows. The Y components evolve as 1 + 1 autonomous L-diffusions killed when
they collide (by our boundary conditions (10) and (11) if the Y particles do visit [ or r
they are reflecting there) and the X components evolve as n L-diffusions reflected on the
Y particles. These dynamics can be described in terms of SDEs with reflection under
completely analogous assumptions. The details are omitted.

Finally, we can define the kernel g

2.3 STOCHASTIC COALESCING FLOW INTERPRETATION

The definition of q;””ﬂ, and similarly of 4", might look rather mysterious and surprising.

It is originally motivated from considering stochastic coalescing flows. Briefly, the finite
system (Do (x1), -+, Po(x,); t > 0) can be extended to an infinite system of coalescing
L-diffusions starting from each space time point and denoted by (®;,(-),s < t). This
is well documented in Theorem 4.1 of [51] for example. The random family of maps
(D54, s < t) from I to I enjoys among others the following natural looking and intuitive

properties: the cocycle or flow property @y, ¢, = D@y, 1, © Dy, 1, independence of its increments

. . law . . .
Dy, L Dy, for t, < t3 and stationarity Dy, = Doy,—r,. Finally, we can consider its

generalized inverse by CD;}(x) = sup{w : Dy (w) < x} which is well defined since @ is
non-decreasing.

With these notations in place g""*"

; can also be written as,

[T i)

We now sketch an argument that gives the semigroup property Q
We do not try to give all the details that would render it completely rigorous, mainly
because it cannot be used to precisely describe the dynamics of Q:""”, but nevertheless
all the main steps are spelled out.

All equalities below should be understood after being integrated with respect to dx”
and dy over arbitrary Borel sets. The first equality is by definition. The second equality
follows from the cocycle property and conditioning on the values of @ (x;) and (I)s_s1 +t(y;’).

q:""“((x, y), (X, y))dx'dy = ]P((I)O,t(xi) € dx;, (I)(;}(y;) €dy; forall i, ]) (22)

nn+l _ ~nn+l nn+l
t+s - Qt S :

Most importantly, this is where the boundary behaviour assumptions (6) and (7) we made
at the beginning of this subsection are used. These ensure that no possible contributions
from atoms on JI are missed; namely the random variable ®(x;) is supported (its
distribution gives full mass) in I°. Moreover, it is not too hard to see from the coalescing
property of the flow that, we can restrict the integration over (x/,y’) € W""(I°) for
otherwise the integrand vanishes. Finally, the third equality follows from independence of

15
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the increments and the fourth one by stationarity of the flow.

[T in(y?)
n,n+1 "o ’” i i
wt (0 y), (&7, y")dx"dy = ——=
e g ! Y [Tz iuyi)
[T iy))
= = P(D@qs(x;) € dx, Dss0i(x]) € dx), DY) € dy;, DL, (y)) € dy,
szl m(y,) () EWn1 (I°) ( 0 +t 0,5 y] Yj s+t y] y])
[T in(y?)
= n_iAl]P D s(x) € dxlf, (D_l( ’,) cdy;
j(;’,y’)ew"'"”(lf’) [Tiz1 (yi) ( 0s\Yj y])
i 1y
x H;l A(yz,)]P
[Ty m(y;)

— f VZ n+1 ((x y) (x y ))qn n+1((x/, y/)’ (x//’ y//))dx/dy/dx”dy.
(& y )eWr (e )

P(Do541(xi) € dx}/, @1, (y7) € dy; forall i, j)

(@osnilx)) € dxy’, @71, (y7) € dy))

2.4 INTERTWINING AND MARKOV FUNCTIONS

In this subsection (n1,1;) denotes one of {(n,n — 1),(n,n),(n,n + 1)}. First, recall the
definitions of P} and 13;' given in (15) and (16) respectively. Similarly, we record here
again, the following proposition and recall that it can in principle completely describe
the evolution of the Y particles and characterizes the finite lifetime of the process Z as the
killing time of Y.

Proposition 2.15. Assume (R) and (BC) hold for the L-diffusion. For t > 0 and f a bounded
Borel function on W™ (I°) we have,

Hﬂl/ﬂzp:hf = Q?I,nznm,nzf‘ (23)

Now, we define the following integral operator A, ,, acting on Borel functions on
W™m(]°), whenever f is integrable as,

om0 [ Hm(y»f(x Dy, o)

where we remind the reader that #(-) is the density with respect to Lebesgue measure of
the speed measure of the diffusion with generator L.

The following intertwining relation is the fundamental ingredient needed for applying
the theory of Markov functions, originating with the seminal paper of Rogers and Pitman
[64]. This proposition directly follows by performing the dy integration in the explicit
formula of the block determinant (or alternatively by invoking the coalescing property
of the stochastic flow (®;,(-); s < t) and the original definitions).

Proposition 2.16. Assume (R) and (BC) hold for the L-diffusion. Fort > 0 we have the following
equality of positive kernels,

PZIZAVll,Vlz = 711 ﬂanl 712' (25)

Combining the two propositions above gives the following relation for the Karlin-
McGregor semigroups,

PILZAHLHZHHL"Z = Anl/HZHnlrnzp:’l' (26)
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Namely, the two semigroups are themselves intertwined with kernel,

(o) 0= [ [ [t Fpay.

O,

This implies the following. Suppose f1,, is a strictly positive (in W™) eigenfunction for
P* namely, P Py, = eMith,, then (with both sides possibly being infinite),

(P Aory iy Ty, ) () = €0 (A iy Ty oy i, ) (0.

We are interested in strictly positive eigenfunctions because they allow us to define
Markov processes, however non positive eigenfunctions can be built this way as well.

We now finally arrive at our main results. We need to make precise one more notion,
already referenced several times in the introduction. For a possibly sub-Markov semi-
group (*B4;t > 0) or more generally, for fixed ¢, a sub-Markov kernel with eigenfunction
b with eigenvalue ¢ we define the Doob’s h-transform by e“'h~! o B; o h. Observe that,
this is now an honest Markov semigroup (or Markov kernel).

If /1, is a strictly positive in W™ eigenfunction for P} thensois the function Py (3, ) =
fiu, (y) for Q"™ from Proposition 2.15. We can thus define the proper Markov kernel

1,12, h"l

Q, which is the h-transform of Q" by fznl. Define hy,(x), strictly positive in W2,
as follows, assuming that the integrals are finite in the case of W""(I°) and W"*1"(I°),

thz (X) = (Anl/WZHnl/WZflnl )(X),

and the Markov Kernel A,Z'l”n2 (x,-) with x € W by,

hy, (x ‘f;\/m e | H m(yz)hnl(]/)f(x ydy.

n1 nzf)( ) =

Finally, defining P?z’h”z to be the Karlin-McGregor semigroup P;? h-transformed by /i,
we obtain:

Proposition 2.17. Assume (R) and (BC) hold for the L-diffusion. Let Q,"" denote one of the
operators induced by the sub-Markov kernels on W™"2(1°) defined in the previous subsection. Let

Ji,, be a strictly positive eigenfunction for 15;’1 and assume that Ty, () = (A, T, nftn ) (%) is

finite in W"2(I°), so that in particular An1 n, 18 @ Markov kernel. Then, with the notations of the
preceding paragraph we have the following relation for t > 0,

"2 Anzlnzf Afll le ”1 " h"z f/ (27)

with f a bounded Borel function in W (I°).

This intertwining relation and the theory of Markov functions (see Section 2 of [64]
for example) immediately imply the following corollary:

n,1,

"2 then the

X component is dzstrzbuted as a Markov process with semigroup Pt2 2 started from x if (X,Y)

Corollary 2.18. Assume Z = (X,Y) is a Markov process with semigroup Qt

is started from An’l’lnz(x, -). Moreover, the conditional distribution of Y(t) given (X(s);s < t) is
Ay, nz(X(f) )-
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We give a final definition in the case of W""*! only, that has a natural analogue for
W™ and W"*1"* (we shall elaborate on the notion introduced below in Section 5.1 on well-
posedness of SDEs with reflection). Take Y = (Y4, ---,Y,) to be an n-dimensional system
of non-intersecting paths in W"(I"), so that in particular Yq < Y, < --- < Y},. Then, by X
is a system of n + 1 L-diffusions reflected off Y we mean processes (Xi(t), -+, Xus+1(t);t > 0),
satisfying X;(t) < Y1(t) < Xo(t) < --- < X41(t) forall t > 0, and so that the following SDEs
hold,

dX(t) = \2a(Xy(D)dPa(t) + b(Xa(1))dt + dK'(t) — dK (b),
dX;(f) = [2a(X;()dB;(t) + b(X;(D)dt + dK; () = dK; (1), (28)

AXp1 (D) = V20X (D)dBusi () + b(Xa (D)dt + dK, () — dK'(E),

where the positive finite variation processes K', K, K, K are such that K' increases only
when X; = [, K" increases only when X,,;; =7, K;f(t) increases only when Y; = X; and
K (t) only when Y; 1 = Xj, so that (Xi(t) < Y1(t) < -+ < Xu41(£)) € W (1) forever. Here
B1,- -, Pus1 are independent standard Brownian motions which are moreover independent
of Y. The reader should observe that the dynamics between (X, Y) are exactly the ones
prescribed in the system of SDEs (14) with the difference being that now the process
has infinite lifetime. This can be achieved from (14) by h-transforming the Y process as
explained in this section to have infinite lifetime. By pathwise uniqueness of solutions
to reflecting SDEs, with coefficients satisfying (YW), in continuous time-dependent do-
mains proven in Proposition 5.2, under any absolutely continuous change of measure for
the (X, Y)-process that depends only on Y (a Doob h-transform in particular), the equa-
tions (28) still hold with the B; independent Brownian motions which moreover remain
independent of the Y process. We thus arrive at our main theorem:

Theorem 2.19. Assume (R) and (BC+) hold for the L-diffusion and (YW) holds for both the L and
L diffusions. Moreover, assume h, is a strictly positive eigenfunction for P Suppose Y consists
of n non-intersecting L-diffusions h-transformed by h,,, with transition semigroup 15:”;’", and X is
a system of n + 1 L-diffusions reflected off Y started according to the distribution Az’,‘n () for
some x € W(I). Then X is distributed as a diffusion process with semigroup P:'“'h"” started
from x, where hy1 = Ny i1y i1 .

Proof. By Proposition 2.9 and the discussion above, the process (X,Y) evolves according
Tll,nzﬁ

to the Markov semigroup Q, . Then, an application of the Rogers-Pitman Markov
functions criterion in [64] with the function ¢(x, y) = x and the intertwining (27) gives

that, under the initial law A’ (x,-) for (X,Y), (X(t);t > 0) is a Markov process with

n,n+1
semigroup P:’H’h"” started from x, in particular a diffusion. o

ny

The statement and proof of the result for W*" and W"*1" is completely analogous.
Finally, the intertwining relation (27) also allows us to start the two-level process (X, Y)
from a degenerate point, in particular the system of reflecting SDEs when some of the Y

. e . . . . 1ol
coordinates coincide, as long as starting the process with semigroup P,” " from such a
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n2/hn2 2.

degenerate point is valid. Suppose (,ut )t>0 is an entrance law for P:Z
t,s>0,

"2, namely for

iy by,

12,y 512
Hs p t T Ftts 7

then we have the following corollary, which is obtained immediately by applying [u:lz'h"z
to both sides of (27):

Corollary 2.20. Under the assumptions above, if (ygz'h”z) is an entrance law for the process
s>0

. . /hn rhn fn .
with semigroup P:lz 2 then (y;” ZA,L{,,Z)»O forms an entrance law for process (X,Y) with

. 2.h
semigroup Q"
Hence, the statement of Theorem 2.19 generalizes, so that if X is a system of L-
diffusions reflected off Y started according to an entrance law, then X is again itself
distributed as a Markov process.
The entrance laws that we will be concerned with in this paper will correspond to

ny

starting the process with semigroup P:'z’h”z from a single point (x,- -, x) for some x € I.
These will be given by so called time dependent biorthogonal ensembles, namely measures
of the form,

det (fi(t, x,))z;l det (gi(t, x,))z;l . (29)

Under some further assumptions on the Taylor expansion of the one dimensional transi-
tion density p:(x, y) they will be given by so called polynomial ensembles, where one of the
determinant factors is the Vandermonde determinant,
np i-1 Hnp
det (i(t, x j))i,j=1 det (x! )i,j=1 . (30)

A detailed discussion is given in the Appendix.

3 APPLICATIONS AND EXAMPLES

Applying the theory developed in the previous section we will now show how some
of the known examples of diffusions in Gelfand-Tsetlin patterns fit into this framework
and construct new processes of this kind. In particular we will treat all the diffusions
associated with Random Matrix eigenvalues, a model related to Plancherel growth that
involves a wall, examples coming from Sturm-Liouville semigroups and finally point out
the connection to strong stationary times and superpositions and decimations of Random
Matrix ensembles.

First, recall that the space of Gelfand-Tsetlin patterns of depth N denoted by GT(N)
is defined to be,

{(xa), . x(N)) S e Wi 4 < x(”“)},

and also the space of symplectic Gelfand-Tsetlin patterns of depth N denoted by GT(N)
is given by,

(0,500« X0, $00) ; 300, 200 € W, 00 < 50 < x0D)

Please note the minor discrepancy in the definition of GT(N) with the notation used for
W"*1. here for two consecutive levels x® e W", x+) ¢ W+l in the Gelfand-Tsetlin
pattern the pair (x(**1), x) € W*"*1 and not the other way round.

19



INTERLACING DIFFUSIONS

3.1 CONCATENATING TWO-LEVEL PROCESSES

We will describe the construction for GT, with the extension to GTs being analogous.
Let us fix an interval I with endpoints [ < r and let L, forn = 1,---, N be a sequence of
diffusion process generators in I (satisfying (6) and (7)) given by,

a2 d
L, = an(x)ﬁ + bn(x)a. (31)

We will moreover denote their transition densities with respect to Lebesgue measure by
piCo)

We want to consider a process (X(t); t > 0) = ((X(l)(t), e X(N)(t)) > 0) taking values
in GT(N) so that, for each2 < n < N, X consists of n independent L, diffusions reflected
off the paths of X"~D. More precisely we consider the following system of reflecting SDEs,
with 1 <i <n < N, initialized in GT(N) and stopped at the stopping time tgr(n) to be
defined below,

dX () = 2a, (X)) + by (X (1)) dt + dK™ — K", (32)

driven by an array (ﬁg")(t);t >0,1<i<n<N ) of m independent standard Brownian
motions. The positive finite variation processes K"~ and K" are such that K"~
increases only when X" = X", K" increases only when X" = X"V with K"~
increasing when XQN) =land K;I]\])'Jr increasing when Xg\]) =r,sothat X = (X(D, c XN ))
stays in GT(N) forever. The stopping Tt is given by,

Tery =inf{E20:3 (i, )2<n<N-1L1<i<j<nst X(t) = x§">(t)}.

Stopping at T¢T(v) takes care of the problematic possibility of two of the time dependent
barriers coming together. It will turn out that tgray = oo almost surely under certain
initial conditions of interest to us given in Proposition 3.1 below; this will be the case since
then each level X will evolve according to a Doob’s h-transform and thus consisting
of non-intersecting paths. That the system of reflecting SDEs (32) above is well-posed,
under a Yamada-Watanabe condition on the coefficients (\/ﬁ, bn) for1 < n <N, follows
(inductively) from Proposition 5.2.

We would like Theorem 2.19 to be applicable to each pair (X"=D, X™), with X = X
and Y = X"V, To thisend, forn =2,---, N, suppose that X"~V is distributed according
to the following h-transformed Karlin-McGregor semigroup by the strictly positive in
W1 eigenfunction g,-; with eigenvalue e,

e—cn,ltg”—l(ylf tty ]/n—l)
g"—l(xlr toe rxn—l)

n—1
det (p7 (xi, y ,))i,],:1 ,
where pJ/(-, -) denotes the transition density associated with the dual L, (killed at an exit
of regular absorbing boundary point) of L,. We furthermore, denote by i1"(-) the density
with respect to Lebesgue measure of the speed measure of L. Then, Theorem 2.19 gives
that under a special initial condition (stated therein) for the joint dynamics of (X"=, X)),
with X = X® and Y = X®~1, the projection on X is distributed as the G,_1 h-transform
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of n independent L, diffusions, thus consisting of non-intersecting paths, where G,_; is
given by,

n—1
Guoaler, -, %) = [T gt o)y dyor. (39)
Wn—l,n(x) i=1

Consistency then demands, by comparing (XD, X®) and (X, X"*D), the following
condition between the transition kernels (which is also sufficient as we see below for the
construction of a consistent process (X, -, X™)), for t > 0,x,y € W",

Gt (e, %)

et &Y Yn)

e
Gn(x1, -+, xn)

det (p} (xi, ), _, = ¢ det (71" ), - (34

Denote the semigroup associated with these densities by (‘B“”(t);t > O) and also define
the Markov kernels €7, (x, dy) for x € Wr by,

15 m (y) gy, -
Gn—l(xll e /xVZ)

QZ_l(x, dy) _ ’ yn—l)l (y c Wn—l,n(x)) dyl . dyn-1~

Then, by inductively applying Theorem 2.19, we easily see the following Proposition
holds:

Proposition 3.1. Assume (R) and (BC+) hold for the L,-diffusion and (YW) holds for the pairs
of (L, Ly)-diffusions for 2 < n < N. Moreover, suppose that there exist functions g, and G,
so that the consistency relations (33) and (34) hold. Let vn(dx) be a measure supported in WN.

Consider the process (X(t); t > 0) = ((X(l)(t), e X(N)(t));t > 0) in GT(N) satisfying the SDEs
(32) and initialized according to,

on(@x®™)eN (™), dx Ny @2(x@ gy, (35)

Then Ter(n) = o almost surely, (X(”)(t);t > 0) for 1 < n < N evolves according to B (t) and
for fixed T > 0 the law of (X(D(T), e ,X(N)(T)) is given by,

(BN (@xM)eN_ (™, dx ™Dy @2(x@, dxD). (36)

Proof. For n = 2 this is the statement of Theorem 2.19. Assume that the proposition is
proven for n = N — 1. Observe that, an initial condition of the form (35) in GT(N) gives
rise to an initial condition of the same form in GT(N — 1):

17N_1(dx(N_l))Q%j(x(N_l), dx(N—Z)) .. Qﬁ(x(z), dx(l)),

17N_1(dx(N_1)) = f VN(dx(N))Q%_l(x(N),dx(N_l)),
WN

Then, by the inductive hypothesis (X(N D), t > 0) evolves according to PNV (t), with

the joint evolution of (XN=Y, X™), by (33) and (34) with n = N — 1, as in Theorem 2.19,
with X = X® and Y = X% and with initial condition vn(dx™)eN _ (x™), dxN-1). We

thus obtain that (X(N ()t > 0) evolves according to BN (t) and for fixed T the conditional
distribution of XN-1(T) given X™(T) is ¢_, (X™(T),dxN-D). This, along with the
inductive hypothesis on the law of GT(N—1) at time T yields (36). The fact that tgrqy) = o0

isalso clear since each (X(") (t);t> O) is governed by a Doob transformed Karlin-McGregor
semigroup. O
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Similarly, the result above holds by replacing vy (dx™)) by an entrance law (VEN) (dx™) ))

for PN (t), in which case (vNﬁ.? 3{\])) (dx™N)) gets replaced by V(TN) (dxN),

The consistency relations (33) and (34) and the implications for which choices of
Li,---, Ly to make will not be studied here. These questions are worth further investiga-
tion and will be addressed in future work.

>0

3.2 BROWNIAN MOTIONS IN FULL SPACE

The process considered here was first constructed by Warren in [72]. Suppose in our
setup of the previous section we take as the L-diffusion a standard Brownian motion
with generator %%, speed measure with density m(x) = 2 and scale function s(x) = x.
Then, its conjugate diffusion with generator . from the results of the previous section
is again a standard Brownian motion, so that in particular P' = P". Recall that the
Vandermonde determinant /1,(x) = [];<<j<,(x;j — xi) is a positive harmonic function for P}
(see for example [72] or by iteration from the results here). Moreover, the /i-transformed
semigroup P:"h” is exactly the semigroup of n particle Dyson Brownian motion.

Proposition 3.2. Let x € W (R) and consider a process (X,Y) € W""*(R) started from the
distribution (6x, Z'I;g;l(y < x)dy) with the Y particles evolving as n particle Dyson Brownian
motion and the X particles as n + 1 standard Brownian motions reflected off the Y particles. Then,

the X particles are distributed as n + 1 Dyson Brownian motion started from x.

Proof. We apply Theorem (2.19) with the L-diffusion being a standard Brownian motion.
Observe that, (R), (BC+) and (YW) are easily seen to be satisfied. Finally, as recalled above
the Vandermonde determinant /,(x) = [];<;<jc,(xj — x:) is a positive harmonic function

for n independent Brownian motions killed when they intersect and the semigroup P:"h”
is the one associated to n particle Dyson Brownian motion. ]

In fact, we can start the process from the boundary of W""*}(R) via an entrance law
as described in the previous section. To be more concrete, an entrance law for Pf“’h’”l
describing the process starting from the origin, which can be obtained via a limiting

procedure detailed in the Appendix is the following:

n+1

) 1
n+1,1,, — —(n
Y (dx) = Cg 0 P exp (- o § Y2, (x)dx.

i=1
Thus, from the previous section’s results

n'hy(y)
Ve (G, dy) = Y (d) =1y < x)dy,
forms an entrance law for the semigroup associated to the two-level process in Proposition
3.2. Hence, we obtain the following;:

Proposition 3.3. Consider a Markovian process (X,Y) € W""*1(R) initialized according to the
entrance law v:””“’h"“ (dx, dy) with the Y particles evolving as n particle Dyson Brownian motion
and the X particles as n + 1 standard Brownian motions reflected off the Y particles. Then, the X

particles are distributed as n + 1 Dyson Brownian motion started from the origin.
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It can be seen that we are in the setting of Proposition 3.1 with the L, = L-diffusion a
standard Brownian motion and the functions g, Gx being up to a multiplicative constant
equal to the Vandermonde determinant [];;_;(x; — x;). Thus, we can concatenate these
two-level processes to build a process (X"(t);t > 0) = (ng)(t);t > 0,1 <i<k<n)taking
values in GT(n) recovering Proposition 6 of [72]. Being more concrete, the dynamics of
X"(t) are as follows: level k of this process consists of k independent standard Brownian
motions reflected off the paths of level k — 1. Then, from Proposition 3.1 we get:

Proposition 3.4. If X" is started from the origin then the k™ level process X® is distributed as k
particle Dyson Brownian motion started from the origin.

Connection to Hermitian Brownian motion We now point out the well known con-
nection to the minor process of a Hermitian valued Brownian motion.It is a well known
fact that the eigenvalues of minors of Hermitian matrices interlace. In particular, for any

n X n Hermitian valued diffusion the eigenvalues of the k X k minor (/\(k)(t) s> 0) and of
the (k — 1) x (k — 1) minor (A(k‘l)(t);t > 0) interlace: (/\gk)(t) < A(zk_l)(t) <0 < A}(fk)(t);t > O).
Now, let (H(t);t > 0) be an n x n Hermitian valued Brownian motion. Then (/\(k)(t);t > 0)
evolves as k particle Dyson Brownian motion. Also for any fixed time T the vector
(AD(T), -+, A(T)) has the same distribution as X(T), namely it is uniform on the space
of GT (1) with bottom level A®(T). However the evolution of these processes is different,
in fact the interaction between two levels of the minor process (/\(k‘l)(t), ARt > 0) is
quite complicated involving long range interactions and not the local reflection as in our
case as shown in [1]. In fact, the evolution of (A(k‘l)(t), AR 1), AED (1), ¢ > 0) is not even
Markovian at least for some initial conditions (again see [1]).

3.3 BROWNIAN MOTIONS IN HALF LINE AND BES(3)

The process we will consider here, taking values in a symplectic Gelfand-Tsetlin pattern,
was first constructed by Cerenzia in [17] as the diffusive scaling limit of the symplectic
Plancherel growth model. It is built from reflecting and killed Brownian motions in the
half line. We begin in the simplest possible setting:

Proposition 3.5. Consider a process (X, Y) € W ([0, 00)) started according to the distribution
(0, 1jo,ydy) for x > 0 with the Y particle evolving as a reflecting Brownian motion in [0, co) and
the X particle as a Brownian motion in (0, co) reflected upwards off the Y particle. Then, the X
particle is distributed as a BES(3) process (Bessel process of dimension 3) started from x.

Proof. Take as the L-diffusion a Brownian motion absorbed when it reaches 0 and let P} be
the semigroup of Brownian motion killed (not absorbed) at 0. Then, its dual diffusion L isa
reflecting Brownian motion in the positive half line and let P! be the semigroup it gives rise
to. Observe that, (R), (BC+) and (YW) are easily seen to be satisfied. Letting, fzm(x) =1
which is clearly a positive harmonic function for L, we get that hy(x) = j(;x ldx = x.
Now, note that Ptl’hl'1 is exactly the semigroup of a BES(3) process. As is well known, a
Bessel process of dimension 3 is a Brownian motion conditioned to stay in (0, co) by an
h-transform with the function x. Then, from the analogue of Theorem 2.19 in W*" we
obtain the statement. ]

Now we move to the next stage of 2 particles evolving as reflecting Brownian motions
being reflected off a BES(3) process.
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Proposition 3.6. Consider a process (X,Y) € W'2([0, o)) started according to the following

distribution (6(11,12)’ %1[3(1,352]dy) for x1 < x with the Y particle evolving as a BES(3) process
2

and the X particles as reflecting Brownian motions in [0, co) reflected off the Y particles. Then,

the X particles are distributed as two non-intersecting reflecting Brownian motions started from

(x1, x2).

Proof. We apply Theorem 2.19. We take as the L-diffusion a reflecting Brownian motion.
Write P? for the Karlin-McGregor semigroup associated to 2 reflecting Brownian motions
killed when they intersect. Note that, (R), (BC+) and (YW) are clearly satisfied. Observe
that with le,z(x) = x, which is a positive harmonic function for a Brownian motion killed
at 0, we have:

X 1
h12(x1,x2) = f xdx = E(xg —x3).
X1

Finally note that, Ptz’hl'2 is exactly the semigroup of 2 non-intersecting reflecting Brownian
motions in [0, co). O

These relations can be iterated to n and n and also n and n + 1 particles. Define the
functions:

1<i<j<n
n
@) = [ 2= ]]x
1<i<j<n i=1

Also, consider the positive kernels Ay, ,,, defined in (24), with 7 = 2. Then, an easy
calculation (after writing these functions as determinants) gives that up to a constant
hun = Anphuy is equal to hy e and hy 1 = Appsihnne is equal to hyyq 441. Finally, let

I I . .
Ay and A" denote the corresponding normalized Markov kernels.

Proposition 3.7. Consider a process (X,Y) € W""([0, o0)) started according to the distribution

(6x, A’:Z’f;;’ (x,°)) for x € W ([0, o)) with the Y particles evolving as n reflecting Brownian motions
conditioned not to intersect in [0, co) and the X particles as n Brownian motion in (0, o) reflected
off the Y particles. Then, the X particles are distributed as n BES(3) processes conditioned never
to intersect started from x.

Proof. We take as the L-diffusion a Brownian motion absorbed at 0. Then, the [-diffusion
is a reflecting Brownian motion. As before, (R), (BC+) and (YW) are clearly satisfied.

Note that, fl,,,n is a harmonic function for 7 reflecting Brownian motions killed when they

intersect. Moreover, note that P:”h"'" is exactly the semigroup of n non-intersecting BES(3)

processes (note that the n particle Karlin-McGregor semigroup P} is that of n killed at
zero Brownian motions). The statement follows from the analogue of Theorem 2.19 in
W, o

Proposition 3.8. Consider a process (X,Y) € W""*1([0, o)) started according to the following
distribution (6x, Al (x,-)) for x € W1([0, o)) with the Y particles evolving as n BES(3)

nn+1
processes conditioned not to intersect and the X particles as n + 1 reflecting Brownian motions in
[0, co) reflected off the Y particles. Then, the X particles are distributed as n + 1 non-intersecting
reflecting Brownian motions started from x.
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Proof. We take as the L-diffusion a reflecting Brownian motion. Then, the [-diffusion is
a Brownian motion absorbed at 0. As before, the assumptions (R), (BC+) and (YW) are
clearly satisfied. Note that, fzmﬂ is harmonic for the corresponding Karlin-McGregor
semigroup P7, associated with n Brownian motions killed at zero and when they intersect.

nrhf1,7l+1

Moreover, note that the semigroup P, , namely the semigroup P! h-transformed by

Jt ns1, gives the semigroup of the process Y. Finally, observe that P:Hl’h"'"” is exactly the

semigroup of n + 1 non-intersecting reflecting Brownian motions. The statement follows
from Theorem 2.19. ]

Remark 3.9. The semigroups considered above are also the semigroups of n Brownian motions
conditioned to stay in a Weyl Chamber of type B and type D (after we disregard the sign of the
last coordinate) respectively (see for example [44] where such a study was undertaken).

We can in fact start these processes from the origin, by using the following explicit
entrance law (see for example [17] or the Appendix for the general recipe) for Pf’h’”’ and

P
P issued from zero,

n

) = G D exp (= 52 Y PR

1n 4 —n(n—3 1 y
e (dx) = €y D) eXp( - xf)hﬁ_m(x)dx‘

i=1

Concatenating these two-level processes, we construct a process (Xg”)(t) ;> O) =
XDt < XD(@t) < -+ < XO(t) < XO(t);t > 0) in GTs(n) with dynamics as follows:
Firstly, Xgl) is a Brownian motion reflecting at the origin. Then, for each k, the k particles
corresponding to X perform independent Brownian motions reflecting off the X® par-
ticles to maintain interlacing. Finally, for k > 2 the k particles corresponding to X® reflect
off X*D and also in the case of X" reflecting at the origin.

Then, the symplectic analogue of Proposition 3.1 (which is again proven in the same
way by consistently patching together two-level processes) implies the following, recov-
ering the results of Section 2.3 of [17]:

Proposition 3.10. If X" is started from the origin then the projections onto X® and X® are
distributed as k non-intersecting reflecting Brownian motions and k non-intersecting BES(3)
processes respectively started from the origin.

3.4 BROWNIAN MOTIONS IN AN INTERVAL

Let I = [0, 7] for concreteness and let the L-diffusion be a reflecting Brownian motion in 1.
Then its dual, the L-diffusion is a Brownian motion absorbed at 0 or 7t. It will be shown in
Corollary 3.37, that the minimal positive eigenfunction, is given up to a (signed) constant
factor by,

fiu(x) = det(sin(kx;))}. oy (37)

This is the eigenfunction that corresponds to conditioning these Brownian motions to
stay in the interval (0, 7) and not intersect forever. Also, observe that up to a constant
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factor i, is given by (see the notes [20], [57] and Remark 3.13 below for the connection to
classical compact groups),

n

H sin(x;) H (cos(xi) - cos(xj)).

i=1 1<i<j<n

Now, via the iterative procedure of producing eigenfunctions, namely by taking
Apps1hy, where Ay ;41 is defined in (24), we obtain that up to a (signed) constant factor,

T (x) = det(cos((k — Dx))L,, (38)

is a strictly positive eigenfunction for P/*!. In fact, it is the minimal positive eigenfunction
(again this follows from Corollary 3.37) of P/*! and it corresponds to conditioning these
reflected Brownian motions in the interval to not intersect. This is also (see [20],[57] and
Remark 3.13) given up to a constant factor by,

H (cos(xi) - cos(xj)).
1<i<j<n+1

Define the Markov kernel:

n!

fl” X, y)dy.
Hy1(x) j;v,wﬂ(x) W) f(x, y)dy

(Al HE) =

Then we have the following result:

Proposition 3.11. Let x € W1([0,7t]). Consider a process (X,Y) € W'L([0, rt]) started

at (6x,Af’l"n (0 -)) with the Y particles evolving as n Brownian motions conditioned to stay in

(0, ™) and conditioned to not intersect and the X particles as n + 1 reflecting Brownian motions in
[0, 7] reflected off the Y particles. Then the X particles are distributed as n + 1 non-intersecting
Brownian motions reflected at the boundaries of [0, 1] started from x.

Proof. Take as the L-diffusion a reflecting Brownian motion in [0, 7t]. The L-diffusion is a
Brownian motion absorbed at 0 or . Observe that, the assumptions (R), (BC+) and (YW)
are satisfied. Moreover, as noted above f,, is the ground state for n Brownian motions
killed when they hit 0 or 7= or when they intersect. The statement of the proposition then
follows from Theorem 2.19. O

Remark 3.12. The dual relation, in the following sense is also true: If we reflect n Brownian
motions between n + 1 reflecting Brownian motions in [0, 7t] conditioned not to intersect then we
obtain n Brownian motions conditioned to stay in (0, ) and conditioned not to intersect. This
is obtained by noting that up to a constant factor I, defined in (37) is given by Api1,,hns1, with
N1 as in (38).

Remark 3.13. The processes studied above are related to the eigenvalue evolutions of Brownian
motions on SO(2(n+ 1)) (reflecting Brownian motions in [0, 1t]) and USp(2n) (conditioned Brow-
nian motions in [0, it]) respectively (see e.g. [61] for skew product decompositions of Brownian
motions on manifolds of matrices).
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Remark 3.14. It is also possible to build the following interlacing processes with equal number
of particles. Consider as the Y process n Brownian motions in [0, i) reflecting at 0 and condi-
tioned to stay away from 1 and not to intersect. In our framework I = %% with Neumann
boundary condition at 0 and Dirichlet at . Then the minimal eigenfunction corresponding to

this conditioning is given up to a sign by,

det ( cos ((k - %)y]))

Now let X be n Brownian motions in (0, 7] reflecting at 1 and reflected off the Y particles. Then
the projection onto the X process (assuming the two levels (X, Y) are started appropriately) evolves
as n Brownian motions in (0, 7] reflecting at 1t and conditioned to stay away from 0 and not to
intersect. These processes are related to the eigenvalues of Brownian motions on SO(2n + 1) and
SO~(2n + 1) respectively.

n

kj=1

3.5 BROWNIAN MOTIONS WITH DRIFTS

The processes considered here were first introduced by Ferrari and Frings in [31] (there
only the fixed time picture was studied, namely no statement was made about the distri-
bution of the projections on single levels as processes). They form a generalization of the
process studied in the first subsection.

3.5.1 Hermitian Brownian with drifts

We begin by a brief study of the matrix valued process first. Let (Y;;t > 0) = (Bi;t > 0)
be an n X n Hermitian Brownian motion. We seek to add a matrix of drifts and study the
resulting eigenvalue process. For simplicity let M be a diagonal n X n Hermitian matrix
with distinct ordered eigenvalues y1 < --- < p, and consider the Hermitian valued
process (Yﬁ”;t > 0) = (By + tM;t > 0).

Then a computation that starts by applying Girsanov’s theorem, using unitary invari-
ance of Hermitian Brownian motion, integrating over U(n), the group of n X n unitary
matrices, and then computing that integral using the classical Harish Chandra-Itzykson-
Zuber (HCIZ) formula gives that the eigenvalues (AY(f),---, AM(£);t > 0) of (Yf/f;t > 0)
form a diffusion process with explicit transition density given by,

n
= det (e A)).
ij=1

. det ( QXP(HJA;)))
n,M /\, A = - 1 i
syM(AL ) = exp( 2 ; tit det (exp(ujA)

where ¢ is the standard heat kernel. For a proof of this fact, which uses the theory of
Markov functions, see for example [53].

Observe that, s:"M is exactly the transition density of # Brownian motions with drifts
g1 < -++ < u, conditioned to never intersect as studied in [6]. More generally, if we look
at the k X k minor of (Yf/f it > 0) then its eigenvalues evolve as k Brownian motions with
drifts uy < --- <y conditioned to never intersect.

Remark 3.15. These processes also appear in the recent work of Ipsen and Schomerus [40] as the
finite time Lyapunov exponents of ”Isotropic Brownian motions”.
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Now, write y(k) for (u1, -+, tx) and P:””m for the semigroup that arises from sf’M . Then,
1" (d7) defined by,

Hlsi<an(/\j - /\i)

(n)
u"(dA) = consty,; det(e” 2y D0
H1§i<j§n(/’l]' —H )

i,j=1

forms an entrance law for P} i starting from the origin (see for example [31] or the
Appendix).

3.5.2 Interlacing construction with drifting Brownian motions with reflection

Now moving on to Warren’s process with drifts (as referred to in [31]). We seek to build
n + 1 Brownian motions with drifts y; < --- < pu41 conditioned to never intersect by
reflecting off n Brownian motions with drifts y; < --- < p,, conditioned to never intersect
n + 1 independent Brownian motions each with drift y1,.1. We prove the following;:

Proposition 3.16. Consider a Markov process (X,Y) € W*"L(RR) started from the origin with
the Y particles evolving as n Brownian motions with drifts yuy < --- < u, conditioned to
never intersect and the X particles as n + 1 Brownian motions all with drift p1,.1 reflected off
the Y particles. Then, the X particles are distributed as n + 1 Brownian motions with drifts
U1 < -+ < Ups1 conditioned to never intersect started from the origin.

Proof Let the L- diffusion be a Brownian motion with drift p,.1, namely with generator
L= 2 de + Un+1 5= d . Then, its dual diffusion . = 5 de yn+1% has speed measure 1(x) =
2¢~2nX Note that, the assumptions (R), (BC+) and (YW) are easily seen to be satisfied.
Let P/ and P/ denote the corresponding Karlin-McGregor semigroups. Consider
the (not yet normalized) positive kernel A" st iven by,

n
(A" () = f f(x,y) H De~2Hmnligly;.
Wi+ (x) i1

and define the function

n

N )
s (y) = H ptm1Yi det(ey’y’)?j:r

i=1

P TRRRTICN . cype . . AN, L
Note that, i}, is a strictly positive eigenfunction for P;"*"*'. Moreover, the h-transform

N A () ()
of P/ with i is exactly the semigroup P;** of n Brownian motions with drifts
(u1,- -+, pn) conditioned to never intersect. By integrating the determinant we get,

@) 2"
(A”"” h”"” M )(x) = det(e(“' Hns1) x])n 2
nntl H?:](#VHl - Hz) V=

(n) (n+1)
and note that the h-transform of P! by Al R s P/ Finally, defining

)
the entrance law for the two-level process started from the origin by v;" ALt

(n+1) (n)
u:”l i A’; r;if we obtain the statement of the proposition from Theorem 2.19 (see also

discussion after Corollary 2.20). o
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Remark 3.17. A ’positive temperature’ version of the proposition above appears as Proposition
9.1in [59].

We can then iteratively apply the result above to concatenate two-level processes and
build a process:

(X gy (B2 0) = (X3P () < XPt) < -+ < XP (1), 2 0),

t

in GT(n) as in Proposition 3.1 whose joint dynamics are given as follows (this was also
described in [31]): Level k consists of k copies of independent Brownian motions all with
drifts uy reflected off the paths of level k — 1. Then, from Proposition 3.1 one obtains:
Proposition 3.18. Assume p1 < pp < --- < u,. Consider the process (X(m,m,un)(t)?t > 0)
defined above started from the origin. Then, the projection on Xffk) is distributed as k Brownian
motions with drifts 1n < --- < uy conditioned to never intersect, issueing from the origin.

Remark 3.19. Note that, the multilevel process whose construction is described above via the
hard reflection dynamics and the minors of the Hermitian valued process (YﬁvI st 0) coincide on
each fixed level k (as single level processes, this is what we have proven here) and also at fixed times
(this is already part of the results of [31]). However, they do not have the same law as processes.
Finally, for the fixed time correlation kernel of this Gelfand-Tsetlin valued process see Theorem 1

of [31].

3.6 GEOMETRIC BROWNIAN MOTIONS AND QUANTUM CALOGERO-SUTHERLAND

A geometric Brownian motion of unit diffusivity and drift parameter « is given by the
SDE,

ds(t) = s(HdW(t) + as(b)dt,

which can be solved explicitly to give that,

s(t) = 5(0) exp (W(t) i (a - %) t).

We will assume that s(0) > 0, so that the process lives in (0, o). Its generator is given by,

with both 0 and oo being natural boundaries. With h,(x) = [];<j<,(x; — xi) denoting the
Vandermonde determinant it can be easily verified (although it also follows by recursively
applying the results below) that /1, is a positive eigenfunction of n independent geometric
Brownian motions, namely that with,

Z % 282 +ain8xl,

i=1

we have,

Lo, = n(n—1) (n -

- - oc)hn -~
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The quantum Calogero-Sutherland Hamiltonian HZ, (see [15], [70]) is given by,

1 n n xz
H =5 Y @ +0) Y . _lx]ax,.
i=1

i=1 j#i

Its relation to geometric Brownian motions lies in the following simple observation.
For 0 = 1 this quantum Hamiltonian coincides with the infinitesimal generator of n
independent geometric Brownian motions with drift parameter 3 h-transformed by the
Vandermonde determinant namely,

1
H:s=h,' oL oh, —Cy 1
We now show how one can construct a GT () valued process so that the k" level consists
of k geometric Brownian motions with drift parameter n — k + 1 h-transformed by the
Vandermonde determinant. The key ingredient is the following:

Proposition 3.20. Consider a process (X, Y) € W*"*1((0, c0)) started according to the following
distribution (6 "!h”(y)l(y < x)dy) for x € W1((0, 00)) with the Y particles evolving as n non-

X7 Ny (x
intersecting geometlr(ic) Brownian motions with drift parameter o + 1 conditioned to not intersect
via an h-transform by h, and the X particles evolving as n + 1 geometric Brownian motions with
drift parameter « being reflected off the Y particles. Then, the X particles are distributed as n + 1
non-intersecting geometric Brownian motions with drift parameter o conditioned to not intersect

via an h-transform by hy.., started form x € W"”((O, 0)).

Proof. Taking as the L-diffusion L%, and note that its speed measure is given by m*(x) =
2x%%72, the conjugate diffusion is L* = L=, Observe that, the assumptions (R), (BC+)
and (YW) are clearly satisfied.

~ —-1
First, note that an easy calculation gives that the h-transform of L* by m®  is an
L**1-diffusion, namely a geometric Brownian motion with drift parameter a + 1. Hence,

an h-transform of n Lo-diffusions by the eigenfunction [} n?“_l(yi)hn(y) gives n non-
intersecting geometric Brownian motions with drift parameter a + 1 conditioned to not
intersect via an h-transform by h,. The statement of the proposition is then obtained from
an application of Theorem 2.19. ]

Remark 3.21. Observe that, under an application of the exponential map the results of Section
3.5, give a generalization of Proposition 3.20 above.

Using the proposition above it is straightforward, and we will not elaborate on, how
to iterate to build the GT(n) valued process with the correct drift parameters on each
level.

Remark 3.22. The following geometric Brownian motion,
ds(t) = V2s()dW(t) — (u + 1’ + v + 0')s(t)dt,

also arises as a continuum scaling limit after we scale space by 1/N and send N to infinity of
the bilateral birth and death chain with birth rates (x — u)(x — u’) and death rates (x + v)(x + V")
considered by Borodin and Olshanski in [9].

30



T. Assiotis, N. O'CoNNELL AND J. WARREN

3.7 SQUARED BESSEL PROCESSES AND LUE MATRIX DIFFUSIONS

In this subsection we will first construct a process taking values in GT being the analogue
of the Brownian motion model for squared Bessel processes and having close connections
to the LUE matrix valued diffusion. We also build a process in GTs generalizing the
construction of Cerenzia (after a “squaring” transformation of the state space) for all
dimensions d > 2. We begin with a definition:

Definition 3.23. The squared Bessel process of dimension d, abbreviated from now on as BESQ(d)
process, is the one dimensional diffusion with generator in (0, 00),
d? d
@ — oy 2
LYW =2x i +d— I
The origin is an entrance boundary for d > 2, a regular boundary point for 0 < d < 2 and an
exit one for d < 0. Define the index v(d) = & — 1. The density of the speed measure of L) is
m,(y) = c,y" and its scale function s,(x) = ¢,x™", v # 0 and so(x) = logx. Then from the results

of the previous section its conjugate, the L@ diffusion, is a BESQ(2 — d) process with the dual
boundary condition. Moreover, the following relation will be key, see [35]: A Doob h-transform
of a BESQ(2 — d) process by its scale function x"*! gives a BESQ(d + 2) process.

Note that, condition (BC+) only holds for dimensions d € (—c0,0] U [2, o0); this is
because for 0 < d < 2, the origin is a regular boundary point and the diffusion coefficient
degenerates (these values of the parameters will not be considered here). We use the
following notation throughout, for d € (—co,0] U [2, 0): we write P}’ D for the Karlin-
McGregor semigroup of n BESQ(d) processes killed when they 1r1tersect or when they hit
the origin, in case d < 0.

We start in the simplest setting of W!! and consider the situation of a single BESQ(2—d)
process being reflected upwards off a BESQ(d) process:

Proposition 3.24. Let d > 2. Consider a process (X,Y) € W¥L([0, c0)) started according to the

distribution (0x, V+v1+1y ljo,dy) for x > 0 with the Y particle evolving as a BESQ(d) process and

the X particle as a BESQ(Z d) process in (0, o0) reflected off the Y particle. Then, the X particle
is distributed as a BESQ(d + 2) process started from x.

Proof. We take as the L-diffusion a BESQ(2 —d) process. Then, the L-diffusion is a BESQ(d)
process. Note that, the assumptions (R), (BC+) and (YW) are satisfied. Since D 1(x) =1
is invariant for BESQ(d), the following is invariant for BESQ(2 — d),

h(d 1) = f cy'dy = Ly,

v+1

Then, as already remarked above, see [35], the h-transformed process with semigroup

(d)
:'(2 D i exactly a BESQ(d + 2) process. The analogue of Theorem 2.19 in W"" gives

the statement of the proposition. ]

We expect that the restriction to d > 2 is not necessary for the result to hold (it should
be true for d > 0). In fact, Corollary 3.5, corresponds to d = 1, after we perform the
transformation x +— +/x, which in particular maps BESQ(1) and BESQ(3) to reflecting
Brownian motion and BES(3) respectively.

31



INTERLACING DIFFUSIONS

We now move on to an arbitrary number of particles. Define the functions,

n

i (x) = H (xj—x) = det(’czj—l)i,f‘ﬂ '

1<i<j<n
n
7:(d) — +1 _ j+vy"
B = ] G=x) [ [t =det (™), -
1<i<j<n i=1 ’

Moreover, let A,—1,, and A, be the following positive kernels, defined as in (24), where
we recall that m,4)(-) is the speed measure density with respect to Lebesgue measure of
a BESQ(d) process:

n—-1
@ = [ [T me-awfenay
1

Wn—l,n(x i

11
o= [ ot ey
Wn,n(x) i=1
An easy calculation gives that hfqd_)l L) = cn_l,n(v)(An_l,an_l,nfzfqd_)l (%) is equal to fzgfg,(x)
and hﬁ,’?l(x) = cn,n(v)(An,nl_[n,nfz%)(x) is equal ftﬁldzl +1(x), where c,-1,,(v), cnu(v) are explicit
constants whose exact values are not important in what follows. Then we have:

Proposition 3.25. Let d > 2. Consider a process (X, Y) € W'"*1([0, o0)) started according to the
wl(y < x)dy) for x € Wr+1([0, 00)) with the Y particles

HlSK SrH—l(xl_xl)
evolving as n non—intersectinngESQ(d + 2) processes and the X particles evolving as n + 1
BESQ(d) processes being reflected off the Y particles. Then, the X particles are distributed as n+1
non-intersecting BESQ(d) processes started form x € W'*1([0, o0)).

following distribution (O,

Proof. Take as the L-diffusion a BESQ(d) process. Then, the L-diffusion is a BESQ(2 — d)
process. Note that, the assumptions (R), (BC+) and (YW) are satisfied. We use the

positive harmonic function ftﬁldzl .1 (%) for the semigroup P:Z’(Z_d) of nindependent BESQ(2—d)

processes killed when they hit 0 or when they intersect, which transforms them into n

L@,
non-intersecting BESQ(d + 2) processes. Finally observe that, P:H Ol g exactly the

semigroup of n +1 BESQ(d) processes conditioned to never intersect (see e.g. [50]). Then,
Theorem 2.19 gives the statement of the proposition. ]

Proposition 3.26. Let d > 2. Consider a process (X,Y) € W*"([0, o)) started according to
D (o TT : .

the following distribution (6x, C"’"(V)h"'"(}ﬂ%):l iy < x)dy) for x € W([0, o)) with the Y

particles evolving as n non-intersecting BESQ(d) processes and the X particles evolving as n

BESQ(2 — d) processes being reflected off the Y particles. Then, the X particles are distributed as

n non-intersecting BESQ(d + 2) processes started form x € W"([0, 00)).

Proof. Take as the L-diffusion a BESQ(2 — d) process. Then, the [-diffusion is a BESQ(d)
process. Note that, the assumptions (R), (BC+) and (YW) are satisfied. We use the

positive harmonic function fzgfg,(x) for the semigroup P?’(d) of n independent BESQ(d)
n,(2—d),h, . .
" is the semigroup

t
of n BESQ(d + 2) processes conditioned to never intersect (the transformation by hiffll

processes killed when they intersect. Furthermore note that, P
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corresponds to transforming the BESQ(2 — d) processes to BESQ(d + 2) and then condi-
tioning these to never intersect). Then, the analogue of Theorem 2.19 in W*" gives the
statement. O

It is possible to start both of these processes from the origin via the following explicit
entrance law for n non-intersecting BESQ(d) processes (see for example [50]),

n

i) = Cuat™ ™ [ Gy — i [ [apedvar.

1<i<j<n i=1

Defining the two entrance laws,

7d) Cnn fl(dz, Ly, i
V:l/”rhn,n (dx, dy) — [u:l,(d+2) (dx) 1, (V) n, (}/(Z)Hz_l (d)(y ) 1(y < x)dy,
Hy (%)
nn 1ﬁ<d) 1 n n! Hlsi ’Sn(yf - ]/1)
Vt + i+ (dx,dy) — [ut+1,(d)(dx) <j l(y < x)dy,

[Th<icjnser (xj — xi)

for the processes with semigroups corresponding to the pair (X, Y) described in Propo-
sitions 3.26 and 3.25 respectively, we immediately arrive at the following proposition in
analogy to the case of Dyson’s Brownian motion:

Proposition 3.27. (a)Let d > 2. Consider a process (X, Y) € W"*1([0, o0)) started according to

D
the entrance law v:l’wl'h"'”“ (dx, dy) with the Y particles evolving as n non-intersecting BESQ(d+2)
processes and the X particles evolving as n+1 BESQ(d) processes being reflected off the Y particles.
Then, the X particles are distributed as n + 1 non-intersecting BESQ(d) processes issueing from
the origin.

(b) Let d > 2. Consider a process (X,Y) € W"*([0, o)) started according to the entrance law

7@
vf’"'h"'” (dx,dy) with the Y particles which evolve as n non-intersecting BESQ(d) processes and

the X particles evolving as n BESQ(2 — d) processes being reflected off the Y particles. Then, the
X particles are distributed as n non-intersecting BESQ(d + 2) processes issueing from the origin.

Making use of the proposition above we build two processes in Gelfand-Tsetlin pat-
terns. First, the process in GT(n). To do this, we make repeated use of part (a) of
Proposition 3.27 to consistently concatenate two-level processes. Note the fact that the
dimension d, of the BESQ(d) processes, decreases by 2 at each stage that we increase the
number of particles. So we fix n the depth of the Gelfand-Tsetlin pattern and d* the di-
mension of the BESQ processes at the bottom of the pattern. Then, we build a consistent
process,

(X" @) t20) = (XP);t20,1<i<k<n),

taking values in GT(n) with the joint dynamics described as follows: X;l) evolves as a
BESQ(d*+2(n—1)) process. Moreover, for k > 2 particles at level k evolve as k independent
BESQ(d*+2(n—k)) processes reflecting off the (k—1) particles at the (k—1)" level to maintain
the interlacing. Hence, from Proposition 3.1 (see discussion following it regarding the
entrance laws) we obtain:

Proposition 3.28. Let d > 2. If X4 is started from the origin according to the entrance law
then the projection onto the k" level process X® is distributed as k BESQ(d" + 2(n — k)) processes
conditioned to never intersect.
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By making alternating use of parts (a) and (b) of Proposition 3.27 we construct a
consistent process

(X" @(e); £ 2 0) = (XD (t) < XD() < -+ < XO(t) < XO(B); 2 0)

in GTs(n), for which Proposition 3.10 can be viewed as the d = 1 case, and whose joint
dynamics are given as follows: X;l) evolves as a BESQ(d) process. Then, for any k, the k
particles corresponding to X evolve as kindependent BESQ(2—d) processes reflecting off
the particles corresponding to X®) in order for the interlacing to be maintained. Moreover,
for k > 2 the k particles corresponding to X® evolve as k independent BESQ(d) processes
reflecting off the particles corresponding to X*~ in order to maintain the interlacing.

Then, it is a consequence of the symplectic analogue of Proposition 3.1 (involving an
entrance law, see the discussion following Proposition 3.1) that:

Proposition 3.29. Let d > 2. If X" is started from the origin then the projections onto X® and
X® are distributed as k non-intersecting BESQ(d) and k non-intersecting BESQ(d + 2) processes
respectively started from the origin.

Connection to Wishart processes We now spell out the connection between the pro-
cesses constructed above and matrix valued diffusion processes by first considering the
connection to X", for d* even. Let d* = 2 for simplicity.

Take (A(t); t > 0) to be an n X n complex Brownian matrix and consider (H(t); ¢ > 0) =
(A(HA(H);t 2 0). This is called the Wishart process and was first studied in the real
symmetric case by Marie-France Bru in [13], see also [24] for a detailed study in the
Hermitian setting and some of its properties. Then, it is well known (first proven in
[50]), we have that (/\(k)(t) sE> 0), the eigenvalues of the k X k minor of (H(t); t > 0), evolve
as k non-colliding BESQ(2(n — k + 1)) processes. These eigenvalues then interlace with
(/\(k‘l)(t);t > 0) which evolve as k — 1 non-colliding BESQ(2(n — k + 1) + 1) processes
with the fixed time T conditional density of A®~Y(T) given A®(T) on W*15(A®(T)) being

@
A:k_’ll; (/\(k)(T), ) (see Section 3 of [31], Section 3.3 of [33]). Inductively (since for fixed T,

A=R(T) is a Markov chain in k see Section 4 of [31]) this gives that the distribution at fixed
times T of the vector (AW(T), -, A"(T)) is uniform over the space of GT (1) with bottom
level A" (T). Moreover, by making use of this coincidence along space-like paths one can
write down the dynamical correlation kernel (along space-like paths) of the process we
constructed from Theorem 1.3 of [30].

Remark 3.30. Although X"® and the minor process described in the preceding paragraph on
single levels or at fixed times coincide, the interaction between consecutive levels of the minor
process should be different from local hard reflection, although the dynamics of consecutive levels
of the LUE process have not been studied yet (as far as we know).

We now describe the random matrix model that parallels X" for d even. Start witha
row vector (A(d)(t) ;> O) of d/2 independent standard complex Brownian motions, then
(X(d)(t);t > O) = (A(d)(t)A(d)(t)*;t > 0) evolves as a one dimensional BESQ(d) diffusion
(this is really just the definition of a BESQ(d) process). Now, add another independent
complex Brownian motion to make (A(”’)(t);t > 0) a row vector of length d/2 + 1. Then,

(XD(); 2 0) = (ADBAD(t);t > 0) evolves as a BESQ(d + 2) process interlacing with
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the aforementioned BESQ(d). At fixed times, the fact that the conditional distribution
of the BESQ(d) process given the position x of the BESQ(d + 2) process is proportional

to y%‘ll[o,x] follows from the conditional laws in [26] (see also [23]) and will be spelled
out in a few sentences. Now, make (A(d)(t);t > 0) a2x (‘% + 1) matrix by adding a row

of d/2 + 1 independent complex Brownian motions, the eigenvalues of (X(d)(t);t > O) =

(A(d)(t)A(d)(t)*; t> O) evolve as 2 BESQ(d) processes which interlace with the BESQ(d + 2).

We can continue this construction indefinitely by adding columns and rows successively
of independent complex Brownian motions. As before, this eigenvalue process will
coincide with X on single levels as stochastic processes but also at fixed times as
distributions of whole interlacing arrays. We elaborate a bit on this fixed time coincidence.
For simplicity, let T = 1. Let A be an n Xk matrix of independent standard complex normal
random variables. Let A’ be the n X (k+1) matrix obtained from A by adding to it a column
of independent standard complex normal random variables. Let A be the n eigenvalues
of AA* and A’ be the n eigenvalues of A’(A’)*. We want the conditional density py-(A),
of A given A’, with respect to Lebesgue measure. From [26] (see also [23]) the conditional
density pya(A) is given by,

Mhcicin(A; = A))
H1§i<j§n(/\j - Ai)

Hence, by Bayes’ rule, and recalling the law of the LUE ensemble, we have,

prin(A) = e Lai-1A < Ay

Thcicjon(dj = A) Ty A2
pan(A) = [‘D—A/PA/M] A = A ! —1(A < A).
pa Micicjen; = AD I A7

Similarly to the case of GT, by induction this gives fixed time coincidence of the two GT
valued processes.

3.8 DIFFUSIONS ASSOCIATED WITH ORTHOGONAL POLYNOMIALS

Here, we consider three diffusions in Gelfand-Tsetlin patterns associated with the classical
orthogonal polynomials, Hermite, Laguerre and Jacobi. Although the one dimensional
diffusion processes these are built from, the Ornstein-Uhlenbeck, the Laguerre and Jacobi
are special cases of Sturm-Liouville diffusions with discrete spectrum, which we will con-
sider in the next subsection, they are arguably the most interesting examples, with close
connections to random matrices and so we consider them separately (for the classification
of one dimensional diffusion operators with polynomial eigenfunctions see [55] and for
a nice exposition Section 2.7 of [5]). One of the common features of the Karlin-McGregor
semigroups associated with them is that they all have the Vandermonde determinant as
their ground state (this follows from Corollary 3.37). At the end of this subsection we
describe the connection to eigenvalue processes of minors of matrix diffusions.

Definition 3.31. The Ornstein-Uhlenbeck (OU) diffusion process in I = R has generator and
SDE description,

e d
T 2dx2 dx’
dX(t) = dB(t) — X(Hdt,

Lou
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with moy(x) = e and —co and co both natural boundaries. Its conjugate diffusion process Loy
has generator and SDE description,

poo_ta d
U™ 5 dx2 dx’

dX(t) = dB(t) + X(t)dt,
and again —oo and oo are both natural boundaries and note the drift away from the origin.

Definition 3.32. The Laguerre Lag(a) diffusion process in I = [0, oo) has generator and SDE
description,

2

d d
LLug(a) = ZXE + (0( - ZX)E,

dX(t) = 2 X(OAB(t) + (o — 2X(b))dt,

With Mgy () = x*?e™ and oo being natural and for a > 2 the point 0 is an entrance boundary.
We will only be concerned with such values of o here.

Definition 3.33. The Jacobi diffusion process Jac(B,y) in I = [0,1] has generator and SDE
description,

2

d d
Ljac(py) = 2x(1 - x)@ +2(B-(B+ V)X)E/

dX(t) = 2 XD~ XO)MB() + 28— (B +)X(E)dt,

wWith Myey)(x) = P11 — x)’"! and 0 and 1 being entrance for B,y > 1. We will only be
concerned with such values of p and y in this section.

The restriction of parameters a, , y for Lag(ar) and Jac(B, y) is so that (BC+) is satisfied
(for a certain range of the parameters the points 0 and/or 1 are regular boundaries in
which case (BC+) is no longer satisfied due to the fact that the diffusion coefficients
degenerate at the boundary points).

We are interested in the construction of a process in GT(N), so that in particular at
each stage the number of particles increases by one. We start in the simplest setting of
W2 and in particular the Ornstein-Uhlenbeck case to explain some subtleties. We will
then treat all cases uniformly.

Consider a two-level process (X, Y) with the X particles evolving as two OU processes
being reflected off the Y particle which evolves as an Loy diffusion. Then, since this
is an honest Markov process, Theorem 2.19 (whose conditions are easily seen to be
satisfied) gives that if started appropriately, the projection on the X particles is Markovian
with semigroup Pf’ou'hz. Here, Pf’ou'hz is the Doob h-transformed semigroup of two
independent OU processes killed when they intersect by the harmonic function h»:

ho(x1,%2) = f hou(y)dy = sou(x2) — sou(x1),

X1

where spoy(x) = e"zF(x) is the scale function of the OU process and F(x) = e j(;x eyzdy is
the Dawson function. We note that, although this process is built from two OU processes
being kept apart (more precisely this diffusion lives in W?), it is not two independent OU
processes conditioned to never intersect.
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However, we can initially h-transform the Loy process to make it an OU process with
the h-transform given by /i1 (x) = iy, (x) with eigenvalue —1. Now, note that:

X2
e, ) = [ ouuyigh iy = 2 - ).
X1

This, as we see later in Corollary 3.37 is the ground state of the semigroup associated
to two independent OU processes killed when they intersect. Thus, if we consider a
two-level process (X, Y) with the X particles evolving as 2 OU processes reflected off a
single OU process, we get from Theorem 2.19 that the projection on the X particles is
distributed as two independent OU processes conditioned to never intersect via a Doob
h-transform by h;.

Similarly, an easy calculation gives that we can h-transform the iLug(a)-diffusion to

make it a Lag(a + 2) with the h-transform being rﬁzﬂlg(a)(x) with eigenvalue -2 and h-

transform with nﬁﬁllc(ﬁ y)(x) with eigenvalue —2(B + y) the ﬁ]ﬂc(ﬁ,y)-diffusion to make it a
Jac(p + 1,y + 1) to obtain the analogous result. Furthermore, this generalizes to arbitrary

n. First, let

=[] -

" 1<i<j<n+l

denote the Vandermonde determinant. By Corollary 3.37, /1,4 is the ground state of the
semigroup associated to 7 + 1 independent copies of an OU or Lag(a) or Jac(p, y) diffusion
killed when they intersect.

Proposition 3.34. Assume the constants o, ,y satisfy « > 2, > 1,y > 1. Let (X,Y) be a two-
level diffusion process in W""*1(1°) started according to the distribution (Ox, %1@ <
x)dy), where x € W (D), and X and Y evolving as follows:

OU: X as n + 1 independent OU processes reflected off Y which evolves as n OU processes
conditioned to never intersect via a Doob h-transform by h,,,

Lag: X as n + 1 independent Lag(a) processes reflected off Y which evolves as n Lag(a + 2)
processes conditioned to never intersect via a Doob h-transform by h,,

Jac: X as n + 1 independent Jac(B, y) processes reflected off Y which evolves as n Jac(f+ 1,y + 1)
processes conditioned to never intersect via a Doob h-transform by h,,.

Then, the X particles are distributed as,

OU: n + 1 OU processes conditioned to never intersect via a Doob h-transform by hy41,

Lag: n + 1 Lag(a) processes conditioned to never intersect via a Doob h-transform by hy.1,

Jac: n+1 Jac(B, y) processes conditioned to never intersect via a Doob h-transform by hy.1,
started from x.

Proof. We take as the L-diffusion an OU or Lag(«a) or Jac(B, y) diffusion respectively. Note
that, the assumptions (R), (BC+) and (YW) are satisfied for Lag(a) for @ > 2 and for
Jac(B,y) for p > 1,y > 1 (also these assumptions are clearly satisfied for an OU process).
Furthermore, observe that with,

i:ln(x) = ﬁ m_l(x) H (x] - xi)/
i=1 1<€i<j<n

we have:

A 1
B (@) = A rh)) = — [ (-,

T 1<i<j<n+l
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Moreover, note that the semigroup of 1 independent copies of an [-diffusion (namely
either an Loy or Lisg() or Ljac(s,y) diffusion) killed when they intersect i-transformed by 7,
is exactly the semigroup corresponding to Y in the statement of the proposition. Finally,
making use of Theorem 2.19 we obtain the required statement. o

It is rather easy to see how to iterate this construction to obtain a consistent process in
a Gelfand-Tsetlin pattern. To be precise, let us fix N the depth of the pattern and constants
a>2,p>1and y > 1 that will be the parameters of the processes at the bottom row.
Then, in the Ornstein-Uhlenbeck case level k evolves as k independent OU processes
reflected off the paths at level k — 1. In the Laguerre case level k evolves as k independent
Lag(a + 2(N — k)) processes reflected off the particles at level k — 1. Finally, in the Jacobi
case level k evolves as k independent Jac(f + (N — k), y + (N — k)) processes reflected off
the particles at level (k — 1). The result giving the distribution of the projection on each
level (under certain initial conditions) is completely analogous to previous sections and
we omit the statement.

Remark 3.35. In the Laguerre case we can build in a completely analogous way a process in GT
in analogy to the BESQ(d) case of Proposition 3.29. In the Jacobi case (with B,y > 1) we can
build a process (X,Y) € W™"((0, 1)) started from the origin (according to the entrance law) with
the Y particles evolving as n non-intersecting Jac(B,y + 1) and the X particles as n Jac(1 — 8, 7)
in (0, 1) reflected off the Y particles. Then, the X particles are distributed as n non-intersecting
Jac(B + 1,) processes started from the origin.

Connection to random matrices We now make the connection to the eigenvalues of
matrix valued diffusion processes associated with orthogonal polynomials. The relation
for the Ornstein-Uhlenbeck process and Lag(d) processes we constructed is the same as
for Brownian motions and BESQ(d) processes. The only difference being, that we replace
the complex Brownian motions by complex Ornstein-Uhlenbeck processes in the matrix
valued diffusions (the only difference being, that this introduces a restoring —x drift in
both the matrix valued diffusion processes and the SDEs for the eigenvalues).

We now turn to the Jacobi minor process. First, following Doumerc’s PhD thesis
[28] (see in particular Section 9.4.3 therein) we construct the matrix Jacobi diffusion as
follows. Let (U(t), t > 0) be a Brownian motion on U(N), the manifold of N x N unitary
matrices and let p + 4 = N. Let n be such that n < p,q and consider (H(t),t > 0) the
projection onto the first n rows and p columns of (U(t),t > 0). Then (J*(t),t >0) =
(H(®H)H(t)",t = 0) is defined to be the n X n matrix Jacobi diffusion (with parameters p, ).
Its eigenvalues evolve as n non-colliding Jac(p — (n — 1), g9 — (n — 1)) diffusions. Its k X k
minor is built by projecting onto the first k rows of (U(t),t > 0) and it has eigenvalues
(A(k)(t),t > 0) that evolve as k non-colliding Jac(p — (n — 1) + n —k,q — (n — 1) + n — k).
For fixed times T, if (U(t), t > 0) is started according to Haar measure, the distribution
of A®D(T) given A®(T) on WHIHA®(T)) being A}, (AO(T),-) see e.g. [33]. For the
connection to the process in W*" described in the remark, we could have projected on
the first n rows and p + 1 columns of (U(t),t > 0) and denoting that by (H(t)’,t > 0),

then ( JPELa(E), > O) = (H@)'(H(t)')", t 2 0) has eigenvalues evolving as n non-colliding
Jac(p—(n—-1)+1,9—(n—1)-1) and those interlace with the eigenvalues of (J/(t),t > 0).

Remark 3.36. Non-colliding Jacobi diffusions have also appeared in the work of Gorin [36] as
the scaling limits of some natural Markov chains on the Gelfand-Tsetlin graph in relation to the
harmonic analysis of the infinite unitary group U(co).
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3.9 DIFFUSIONS WITH DISCRETE SPECTRUM
3.9.1 Spectral expansion and ground state of the Karlin-McGregor semigroup

In this subsection, we show how the diffusions associated with the classical orthogonal
polynomials and the Brownian motions in an interval are special cases of a wider class
of one dimensional diffusion processes with explicitly known minimal eigenfunctions
for the Karlin-McGregor semigroups associated with them. We start by considering the
diffusion process generator L with discrete spectrum 0 > —=A; > —Ay > --- (the absence of
natural boundaries is sufficient for this, see for example Theorem 3.1 of [56]) with speed
measure m and transition density given by p:(x, dy) = g:(x, y)m(dy) where,

Loi(x) = —Axpr(x),

(9]

ai(x,y) = ) e M Pew).

k=1

The eigenfunctions {¢}k>1 form an orthonormal basis of L?(I, m(dx)) and the expansion
Yoo € dr(x)pr(y) converges uniformly on compact squares in I° x I°. Furthermore, the
Karlin-McGregor semigroup transition density with respect to [, m(dy;) is given by,

det(q:(x;, yj))?,,:r

We now obtain an analogous spectral expansion for this. We start by expanding the
determinant to get,

det(q:(xi, y)); 1 = Z sign(o) H q1(Xi, Yoi)
i1

o€,

Z ﬁ e (xi)e ™! Z sign(o) ﬁ Px (Yoti)
i=1

Ky, Ky i=1 GEG,

= Y [ ox e detr, (v oy
ki, ky i=1

Write ¢k(y) for det(qbkl.(yj))l?fj:1 for an n-tuple k = (kq,--- , k,) and also Ak for (Ag,,---, Ax,)
and note that we can restrict to kq, - - , k, distinct otherwise the determinant vanishes.
In fact we can restrict to ki, -+, k, ordered by replacing ki,--- , k, by k:q), -, ke(ny and
summing over T € S, to obtain, with Ay = Y7, Ak

det(@x, y)ia = ), ¢ o). (39)
1<k <<k

The expansion is converging uniformly on compacts in W"(I°) x W"(I°) for t > 0. Now,
denoting by T the lifetime of the process we obtain, for x = (x1,---,x,) € W”(I), the
following spectral expansion that converges uniformly on compacts in x € W"(I°),

PAT>H=[PI1] @)= Y, e Mo@ion Dwim (40)

1Sk1<'“<kn

39



INTERLACING DIFFUSIONS

where we used the notation:
f, @wnimy = f fler, -, xn)g(x1, -+, Xn) H m(x;)dx;.
Wi (le) 1

So, as t — oo by the fact that the eigenvalues are distinct and ordered the leading
exponential term is forced to be k; = i and thus:

]PX(T > t) = <¢(1,~~,n)/ 1>Wn(m) X e i it det((p,(x]))l’szl +0 (6_ Y )\,-t) ,ast — oo.

Hence, we can state the following corollary.

Corollary 3.37. The function,
ha(x) = det(i(x)))] ;4 (41)
is the ground state of P}.

The above argument proves that /1,(x) > 0 but in fact the positivity is strict, h,(x) > 0
for all x € W"(I°) which can be seen as follows. We have the eigenfunction relation, by
the Andreif (or generalized Cauchy-Binet) identity:

fw ., Q€K Y eIy [ [mwody: = e =4 det(itx) -
e i=1

Assume that det(qbi(xj))lf‘j:l = 0 for some x € W"(I°). Then, by the strict positivity of
det(g:(x;, v j))?j [T, m(y;) > 0 and continuity of h,(x) (see Theorem 4 of [48], also Problem 6
and its solution on pages 158-159 of [41]), the determinant det(¢p;(y f))ijl must necessarily
vanish everywhere in W*(I°). Hence, we can write for all x € I° ¢,(x) = ):?:_11 a;pi(x) for
some constants 2;. However, this contradicts the orthonormality of the eigenfunctions
and so h,(x) > 0 for all x € W*(I°).

A different way to see that h,(x) is strictly positive (up to a constant) in W"(I) is the
well known fact (see paragraph immediately after Theorem 6.2 of Chapter 1 on page 36
of [47]) that the eigenfunctions coming from Sturm-Liouville operators form a Complete
T-system (CT-system) or Chebyshev system namely Vn > 1,

h(x) = det(i(x))} .y > 0, x € W (D).
Remark 3.38. In fact a CT-system requires that the determinant does not vanish in W*(I) so
w.l.0.g multiplying by -1 if needed we can assume it is positive.

For the orthogonal polynomial diffusions and Brownian motions in an interval taking
the ¢;’s to be the Hermite, Laguerre, Jacobi polynomials (which via row and column op-
erations give the Vandermonde determinant) and trigonometric functions (of increasing
frequencies) we obtain the minimal eigenfunction.

Following this discussion, we can thus define the conditioned semigroup with transition
kernel pf’h” with respect to Lebesgue measure in W"(I°) as follows,

det(i(y))}

n,hy, = Z’Ll Ait
X, y)=e
P (% y) det(i(x)))}

det(p:(x;, yj))ijl'
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3.9.2 Conditioning diffusions for non-intersection through local interactions

Now, a natural question arising is the following. When is it possible to obtain n conser-
vative (by that we mean in case [ or r can be reached then they are forced to be regular
reflecting) L-diffusions conditioned via the minimal positive eigenfunction to never intersect
through the hard reflection interactions we have been studying in this work? We are able
to provide an answer in Proposition 3.39 below under a certain assumption that we now
explain.

First, note that L being conservative implies ¢; = 1. Furthermore, assuming that
the ¢ € C"1(I°) for 1 < k < n and denoting by qbl({]) their j derivative we define the
Wronskian W(¢1, -+, ¢u)(x) of ¢1,---, ¢ by,

W(p1,- -+, dp)(x) = det ((bgj_l)(X))Zj:l.

Then, we say that {qu};‘:1 form a (positive) Extended Complete T-system or ECT-
systemif forall 1 <k <n,

W(p1,--+,dr)(x) >0, Yx € I°.

This is a stronger property, in particular implying that {¢ j};’:l form a CT-system (see
Theorem 2.3 of Chapter 2 of [47]). Assuming that the eigenfunctions in question {¢ j};l:l
form a (positive) ECT-system then since ¢; =1,

W, -, o)x) >0, Vx eI’
and hence,
hu1(x) 1= det( i (x))};2; > 0, x € WH(D). (42)
We then have the following positive answer for the question we stated previously:

Proposition 3.39. Under the conditions of Theorem 2.19, furthermore assume that the generator
L has discrete spectrum and its first n eigenfunctions {¢ f}7=1 form an ECT-system. Now assume

that the X particles consist of n independent L-diffusions reflected off the Y particles which evolve

as an n — 1 dimensional diffusion with semigroup Pf‘l’h"*l, where h,_y is defined in (42). Then,
the X particles (if the two-level process is started appropriately) are distributed as n independent
L-diffusions conditioned to never intersect with semigroup P:”’l", where hy, is defined by (41).

Proof. Making use of the relations Dy, = D, and D; = D,, between the diffusion process
generator L and its dual we obtain,

LDupi = DpDeDyipi = DD Dspi = —AiDyipi.

Thus, (eAftZ),ﬁgbi(X(t));t > O) for each 1 <7 < n is a local martingale. By virtue of bound-
edness (since we assume that the L-diffusion is conservative we have lir?Z)mqb,-(x) =
x—=Lr

linan)sqb,-(x) = () it is in fact a true martingale and so for 1 <i <,
x—lr

p}D1ﬁ¢i = e_AitZ)mﬂbi- (43)
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Then, by the well-known Andreif (or generalized Cauchy-Binet) identity we obtain,

and thus 1,,_, is a strictly positive eigenfunction for P-1. Finally, by performing a simple
integration we see that,

(An-t T Tyt ftn-1) (x) = constyhy(x), x € W(I).
Using Theorem 2.19 we obtain the statement of the proposition. |

Obviously the diffusions associated with orthogonal polynomials and Brownian mo-
tions in an interval fall under this framework.

3.10 EIGENFUNCTIONS VIA INTERTWINING

In this short subsection we point out that all eigenfunctions for #n copies of a diffusion
process with generator L in W" (not necessarily diffusions with discrete spectrum e.g.
Brownian motions or BESQ(d) processes) that are obtained by iteration of the intertwining
kernels considered in this work, or equivalently from building a process in a Gelfand-
Tsetlin pattern, are of the form,

Su(x1, -+, %) = det (hf")(xj)):j=1 , (44)

for functions (hg”), ., h;”)) (not necessarily the eigenfunctions of a one dimensional dif-
fusion operator) given by,

X &1 Ei-2
@) = w() f W& f W) f W& -der,  (45)

for some weights w?")(x) > 0and c € I°. An easy consequence of the representation above
(see e.g. Theorem 1.1 of Chapter 6 of [47]) and assuming wl(,”) € Ci(l,r) (n — i times
continuously differentiable) is that the Wronskian W (hgn), e, hﬁf’)) is given by for x € I°,

W (hgn), . hgln)) (x) = [wgn)(x)]n [w(zn)(x)]n—l . [wgl")(x)] , (46)

so that in particular W (1", -+, 1) (x) > 0.

We shall restrict to the case of GT(n) (Where the number of particles on each level
increases by 1) for simplicity and prove claims (44) and (45) by induction. For n = 1 there
is nothing to prove. We conclude by stating and proving the inductive step as a precise
proposition:

Proposition 3.40. Assume that the input, strictly positive, eigenfunction $,-1 for n — 1 copies
of a one dimensional diffusion process is of the form (44) and (45). Then, the eigenfunction
D built from the intertwining relation of Karlin-McGregor semigroups (26) for n copies of its
dual diffusion has the same form (44) and (45), with the weights {wl(,")}?:1 satisfying an explicit

(n=1)yn-1
P

recursion in terms of the {w e
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Proof. In order to obtain a strictly positive eigenfunction for n copies of an L-diffusion,
we can in fact start more generally with #n copies of an L-diffusion h-transformed by a
one dimensional strictly positive eigenfunction / (denoting by L" such a diffusion process
where we assume that L" satisfies the boundary conditions of Section 2 in order for the
intertwining (26) to hold). It is then clear that:

St %) = [ [ Ao n Do), -+, (47)
i=1

where now $,-1(x1,---, x,-1) is a strictly positive eigenfunction of n — 1 copies of an ﬁ
diffusion and which by our hypothesis is given by,

Dn-1(x1, -+, xp-1) = det (hﬁ"‘l)(xj))

n-1 48
o (48)
for some functions (h(ln_l), e ,hﬁ:’__ll)) with a representation as in (45) for some weights

{w("‘l)}

; i<n-1. A simple integration now gives,

h(x) = h(x),

H(x) = h(x) f (" (y)dy, fori>2,

where %(x) = h™2(x)s(x) is the density of the speed measure of a L diffusion. We thus

obtain the following recursive representation for the weights {wE")}ign,

w!" (x) = h(x), (49)
0 (x) = i 208 (), (50)
w(x) = w" Y (x), fori>3. (51)

O

3.11 CONNECTION TO SUPERPOSITIONS AND DECIMATIONS

For particular entrance laws, the joint law of X and Y at a fixed time can be interpreted
in terms of superpositions/decimations of random matrix ensembles (see e.g. [34]). For
example, in the context of Proposition 3.3, the joint law of X and Y at time 1 agrees with the
joint law of the odd (respectively even) eigenvalues in a superposition of two independent
samples from the GOE,;; and GOE, ensembles, consistent with the fact that in such a
superposition, the odd (respectively even) eigenvalues are distributed according to the
GUE,+1 (respectively GUE,) ensembles, see Theorem 5.2 in [34]. In the BESQ/Laguerre
case, our Proposition 3.27 is similarly related to recent work on GOE singular values by
Bornemann and La Croix [8] and Bornemann and Forrester [7].

3.12 CONNECTION TO STRONG STATIONARY DUALS

Strong stationary duality (SSD) first introduced by Diaconis and Fill [25] in the discrete
state space setting is a fundamental notion in the study of strong stationary times which
are a key tool in understanding mixing times of Markov Chains. More recently, Fill
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and Lyzinski [32] developed an analogous theory for diffusion processes in compact
intervals. Given a conservative diffusion G one associates to it a SSD G* such that the two
semigroups are intertwined (see Definition 3.1 there). In Theorem 3.4 therein the form of
the dual generator is derived and as already indicated in Remark 5.4 in the same paper
this is exactly the dual diffusion G h-transformed by its scale function.

In our framework, considering a two-level process in W' with L = Gand so L. = G
and using the positive harmonic function i1 = 1, the distribution of the projection on the
X particle (under certain initial conditions) coincides with the SSD G* diffusion. Hence
this provides a coupling of a diffusion G and its strong stationary dual G* respecting the
intertwining between G and G".

4 EDGE PARTICLE SYSTEMS

In this section we will study the autonomous particle systems at either edge of the
Gelfand-Tsetlin pattern valued processes we have constructed. In the figure below, the
particles we will be concerned with are denoted in e.

)
Xl
[ ]
) )
Xl XZ
[ ] [ ]
® ) %)
Xl XZ X3
[ ] o) [ ]
NN o o ™
Xl XZ X3 XN -2 XN -1 XN
[ ] (o] O  seseen [e] [e] [ ]

Our goal is to derive determinantal expressions for their transition densities. Such
expressions were derived by Schutz for TASEP in [65] and later Warren [72] for Brownian
motions. See also Johansson’s work in [42], for an analogous formula for a Markov chain
related to the Meixner ensemble and finally Dieker and Warren’s investigation in [27],
for formulae in the discrete setting based on the RSK correspondence. These so called
Schutz-type formulae were the starting points for the recent complete solution of TASEP
in [54] which led to the KPZ fixed point and also for the recent progress [43] in the
study of the two time joint distribution in Brownian directed percolation. For a detailed
investigation of the Brownian motion model the reader is referred to the book [75].

We will mainly restrict ourselves to the consideration of Brownian motions, BESQ(d)
processes and the diffusions associated with orthogonal polynomials. In a little bit more
generality we will assume that the interacting diffusions have generators of the form,

d? d
L= a(x)ﬁ + b(x)a,

with,
a(x) = ap + ayx + axx® b(x) = by + byx.

We will also make the following standing assumption in this section. We restrict to the
case of the boundaries of the state space I being either natural or entrance thus the state
space is an open interval (/, 7). Under these assumptions the transition densities will be
smooth in (/,r) in both the backwards and forwards variables (possibly blowing up as
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we approach [ or r see e.g [68] and for a detailed study of the transition densities of the
Wright-Fisher diffusion see [19]). This covers all the processes we built that relate to minor
processes of matrix diffusions. This interacting particle system can also be seen as the
solution to the following system of SDE’s with one-sided collisions with (x] < --- < x7),

Xﬁmzﬁ+ljJmaﬁ@mﬂ@+ﬁwma9@m$
XUty = x4 fo e ey + fo e+ KW, (52)
X () = x + fo \2a(X{(5))dys(s) + fo b (9)ds + K (1),

where y! areindependent standard Brownian motions and K:_ are positive finite variation
processes with the measure dK::'_ supported on {t : Xl(.l)(t) = XS'__ll)(t)} and

b0 (x) = b(x) + (n — k)a’(x) = by + (n — k)a1 + (b + 2(n — k)a)x.

That these SDE’s are well-posed, so that in particular the solution is Markov, follows
from the same arguments as in Section 5.1. Note that, a quadratic diffusion coefficient
a(-) and linear drift b(-) satisfy (YW). See the following figure for a description of the
interaction. The arrows indicate the direction of the "pushing force” (with magnitude the
finite variation process K) applied when collisions occur between the particles so that the
ordering is maintained.

X X8 X0 X0

° — ® — ° cee ° — o .

Note that our assumption that the boundary points are either entrance or natural does not
always allow for an infinite such particle system,in particular think of the BESQ(d) case
where d drops down by 2 each time we add a particle. Denote by pgk) (x, y) the transition
kernel associated with the L®-diffusion with generator,

d? d
(k) — - () ()
L a(x)d2+b (x)d.

Defining,

X (' =2)71 (K .
fl A (x(]._zl))! pP(x,2)dz j=1

WGy ) =
r o) 9/pP(x,x) j<0

and with x = (x1,--+,x,), ¥ = (x],- -+, x7),

si(x, x') = det (Sf)’i_j (x;, x;)) (53)

n
ij=1"

we arrive at the following proposition.
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Proposition 4.1. Assume that the diffusion and drift coefficients of the generators L® are of
the form a(x) = ag + ayx + axx* and b® (x) = by + (n — k)ay + (by + 2(n — k)az)x and moreover
assume that the boundaries of the state space are either natural or entrance for the L®-diffusion;
in particular this implies certain constraints on the constants ay, ay,az,bo, b1. Then, the process
(Xgl)(t), -+, X" (1)) satisfying the SDEs (52), in which X}Ek) is an L®-diffusion reflected off X]((k__ll),
has transition densities s;(x, x").

Proof. First, we make the following crucial observation. Define the constant cx, = 2(n —
k — 1)as + by and note that the L®-diffusion is the h-transform of the conjugate L*+1

with m+D 1(x) with eigenvalue c ,, so that L® = (@)* — ¢k, which is again a bona
fide diffusion process generator (with L* denoting the formal adjoint of L with respect
to Lebesgue measure). Thus, making use of (4) and (5) we obtain the following relation
between the transition densities,

Z
P9, 2) = —er f 2t (x, wydk, (54)
I
Ip(x,2) = =199, p D (x, 2),

Now, let f : W"(I°) = R be continuous with compact support. Then, we have the
following t = 0 boundary condition,

lim s(x, ¥) f(x")dx" = f(x), (55)
t—0 Wn(I°)

which formally can easily be seen to hold since the transition densities along the main
diagonal approximate delta functions and all other contributions vanish. We spell this
out now. Let e > 0 and suppose f is zero in a 2e neighbourhood of dJW"(I°). We
consider a contribution to the Leibniz expansion of the determinant coming from a
permutation p that is not the identity. Hence there exist i < j so that p(i) > i and

p(j) < i and note that the factors Sgi)’i_p @ (xi, x’p(i)) and ng)’j -0 (x]-, x’p(j)) are contained in
the contribution corresponding to p. Since j — p(j) > 0 and i — p(i) < 0 observe that
on the set {x’p @~ Xi> e} U {x’p 0
contribution as t | 0 vanishes uniformly. On the other hand on the complement of this

’ . . ’ : . h ’ ’
set we have X5 Sxt+tesxj+es< Xt 2e. Since p(j) < p(i) so that X0 < X We thus

—xj < —e} at least one of these factors and so the whole

obtain that if x” is in the complement of {x’ - x> e} U {x’ L =X < —e} it also belongs to
( p()

p()
some 2¢ neighbourhood of dW"(I°) and hence outside the support of f. (55) then follows.

Now by multilinearity of the determinant the equation in (0, o0) X Wr(1) x W(I),
ossi(x, x') = Z Lgf)st(x, x’),
i=1

is satisfied since we have &tSik)'] (x,x") = Lik)Sgk)’] (x, x’) for all k. Here, Lgf) is simply a copy
of the differential operator L® acting in the x; variable.

Moreover, for the Neumann/reflecting boundary conditions we need to check the
following conditions dy,s;(x, X')|y,=x,, =0fori=2,--- ,n.
This follows from,

Vi i
8xi8§1)1 T(xi, Xl = =€ “tSE’ » ](x,-_l,x;).
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This is true because of the following observations. For j < -1
2 p V,2) = —e 190 (x,2).
Forj>1

— Z)i-1 —z)71
(x Zl))| Pt Dy, 2)dz = — c,lntaf x]_zl) fpt’(x w)dwdz

e [[ @f gk)(x,w)dw]:/—IXI—(x i 2 (x z)dz]
_efintg, f - Z) 1)(x z)dz.

Hence Sgi_ I(x,x') = —ec'*lf"té?xSﬁl)’] *(x,x') and thus

a:c,St(x/ x/)lxi:x,,l =0,
fori=2,---,n.
Define for f as in the first paragraph,
F(t,x) = f se(x, x") f(x")dx'.
Wr(l°)

Let S, denote the law of (X;l), ‘e ,X;")) started from x = (x1,---,x,) € W". Fixing T,e
and applying Ito’s formula to the process (F(T + € —t, x),t < T) we obtain that it is a local
martingale and by virtue of boundedness indeed a true martingale. Hence,

F(T +¢,x) = S, [F(e, (X(T), -+, X1(D))]
Now letting € | 0 we obtain,
E(T,x) = S, [f (X(D), -, x{(D)].

The result follows since the process spends zero Lebesgue time on the boundary so that
in particular such f determine its distribution. o

In the standard Brownian motion case with pgk) the heat kernel this recovers Proposi-
tion 8 from [72].

Now, we consider the interacting particle system at the other edge of the pattern with
the i" particle getting reflected downwards from the i — 1", namely with (x] > --- > x7)
this is given by the following system of SDEs with reflection,

t t

XV = 2 + j; V2a(XP(8))dyl(s) + j; bO(xV(s))ds,

Xt = 2 + f N2a(X ")y (s) + f b (X (s))ds — KI"H(1), (56)
t t

X§”>(t)=x';+ fo V20X (s)dy ! (s) + fo b (X (s))ds — K (),
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where ) areindependent standard Brownian motions and K} are positive finite variation

processes with the measure dK;’Jr supported on {t : Xl@(t) = Xl(:l)(t)}. Again see the figure
below,
X(") X(n—l) X("*Z) X(Z) X(l)
g — 1. «— 1. e .1 — .1 .
Define,

r -2 (k) ,
30y vy =1 ¥ e (x,2)dz j 21
£V iy 1) i
P (X, X)) j<0

Then letting, with x = (x1,- -+, x,), ¥ = (x],--+ , x7),

5:(x, %) = det(S (xi, X))y, (57)

we arrive at the following proposition.

Proposition 4.2. Assume that the diffusion and drift coefficients of the generators L™ are of the
form a(x) = ag + a1x + axx? and b®(x) = by + (n — k)ay + (b1 + 2(n — k)az)x and moreover assume
that the boundaries of the state space are either natural or entrance for the L®-diffusion. Then, the
process (Xgl)(t), e Xi")(t)) satisfying the SDEs (56), in which ng) is an L®O-diffusion reflected

off ng_l), has transition densities 5;(x, x").

Proof. The key observation in this setting is the following relation between the transition
kernels:

.
pP(x, z) = et f A" (x, w)dw.
z

This is immediate from (54) since each diffusion process in this section is an honest
Markov process.

Then, checking the parabolic equation with the correct spatial boundary conditions
is as before. Now the t = 0 boundary condition, again follows from the fact that all
contributions from off diagonal terms in the determinant have at least one term vanishing
uniformly in this new domain (x; > --- > x,,). O

Via a simple integration, we obtain the following formulae for the distributions of the
leftmost and rightmost particles in the Gelfand-Tsetlin pattern,

Corollary 4.3.

P,o/(X" () < z) = det (3§i>""f+1(x§°>,z))?jzl,
o
P (X("() 2 2) = det (- 80, 2)

where x© = (x(10) <o <2y and 0 = (J_Cgo) > ... >z,

For pgk) the heat kernel and x© = (0,---,0) this recovers a formula from [72]. In the
BESQ(d) case and t = 1 the above give expressions for the largest and smallest eigenvalues
for the LUE ensemble. We obtain the analogous expressions in the Jacobi case as t — o
since the JUE is the invariant measure of non-intersecting Jacobi processes.
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5 WELL-POSEDNESS AND TRANSITION DENSITIES FOR SDES WITH REFLECTION

5.1 WELL-POSEDNESS OF REFLECTING SDEs

We will prove well-posedness (existence and uniqueness) for the systems of reflecting
SDEs (14), (20), (32), (52) and (56) considered in this work. It will be more convenient,
although essentially equivalent for our purposes, to consider reflecting SDEs for X in
the time dependent domains (or between barriers) given by Y i.e. in the form of (28).
More precisely we will consider SDEs with reflection for a single particle X in the time
dependent domain [Y~, Y*] where Y~ is the lower time dependent boundary and Y* is
the upper time dependent boundary. This covers all the cases of interest to us by taking
Y~ =Y and Y* = Y; with the possibility Y~ =l and/or Y* = r.

We will first obtain weak existence, for coefficients o(x) = +/2a(x), b(x) continuous and
of at most linear growth, the precise statement to found in Proposition 5.1 below. We
begin by recalling the definition and some properties of the Skorokhod problem in a time
dependent domain. We will use the following notation, IR, = [0, c0). Suppose we are
given continuous functions z, Y=, Y* € C (R+; R) such that YT > 0,

inf (Y*()) = Y~() > 0,

a condition to be removed shortly by a stopping argument. We then say that the pair
(x, k) € C(R4; R) x C(R4;R) is a solution to the Skorokhod problem for (z, Y=, Y*) if for
every t > 0 we have x(t) = z(t) + k(t) € [Y~(¢), Y*(t)] and k(t) = k~(t) — k*(t) where k" and
k™ are non decreasing, in particular bounded variation functions, such that ¥t > 0,

¢ ¢
f 1(z(s) > Y7 (s))dk (s) =0 and f 1(z(s) < Y*(s))dk*(s) = 0.
0 0

Observe that the constraining terms k* and k™ only increase on the boundaries of the time
dependent domain, namely at Y* and Y~ respectively. Now, consider the solution map
denoted by S,

S:C(R.;R) % C(Ry+;R) X C(Rs; R) = C(R+; R) X C(Ry; R)
given by,
S:(z,Y,Y) e (x,k).

Then the key fact is that the map & is Lipschitz continuous in the supremum norm and
there exists a unique solution to the Skorokhod problem, see for example Proposition
2.3 and Corollary 2.4 of [67] (also Theorem 2.6 of [14]). Below we will sometimes abuse
notation and write x = S(z, Y7, Y*) just for the x-component of the solution (x, k).

Now suppose 0 : R = R and b : R — RR are Lipschitz continuous functions. Then
by a classical argument based on Picard iteration, see for example Theorem 3.3 of [67],
we obtain that there exists a unique strong solution to the SDER (SDE with reflection) for
Y~(0) < X(0) < Y*(0),

X(t) = X(0) + j(; o (X(s)) dp(s) + j(; b(X(s))ds + K~ (t) — K*(t),

where f is a standard Brownian motion and (K*(t);t > 0) and (K™ (f);t = 0) are non de-
creasing processes that increase only when X(t) = Y*(f) and X(t) = Y™ (f) respectively so
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that for all > 0 we have X(t) € [Y™(f), Y*(f)]. Here, by strong solution we mean that
on the filtered probability space (Q2, , {#¢}, IP) on which (X, K, B) is defined, the process

(X,K) is adapted with respect to the filtration ?‘tﬁ generated by the Brownian motion
B. Equivalently (X, K) where K = K* — K™ solves the Skorokhod problem for (z, Y=, Y*)
where,

z (") e X(0) + j;a(X(s)) dﬁ(s)+f0.b(X(s)) ds.

We write sf for the corresponding measurable solution map on path space, namely so
that X = s% (8; Y, Y™).

Now, suppose 0 : R — R and b : R — R are merely continuous and of at most linear
growth, namely:

lo()l, Ib(x)] < C(1 + |x]),

for some constant C. We will abbreviate this assumption by (CLG). Then, we can still
obtain weak existence using the following rather standard argument. Take ¢ : R —» R
and b : R — Rtobe Lipschitz, converging uniformly to o and b and satisfying a uniform
linear growth condition. More precisely:

ol 2ol o pen 20

@), 16" 0] < C(1+ [x)), (58)

for some constant C that is independent of n. For example, we could take the mollification
o = Pra, with P, (x) = np(nx) where ¢ is a smooth bump function: ¢ € C*,¢ >0, [ =
1 and supp(¢) c [-1,1]. Then, if [o(x)] < C(1 + |x]) we easily get |(pn * 0)(x)| < (2 + [|x])
uniformly in 7. Let (X(”),K(”)) be the corresponding strong solution to the SDER above
with coefficients 6™ and b™. Then the laws of,

X(0) + fo e (X" (s)) dp(s) + fo b (X (s)) ds,

are easily seen to be tight by applying Aldous’ tightness criterion (see for example Chapter
16 of [45] or Chapter 3 of [29]) using the uniformity in 7 of the linear growth condition
(58). Hence, from the Lipschitz continuity of S we obtain that the laws of (X(”), K(”)) are
tight as well.

Thus, we can choose a subsequence (;;i > 1) such that the laws of (X(”'), K(”')) converge
weakly to some (X, K). Using the Skorokhod representation theorem we can upgrade
this to joint almost sure convergence on a new probability space (Q, FAF, ]f’) More
precisely, we can define processes (X(i), K(i))i>1 , (X, K) on (Q, F AR, lf’) so that:

(X(i)llz(i)) d (X(m),K(m)), (f{ 12) (%K), (X(i>,12(i)) 25 (X, K).

Now, the stochastic processes:

Ma() = X (1) - X(0) - f 10 (£00)ds ~ () 0+ () 0
0
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are martingales with quadratic variation:

<Mnr Mn)(t) = ‘f: (U(n) (X(n)(S)))z ds.

By the following convergences:

o) 1 ) 2ol (g(i)l IZ(">) 2% (X, R)
we obtain that M,, = M where,

t
M(t) = X(t) — X(0) — j; b(X(s))ds — K~(t) + K* ()

is a martingale with quadratic variation given by:

t
(M, M)(t) = fo o?(X(s))ds.

Then, by the martingale representation theorem there exists a standard Brownian motion
B, that is defined on a possibly enlarged probability space, so that M(t) = fot o (f((s)) dp(s)
and thus:

t t
X(t) = X(0) + j; o (X(s)) dp(s) + fo b(X(s))ds + K~(t) - K*(t),

where again the non decreasing processes (K*(t);t > 0) and (K‘(t);t > 0) increase only
when X(t) = Y*(t) and X(t) = Y~ (t) respectively so that X(t) € [Y~(t), Y*(t)] ¥t > 0. Hence,
we have obtained the existence of a weak solution to the SDER for ¢ and b continuous
and of at most linear growth.

We now remove the condition that Y=, Y* never collide by stopping the process at the
first time 7 = inf{t > 0 : Y7 () = Y*(t)} that they do. First we note that, there exists an
extension to the Skorokhod problem and to SDER, allowing for reflecting barriers Y=, Y*
that come together, see [14], [67] for the detailed definition. Both results used in the
previous argument, namely the Lipschitz continuity of the solution map, which we still
denote by S, and existence and uniqueness of strong solutions to SDER extend to this
setting, see e.g. Theorem 2.6, also Corollary 2.4 and Theorem 3.3 in [67]. The difference of
the extended problem to the classical one described at the beginning, being thatk = k™ —k*
is allowed to have infinite variation. However, as proven in Proposition 2.3 and Corollary
2.4 in [14] (see also Remark 2.2 in [67]) the unique solution to the extended Skorokhod
problem coincides with the one of the classical one in [0, T] while }1;1; YT () =Y~ (t)) > 0.

Thus, by the previous considerations, for any T < 1, we still have a weak solution to the
SDER above, with bounded variation local terms K; the final statement more precisely
given as:

Proposition 5.1. Assume Y~,Y* are continuous functions such that Y~(t) < Y*(t),Vt > 0 and
lett=inf{t > 0: Y~ (t) = Y*(t)}. Assume (CLG), namely that (-), b(-) are continuous functions
satisfying an at most linear growth condition, for some positive constant C:

lo()l, [b(x) < C(1 + [x]).
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Then, there exists a filtered probability space (Q, ¥, {F+}, IP) on which firstly an adapted Brownian
motion p is defined (not necessarily generating the filtration). Moreover, for Y~(0) < X(0) < Y*(0)
the adapted process (X, K) satisfies:

AT

X(t A 1) = X(0) + f ", (X(s)) dB(s) + f b(X(s)ds+ K (tAT) - K (tAT),  (59)
0 0

such that for all t > 0 we have X(t A t) € [Y7(t A7), Y"(t A 1)] and for any T < 7 the
non decreasing processes (K*(t);t < T) and (K™ (t); t < T) increase only when X(t) = Y*(t) and
X(t) = Y~ (t) respectively.

We will now be concerned with pathwise uniqueness. Due to the intrinsic one-
dimensionality of the problem we can fortunately apply a simple Yamada-Watanabe type
argument. For the convenience of the reader we now recall assumption (YW), defined
in Section 2: Let I be an interval with endpoints [ < r and suppose p is a non-decreasing
function from (0, o) to itself such that f0+ % = co. Consider, the following condition on
functionsa : I — R, and b : I — R, where we implicitly assume that a and b initially
defined in I° can be extended continuously to the boundary points [ and r (in case these

are finite),

|Vax) = aW)P? < p(lx = yl),

|b(x) = b(y)l < Clx = yl.

Moreover, we assume that +/a(-) is of at most linear growth. Note that, for b(-) this is
immediate by Lipschitz continuity.
Also, observe that since p is continuous at 0 with p(0) = 0 (the assumption on p implies

this) we get that +/a(-) is continuous. Thus, (YW) implies (CLG) and in particular the
existence result above applies under (YW). We are now ready to state and prove our
well-posedness result.

Proposition 5.2. Under the (YW) assumption the SDER (59) with (o,b) = (V2a,b) has a
pathwise unique solution.

Proof. Suppose that X and X are two solutions of (59) with respect to the same noise.
Then the argument given at Chapter IX Corollary 3.4 of [63] shows that L(X; — X;) = 0
where for a semimartingale Z, L*(Z) denotes its semimartingale local time at a (see for
example Section 1 Chapter VI of [63]). Hence by Tanaka’s formula we get,

X(tA ) = X(EA ) = f; sgn(X(s) - XE)AX(s) - X(5))
= [ sgn(X(s) - X(6) (V2a(X() - V2a(X(5))) d(s)
+ ;7 sgn(X(s) = KENOX(E) ~ b(X(E)ds

— [ sgn(X(s) - K(s)A(K*(s) - K¥(s)) + [ sgn(X(s) = K(s)d(K(s) — K~(s)).

Note that Y~ < X, X < Y*, dK* is supported on {f : X(t) = Y*(#)} and dK* is supported
on {t : X(t) = Y*(#)}. Soif X < X < Y* then dK* —dK* > 0 and if X < X < Y* then
dK*—dK* < 0. Hence jgm sgn(X(s)—X(s))d(K*(s)—K*(s)) > 0. With similar considerations
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fom sgn(X(s) — X(s))d(K~(s) — K~(s)) < 0. Taking expectations we obtain,
AT
E[IX(t A1) = X(tAD]<E [j(; sgn(X(s) — X(s))(b(X(s)) — b(X(s)))ds

EAT
< Cf E[1X(s) — X(s)|]ds.
0
The statement of the proposition then follows from Gronwall’s lemma. o

Under the pathwise uniqueness obtained in Proposition 5.2 above, if the evolu-
tion (Y7(f A7), Y*(t A T);t > 0) is Markovian, then standard arguments (see for exam-
ple Section 1 of Chapter IX of [63]) imply that (Y~ (t A7), Y*(t A1), X(tAT);t>0) is
Markov as well. Moreover, under this (YW) condition we still have the solution map
X = R (5 Y, Y7,

The reader should note that Proposition 5.2 covers in particular all the cases of Brow-
nian motions, Ornstein-Uhlenbeck, BESQ(d) , Lag(«) and Jac(B, y) diffusions considered
in the Applications and Examples section.

5.2 TRANSITION DENSITIES FOR SDER

The aim of this section is to prove under some conditions that ¢/"**' and ¢/ form the

transition kernels for the two-level systems of SDEs (14) and (20) in W""*1 and W""
respectively. For the sake of exposition we shall mainly restrict our attention to (14). In
the sequel, T will denote the stopping time T""*! (or T"" respectively).

Throughout this section we assume (R) and (BC+) hold for the L-diffusion and (YW)
holds for both the L and L diffusions. In particular, there exists a Markov semimartingale
(X, Y) satistying equation (14) (or respectively (20)).

To begin with we make a few simple but important observations. First, note that if
the L-diffusion does not hit [ (i.e. I is natural or entrance), then X; doesn’t hit [ either
before being driven to I by Y; (in case [ is exit for i). Similarly, it is rather obvious, since
the particles are ordered, that in case [ is regular reflecting for the L-diffusion the time
spent at [ up to time 7 by the SDEs (14) is equal to the time spent by X; at [. This is in
turn equal to the time spent at / by the excursions of X; between collisions with Y7 (and
before 7) during which the evolution of X; coincides with the unconstrained L-diffusion
which spends zero Lebesgue time at I (e.g. see Chapter 2 paragraph 7 in [12]). Hence
the system of reflecting SDEs (14) spends zero Lebesgue time at either / or r up to time
7. Since in addition to this, the noise driving the SDEs is uncorrelated and the diffusion
coefficients do not vanish in I° we get that,

j; Loworngy (X, Y(D)dt =0 ass. . (60)

We can now in fact relate the constraining finite variation terms K to the semimartin-
gale local times of the gaps between particles (although this will not be essential in what
follows). Using the observation (60) above and Exercise 1.16 (3°) of Chapter VI of [63],
which states that for a positive semimartingale Z = M+ V > 0 (where M is the martingale
part) its local time at 0 is equal to 2 f(; 1(Zs = 0)dVs, we get that for the SDEs (14) the
semimartingale local time of Y; — X; at 0 up to time 7 is,

2 f " 1(Yi(s) = Xi(s))dK? (s) = 2K* (t A 7),
0
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and similarly the semimartingale local time of X;41 —Y; at O up to 7 is,

AT
2 f 1(Xi41(5) = Yi(s)dK:,,(s) = 2K, (E A T).
0

Now, we state a lemma corresponding to the time 0 boundary condition.

Lemma 5.3. Forany f : W"*1(I°) — R continuous with compact support we have,

lim g (G y), (0, YN, y)dxdy = f(x, y).
t—0 WhiH (1)

Proof. This follows as in the proof of Lemma 1 of [72]. See also the beginning of the proof
of Proposition 4.1. o

We are now ready to prove the following result on the transition densities.

Proposition 5.4. Assume (R) and (BC+) hold for the L-diffusion and (YW) holds for both the L
and L diffusions. Moreover, assume that | and r are either natural or entrance for the L-diffusion.

Then q:""” form the transition densities for the system of SDEs (14).

Proof. Let Q;'j;‘” denote the law of the process (X1, Y1, - -, Yy, Xy41) satisfying the system
of SDEs (14) and starting from (x, iy). Define for f continuous with compact support,

P (v, ) = f o B NS iy
Wnn+1(1e

Our goal is to prove that for fixed T > 0,

FY (T, (x, ) = Qi [F(X(D), YIO)AT < 1) ©)

The result then follows since from observation (60) the only part of the distribution of
(X(T), Y(T)) that charges the boundary corresponds to the event {T > 7}.

In what follows we shall slightly abuse notation and use the same notation for both
the scalar entries and the matrices that come into the definition of q:””“. First, note the
following with x, y € I°,

Ax, X') = Dy, DiAx, X') , diBi(x,y') = Dy, DiBi(x, i),
ACi(y,x') = DED{Ci(y,x") , Dy, y') = Dy D!Diy, ).

To see the equation for C;(y, x") note that since Dy, = D, and D; = D,, we have,
:Ci(y,x') = _Dsyatpt(}// x') = _DsyDrynZ)sypt(yr x') = —D%Z)!Dsypt(y, x') = Z)%Z)gct(y, x').
Hence, for fixed (v/, ') € W*"*1(I°) we have,

n+1

2" (o, () = (Y DD + Y DD ) (), ()
i=1 i=i
in (0, 00) x W1(1°).
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Now, by definition of the entries Ay, B, C;, D; we have for x,y € I°,

D ANX, X =y = —111(y)Ci(y, x°),
dxBi(x, y,)|X=y = —1i(y)Di(y, y').

Hence for fixed (x', y’) € W***1(I°) by differentiating the determinant and since two rows
are equal up to multiplication by a constant we obtain,

nn+1 nn+1

x,qt ((x, v), ) Y ))|*c,—yl *c,qt ((x, v), , Y ))|*c,—yl

The Dirichlet boundary conditions for y; = y;41 are immediate since again two rows of
the determinant are equal. Furthermore, in case ! or r are entrance boundaries for the
L-diffusion the Dirichlet boundary conditions for y; = [ and y, = r follow from the fact
that (in the limitas y — [, 1),

Dt(y/ yl)ly:l,r =0, Ct(yr x,)|y:l,r = D;(At(xr x,)lx:l,r =0.

Fix T,e > 0. Applying Ito’s formula we obtain that for each (x’, y’) the process,

(U, ) s £ € [0, T]) = (g2 (X0, Y(B), (¥, ) : £ €10, T]),

is a local martingale. Now consider a sequence of compact intervals J; exhausting I as
k — co and write 1y for inf{t : (X(f), Y(t)) ¢ Jx}. Note that 1(T < 7 A 7¢) = (T < 1) as
k — oo by our boundary assumptions, more precisely by making use of the observation
that X does not hit [ or r before Y does. Using the optional stopping theorem (since the

stopped process (ka ',y tel0, T]) is bounded and hence a true martingale) and then
the monotone convergence theorem we obtain,

g (e y), (0, y) = QU [ (X(T), Y(D)), (o, y)UT < 7).

Now multiplying by f continuous with compact support, integrating with respect to
(«’, ") and using Fubini’s theorem to exchange expectation and integral we obtain,

FY (T + €, (x, ) = Qy [P (e, (X(T), Y(D)UT < 7).
By Lemma 5.3, we can let € | 0 to conclude,
P (T, () = Q[ FX(T), YDU(T < 1))
The proposition is proven. |

Completely analogous arguments prove the following:

Proposition 5.5. Assume (R) and (BC+) hold for the L-diffusion and (YW) holds for both the
L and L diffusions. Moreover, assume that | is either natural or exit and r is either natural or
entrance for the L-diffusion. Then q,"" form the transition densities for the system of SDEs (20).

We note here that Propositions 5.4 and 5.5 apply in particular to the cases of Brownian
motions with drifts, Ornstein-Uhlenbeck, BESQ(d) for d > 2, Lag(a) for a > 2 and Jac(B, y)
for B, > 1 considered in the Applications and Examples section.

In the case | and/or r are regular reflecting boundary points we have the following
proposition. This is where the non-degeneracy and regularity at the boundary in as-
sumption (BC+) is used. This is technical but quite convenient since it allows for a rather
streamlined rigorous argument. It presumably can be removed.
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Proposition 5.6. Assume (R) and (BC+) hold for the L-diffusion and (YW) holds for both the L
and L diffusions. Moreover, assume that I andjor r are reqular reflecting for the L-diffusion. Then

q:””” form the transition densities for the system of SDEs (14).

Proof. The strategy is the same as in Proposition 5.4 above. We give the proof in the case

that both / and r are regular reflecting for the L-diffusion (the other cases are analogous).

First, recall that (BC+) in this case requires that lin]na(x) > (0 and that the limits lir? b(x),
x—lr

X—1,r
lin]1 (@’(x) — b(x)) exist and are finite.
x—lr
Now, note that by the non-degeneracy condition linlm(x) > 0 and since linll b(x) is
x—lr x—Lr

finite we thus obtain lims’(x) > 0.

x—lr

So for x” € I° the relations,
liI?ZXAt(x, x") =0and lir?Z):Bt(x, x')=0,
actually imply that for x” € I°,
lir?&xAt(x, x’) =0and lir?(?th(x, x')=0. (62)

Moreover, by rearranging the backwards equations we have for fixed y € I° that the
functions,

dipi(x, y) — b(x)dxpi(x, y)

(t,x) = Ppi(x, y) = e )
(t, %) > 2D pi(x, y) = 2P~ (“'(zzx—) b)) 9:Dipulx, y)
9 Dipi(x, y) — (@' (x) = b(x)) m(x)dips(x, y)
B a(x) /

and more generally for n > 0 and fixed y € I°,

I DEpi(x, y) = (@' (x) = b)) M)+ pu(, y)

(%) = [ Dipi(x, y) = a(x)

can be extended continuously to (0, ) X [, 7] (note the closed interval [/, #]). This is
because every function on the right hand side can be extended by the assumptions of
proposition and the fact that for y € I°, 9]'p:(-, y) € Dom(L) (see Theorem 4.3 of [56] for
example). Thus by Whitney’s extension theorem, essentially a clever reflection argument
in this case (see Section 3 of [39] for example), q:"””((x, Y), (x’, y')) can be extended as a
C!2 function in (¢, (x, y)) to the whole space. We can hence apply Ito’s formula, and it is
important to observe that the finite variation terms dK' and dK” at [ and r respectively
(corresponding to X; and X,.+1) vanish by the Neumann boundary conditions (62), from

which we deduce as before that for fixed T > 0,
g (), (7, ) = QU [ (X(T), Y(T)), (¢, y )T < 7))
The conclusion then follows as in Proposition 5.4. |

Completely analogous arguments give the following:
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Proposition 5.7. Assume (R) and (BC+) hold for the L-diffusion and (YW) holds for both the L
and L diffusions. Moreover, assume that | is reqular absorbing andjor r is reqular reflecting for
the L-diffusion. Then q,"" form the transition densities for the system of SDEs (20).

These propositions cover in particular the cases of Brownian motions in the half line
and in an interval considered in Sections 3.2 and 3.3 respectively.

6 APPENDIX

We collect here the proofs of some of the facts regarding conjugate diffusions that were
stated and used in previous sections.

We first give the derivation of the table on the boundary behaviour of a diffusion and
its conjugate. Keeping with the notation of Section 2 consider the following quantities
with x € I° arbitrary,

](S(x) = s(y)m(y)dy,

G

NO= [ 6w -sma = |

z0= [ 0w -Mwsan = |

G

](M(x) - M(y))s'(y)dy.

We then have the following classification of the boundary behaviour at [ (see e.g. [29]):

e [is an entrance boundary iff N(I) < oo, X(I) = co.

lis a exit boundary iff N(I) = oo, Z(I) < co.
e [is a natural boundary iff N(I) = oo, £(I) = co.
e [is a regular boundary iff N(I) < oo, X(I) < co.

From the relations §’(x) = m(x) and 71(x) = s’(x) we obtain the following,
8= [ 0 -swyicy =0,
20= [ @) - )y = No.

These relations immediately give us the table on boundary behaviour, namely: If /
is an entrance boundary for X, then it is exit for X and vice versa. If [ is natural for
X, then so it is for its conjugate. If [ is regular for X, then so it is for its conjugate. In
this instance as already stated in Section 2 we define the conjugate diffusion X to have
boundary behaviour dual to that of X, namely if [ is reflecting for X then it is absorbing
for X and vice versa.

Proof of Lemma 2.1. There is a total number of 5? boundary behaviours (5 at [ and 5 at
r) for the L-diffusion (the boundary behaviour of L is completely determined from L
as explained above) however since the boundary conditions for an entrance and regular
reflecting (Dsv = 0) and similarly for an exit and regular absorbing boundary (9,,Dsv = 0)
are the same we can pair them to reduce to 32 cases (b.c.(l), b.c.(r)) abbreviated as follows:

(nat, nat), (ref, ref), (abs, abs), (nat, abs), (ref, abs), (abs, ref), (abs, nat), (nat, ref), (ref, nat).
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We now make some further reductions. Note that for x, y € I°,

Pl (x) = Pilpn(y) & Py (x) = Ppy(y).

After swapping x <> y this is equivalent to,

Pi1y,y1(x) = Pelpn(y).

So we have a bijection that swaps boundary conditions with their duals (b.c.(l), b.c.(r)) &
(bﬁ), b@)). Moreover, if b : (,¥) — (I, ) is any homeomorphism such that bh(l) =
1,h(r) = I and writing H; for the semigroup associated with the h(X)(t)-diffusion and
similarly H; for the semigroup associated with the b(X)(t)-diffusion we see that,

Prlyy(x) = Plpn(y) Yx,y € I° & Hlyy(x) = Al (y) Vx,y € I°.

And we furthermore observe that, the boundary behaviour of the h(X)(t)-diffusion at / is
the boundary behaviour of the L-diffusion at r and its boundary behaviour at r is that of
the L-diffusion at / and similarly for H(X)(t). We thus obtain an equivalent problem where
now (b.c.(), b.c.(r)) « (b.c.(r), b.c.(l)). Putting it all together, we reduce to the following
4 cases since all others can be obtained from the transformations above,

(nat, nat), (vef, nat), (vef, ref), (ref, abs).

The first case is easy since there are no boundary conditions to keep track of and is
omitted. The second case is the one originally considered by Siegmund and studied
extensively in the literature (see e.g. [21] for a proof). We give the proof for the last two
cases.

First, assume ! and r are regular reflecting for X and so absorbing for X. Let R, and
R be the resolvent operators associated with P; and P; then with f being a continuous
function with compact support in [° the function u = R, f solves Poisson’s equation
DuDsu — Au = —f with Du(l*) = 0,Dsu(r") = 0. Apply D, defined by D;!f(y) =
fly m(z) f(z)dz for y € I° to obtain Dsu — AD,'u = —D;! f which can be written as,

Dy DD — ADu = —D;Lf.
So v = D;,lu solves Poisson’s equation with ¢ = D, f,
D,ﬁ@gv —Av = -4,

with the boundary conditions D, Ds0(I") = Ds Dy, D; u(I™) = Dsu(l*) = 0and Dy Deo(r~) =
0. Now in the second case when [ is reflecting and r absorbing we would like to check the
reflecting boundary condition for v = D;!u at . Namely, that (Ds)o(r") = 0 and note that
this is equivalent to (D,,)v(r~) = u(r~) = 0. This then follows from the fact that (since r is
now absorbing for the L-diffusion) (D,,D;)u(r~) = 0 and that f is of compact support. The
proof proceeds in the same way for both cases, by uniqueness of solutions to Poisson’s
equation (see e.g. Section 3.7 of [41]) this implies v = R; ¢ and thus we may rewrite the
relationship as,

DR f = RuD;Lf.
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Let now f approximate 0, with x € I° to obtain with 7,(x, z) the resolvent density of R,
with respect to the speed measure in I° X I°,

y A
f rA(z, x)m(z)dz = m(xX)Radx 1 (y)-
I
Since 1, (z, x)m(z) = m(x)r(x, z) we obtain,
RiLpy (%) = Radpn(y),
and the result follows by uniqueness of Laplace transforms. ]

It is certainly clear to the reader that the proof only works for x, y in the interior I°.
In fact the lemma is not always true if we allow x, y to take the values /,r. To wit, first
assume x = [ so that we would like,

? A
Py, () = Pilpn(y) =1 Vy.

This is true if and only if [ is either absorbing, exit or natural for the L-diffusion (where in
the case of a natural boundary we understand P;1y,(I) as lim,_,; P;1;,,1(x)). Analogous
considerations give the following: The statement of Lemma 2.2 remains true with x = r if
1 is either a natural, reflecting or entrance boundary point for the L-diffusion. Enforcing
the exact same boundary conditions gives that the statement remains true with y taking
values on the boundary of I.

Remark 6.1. For the reader who is familiar with the close relationship between duality and inter-
twining first note that with the L-diffusion satisfying the boundary conditions in the paragraph
above and denoting as in Section 2 by Py the semigroup associated with an L-diffusion killed (not
absorbed) at I our duality relation becomes,

Pidjn(y) = Pedypy (2.

It is then a simple exercise, see Proposition 5.1 of [16] for the general recipe of how to do this, that
this is equivalent to the intertwining relation,

P;A = AP,

where A is the unnormalized kernel given by (Af)(x) = flx 1(z) f(z)dz. This is exactly the
intertwining relation obtained in (26) with ny = ny = 1.

Entrance Laws For x € I and }), a positive eigenfunction of P} we would like to compute
the following limit that defines our entrance law py (1) (with respect to Lebesgue measure)

and corresponds to starting the Markov process P?’b” from (x,---,x),

i ()= lim e‘“—b”(yl'm )

(1, ) ol bn(xlr ctty xn)

det (Pt(xi/ yj)):jzl ‘

Note that, since as proven in subsection 3.10 all eigenfunctions built from the inter-

twining kernels are of the form det (h,-(x j)) we will restrict to computing,

n
ij=1
det (pi(xi, y j)):l =1

lim :
(1, ,x,,)—>xf det (hl(x]))

ul (@) = e det (y)).

- .
ij=1
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If we now assume that p;(-,y) € C""'Vt > 0,y € I° and similarly h;(-) € C"~! (in fact we
only need to require this in a neighbourhood of x) we have,

det (pt(xi, y f)):ljzl det (xlj',—l)?j:1 det (Pt(xi; yj)):l =1
lim = im G U
(v, xn)—x1 det (hi(xj))i,jzl (1, xn)—x1 det (hi(xj))i,jzl det (x’j—l)i -
B 1
 det (gi_lhf (x)):j:1

det (95 pu(x, J/f))z -1

For the fact that the Wronskian, det (8@‘1}1 j(x)):lj:1 > 0 and in particular does not vanish
see subsection 3.10. Thus,

1¥ () = const,, x det (hi(y,»))i,j:1 det (2 pi(x, yj))i,j=1 ,

is given by a biorthogonal ensemble as in (29). The following lemma, which is an adap-
tation of Lemma 3.2 of [50] to our general setting, gives some more explicit information.

Lemma 6.2. Assume that for x" in a neighbourhood of x there is a convergent Taylor expansion
Vt>0,yel°,

pi(x’, y)
pi(x, )

= () ) & =) pult, ),
i=0

for some functions f,{¢}iso that in particular satisfy f(t,x)po(t, y) = 1. Then uf (i) is given by
the biorthogonal ensemble,

consty s X det(h (vj) ) et det ((Pz 1(t y;) 1 Hpt(x vi)-

If moreover we assume that we have a factorization ¢i(t, y) = y'gi(t) then u¥ () is given by the
polynomial ensemble,

const’,, x det (hi(yj)) det 1, H pi(x, yi).-

Proof. By expanding the Karlin-McGregor determinant and plugging in the Taylor ex-
pansion above we obtain,

det (Pt(xu y])

[T p(x, y:] 1 Hf(t xl) Z H(xl_x) Z 518”(0)H¢k t, Yoti)

i1 k>0 i=1 €S,
- Hf(t,x» z [T cet(nct).
i=1 ky>0 i=1

First, note that we can restrict to ki, - - -k, distinct otherwise the determinant vanishes.
Moreover, we can in fact restrict the sum over ki,--- ,k, > 0 to ky,--- ,k, ordered by
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replacing ki, - -+ , k, by krqy, - -+, ke(y and summing over 7 € &, to arrive at the following
expansion,

det (Pt( Xi, y]

ki\" .
[T p(x, yz] 1 Hf(t ) Z det ((xf _x) )i,]’:l det ((Pki(f, yj))i,j=1

i=1 0<ky <kp <<k,

Now, write with k = O0<k<--<ky),
i\
det (z]. )i,jzl
i-1)"
det (z]. )i,]‘:1

for the Schur function and note that limg, ... -,)—0 Xp(z1,+ 0 ,z0) =0 unless k = ©,---,n-1)
in which case we have x; = 1. We can now flnally compute,

Xp(z1, -+ zn) =

7

d irYj ” d ir
lim et(Pt(x‘ y]n))w:l = lim et(Pt(x y] HPt(x i)

) s, i—1 N _ 1
- x)=eT et () )i,j=1 (i1 5= det ((x; - x)-1) i

X lim H f(t,x) Z Xpxrr = x, -, x, - x) det (i (t, yj)):j=1 =

(@)=l g 0k <kp<r-<k,
n
n
= £ % [ [ ey det (a0, ),
i=1

The first statement of the lemma now follows with,

1
det (5 hi() |

constyy = e M f(t, x)

The fact that when ¢;(t, y) = y'g;(t) we obtain a polynomial ensemble is then immediate.
o

REFERENCES

[1] M. ApLER, E. NorpENSTAM. P. vAN MOERBEKE, Consecutive minors for Dysons Brownian
motions,Stochastic Processes and their applications, Vol. 124, Issue 6, 2023-2051, (2014).

[2] T. Asstotis, Intertwinings for general B Laguerre and Jacobi processes, to appear Journal
of Theoretical Probability, (2018).

[3] T. Asstotis, Hua-Pickrell diffusions and Feller processes on the boundary of the graph of
spectra, Available from https://arxiv.org/abs/1703.01813, (2017).

[4] T. Assiotis, Random Growth and Karlin-McGregor polynomials, Electronic Journal of
Probability, Volume 23, paper no. 106 (2018).

[5] D. Bakry, I. GeEnTIL, M. LEDOUX, Analysis and Geometry of Markov Diffusion Operators,
Springer, (2014).

61



INTERLACING DIFFUSIONS

[6] P. Biang, P. Bougeror, N. O’ ConNeLL Littelmann paths and Brownian paths, Duke
Mathematical Journal, Vol. 130, No. 1, 127-167, (2005).

[7] E. BorNEMANN, PJ. ForRRESTER, Singular values and evenness symmetry in ran-
dom matrix theory, Forum Mathematicum, Ahead of print available online
from https://www.degruyter.com/view/j/form.ahead-of-print/forum-2015-0055/forum-
2015-0055.xml, (2015).

[8] F. BornEMANN, M. LACRo1x, The Singular Values of the GOE, Random Matrices: Theory
and Applications, Vol. 4, No. 2,(2015).

[9] A.BorobiN, G. OLsHanski, Markov processes on the path space of the Gelfand-Tsetlin graph
and on its boundary, Journal of Functional Analysis,Vol. 263, 248-303, (2012).

[10] A. Borobin, P. FErraAR1, Anisotropic Growth of Random Surfaces in 2 + 1 Dimensions ,
Communications in Mathematical Physics, Vol. 325, 603-684, (2014).

[11] A. Boropin, J. Kuan, Random surface growth with a wall and Plancherel measures for
O(c0) , Communications on Pure and Applied Mathematics, Vol. 63, 831-894, (2010).

[12] A.N. Borobin, P. SaLmiNeN, Handbook of Brownian Motion-Facts and Formulae Second
Edition, Probability and Its Applications, Birkhauser, (2002).

[13] M-E Bru, Wishart processes, Journal of Theoretical Probability, Vol .4, Issue 4, 725-751,
(1991).

[14] K. Burpzy, W. Wang, K. Ramanan, The Skorokhod problem in a time dependent interval,
Stochastic Processes and their Applications, Vol. 119, Issue 2, 428-452, (2009).

[15] F. Cavrocero, Solution of the one-dimensional N-body problems with quadratic and/for
inversely quadratic pair potentials, Journal of Mathematical Physics 12, 419-439,(1971).

[16] P. Carmona, E PeTIT, M. YOR, Beta-gamma random variables and intertwining relations
between certain Markov processes, Revista Matematika Iberoamericana, vol. 14, no. 2,
311-367,(1998).

[17] M. CereNzia, A path property of Dyson gaps, Plancherel measures for Sp(eo), and random
surface growth, Available from arXiv:1506.08742, (2015).

[18] M. Cerenzia, J. Kuan, Hard-edge asymptotics of the Jacobi growth process, Available
from https://arxiv.org/abs/1608.06384, (2016).

[19] L. Cuen, D.W. StroOCK, The Fundamental Solution to the Wright—Fisher Equation, SIAM
Journal on Mathematical Analysis 42.2, 539-567,(2010).

[20] B. Conrey, Notes on eigenvalue distributions for the classical compact groups, Recent
Perspectives in Random Matrix Theory and Number Theory (Edited by F. Mezzadri,
N.C. Snaith), London Mathematical Society Lecture Note Series No. 332, pages 111-146,
(2005).

[21] T. Cox, U. RosLEr, A duality relation for entrance and exit laws for Markov processes,
Stochastic Processes and Their Applications, Vol. 16, Issue 2, 141-156, (1984).

[22] C. Cuenca, Markov Processes on the Duals to Infinite-Dimensional Classical Lie Groups,
Available from http://arxiv.org/abs/1608.02281, (2016).

62



T. Assiotis, N. O'CoNNELL AND J. WARREN

[23] M. Derosseux, Orbit measures, random matrix theory and interlaced determinantal pro-
cesses, Annales de I'Institut Henri Poincare, Probabilites et Statistiques, Vol. 46, No. 1,
209-249, (2010).

[24] N. Demni, The Laguerre process and the generalized Hartman-Watson law, Bernoulli, Vol.
13, No. 2, 556-580, (2007).

[25] P. D1aconis, J.A. FiLL, Strong Stationary Times Via a New Form of Duality, Annals of
Probability, Vol. 18, No. 4, 1483-1522, (1990).

[26] T. DIEKER, . WARREN, On the largest-eigenvalue process for generalized Wishart random
matrices, ALEA, Vol. 6, 369-376, (2009).

[27] T. DiEkER, . WARREN, Determinantal transition kernels for some interacting particles on
the line, Annales de I'Institut Henri Poincare, Probabilites et Statistiques, Vol. 44, No.
6,1162-1172, (2008).

[28] Y. DoumEerc, PhD Thesis: Matrices aleatoires, processus stochastiques et groupes de re-
flexions, Available from http://perso.math.univ-toulouse.fr/ledoux/files/2013/11/PhD-
thesis.pdf, (2005).

[29] S. Etnier, T. Kurtz, Markov Processes Characterization and Convergence,Wiley Series in
Probability and Statistics, (1986).

[30] P. Ferrari, R. FrinGs, On the Partial Connection Between Random Matrices and Interact-
ing Particle Systems, Journal of Statistical Physics, Vol. 141, Issue 4, 613-637, (2010).

[31] P. Ferrariy, R. FriNGs, Perturbed GUE Minor Process and Warren’s Process with drifts,
Journal of Statistical Physics, Vol. 154, Issue 1, 356-377, (2014).

[32] J.A.FiLy, V. LyziNski, Strong Stationary Duality for Diffusion Processes, Journal of Theo-
retical Probability, Available online http://link.springer.com/article/10.1007/s10959-015-
0612-1, (2015).

[33] PJ. ForresTER, T. Nacao, Determinantal Correlations for Classical Projection Processes,
Journal of Statistical Mechanics: Theory and Experiment, Volume 2011, August 2011,
(2011).

[34] PJ.ForresTER, E.M. Ra1Ns, Inter-relationships between orthogonal, unitary and symplectic
matrix ensembles, Random matrix models and their applications (P.M. Bleher and A.R.
Its, eds.), Mathematical Sciences Research Institute Publications, vol. 40, Cambridge
University Press, Cambridge, (2001).

[35] A.GoiNg-JaEscHKE, M. Yor, A survey and some generalizations of Bessel processes,
Bernoulli, Vol. 9, No. 2, 313-349, (2003).

[36] V. GoriN, Noncolliding Jacobi processes as limits of Markov chains on the Gelfand-Tsetlin
graph, Journal of Mathematical Sciences, Vol. 158, No. 6, 819-837, (2009).

[37] V. GoriN, M. SukoLNikov, Limits of Multilevel TASEP and similar processes, Annales de
I'Institut Henri Poincare, Probabilites et Statistiques, Vol. 61, No. 1, 18-27, (2015).

[38] T.E.Harris, Coalescing and Non-Coalescing Flows in Ry, Stochastic Processes and Their
Applications, Vol. 17, Issue 2, 187-210, (1984).

63



INTERLACING DIFFUSIONS

[39] M.R. HesteNEs, Extension of the range of a differentiable function, Duke Mathematical
Journal, Vol. 8, No. 1, 183-192, (1941).

[40] J.R. Irsen, H. ScHoMmERUS, Isotropic Brownian motions over complex fields as a solvable
model for May-Wigner stability analysis, Available from https://arxiv.org/abs/1602.06364,
(2016).

[41] K. Ito, H.P. McKeaN, Diffusion Processes and their Sample Paths, Second Printing,
Springer-Verlag, (1974).

[42] K. JonanssoN, A multi-dimensional Markov chain and the Meixner ensemble, Arkiv for
Matematik, Vol. 46, Issue 1, 79-95, (2010).

[43] K. JonanssoN, Two Time Distribution in Brownian Directed Percolation , Communica-
tions in Mathematical Physics, Vol. 351, Issue 2, 441-492, (2017).

[44] L.Jones, N. O’CoNNELL, Weyl Chambers, Symmetric Spaces and Number Variance Satu-
ration, ALEA, Vol. 2, 91-118, (2006).

[45] O. KarLenBERG, Foundations of Modern Probability, Second Edition, Probability and
its Applications, Springer, (2002).

[46] W. Kang, K. RamaNAN, On the submartingale problem for reflected diffusions in domains
with piecewise smooth boundaries, Available from arXiv:1412.0729, (2014).

[47] S. Karuin, Total Positivity, Volume 1, Stanford University Press, (1968).

[48] S.KarrIN, J. McGRrEGOR, Coincidence probabilities, Pacific Journal of Mathematics, Vol.
9, No. 6, 1141-1164, (1959).

[49] S. KarriN, H.M. Tayror A Second Course in Stochastic Processes, Academic Press,
(1981).

[50] W. Konig, N. O’ConneLt, Eigenvalues of the Laguerre Process as Non-Colliding Squared
Bessel Processes, Electronic Communications in Probability, Vol. 6, 107-114, (2001).

[51] Y. Le Jan, O. Raimonp. Flows, Coalescence and Noise, Annals of Probability, Vol. 32,
No. 2, 1247-1315, (2004).

[52] P.L. Lions,A.S. SznitMmaN, Stochastic Differential Equations with Reflecting Boundary
Conditions, Communications in Pure and Applied Mathematics, Vol. 37, Issue 4, 511-
537, (1984).

[53] C. Lun, Eigenvalues of a Hermitian matrix of Brownian motions with drift, M.Sc. thesis,
University of Warwick, (2012).

[54] K. Matetski, J. Quaster, D. Remenik, The KPZ fixed point, Available from
https://arxiv.org/abs/1701.00018, (2017).

[55] O. Mazet, Classification des semi-groupes de diffusion sur R associes a une famille de
polynomes orthogonaux, Seminaire de probabilits de Strasbourg, Vol. 31, page 40-53,
(1997).

[56] H.P. McKEaN, Elementary solutions for certain parabolic partial differential equations,
Transactions of the American Mathematical Society, Vol. 82, 519-548, (1956).

64



T. Assiotis, N. O'CoNNELL AND J. WARREN

[57] E. Meckes Concentration of Measure and the Compact Classical Matrix Groups,
Lecture Notes, IAS Program for Women and Mathematics, Available from
https://www.math.ias.edu/files/wam/Haarnotes-revised, (2014).

[58] K. NystroMm, T. ONskog, The Skorohod oblique reflection problem in time-dependent do-
mains, Annals of Probability, Vol. 38, No. 6, 2170-2223, (2010).

[59] N. O’ConNNELL, Directed polymers and the quantum Toda lattice, Annals of Probability,
Vol. 40, No. 2, 437-458, (2012).

[60] S. PaL, M. SukoLNIKov, Intertwining diffusions and wave equations, Available from
https://arxiv.org/abs/1306.0857, (2015).

[61] E.J. Pauwers, L.C.G. RogGErs, Skew-Product Decompositions of Brownian Motions, Ge-
ometry of Random Motion ,Contemporary Mathematics, Vol. 73, Ed. Rick Durrett and
Mark Pinsky, 237-262, (1988).

[62] R.G. Pinsky, Positive Harmonic Functions and Diffusions, An integrated analytic and
probabilistic Approach Cambridge Studies in Advanced Mathematics, Vol. 45,(1995).

[63] D. Revuz, M. Yor, Continuous Martingales and Brownian Motion, Third Edition, A
Series of Comprehensive Studies in Mathematics, Vol. 293, Springer-Verlag,(1999).

[64] L.C.G Rogers, J. Prrman, Markov Functions, Annals of Probability, Vol. 9, No. 4,
573-582, (1981).

[65] G. Scuutz, Exact solution of the master equation for the asymmetric exclusion pro-
cess,Journal of Statistical Physics, Vol. 88, Issue 1, 427-445, (1997).

[66] D. Sieeamunp, The Equivalence of Absorbing and Reflecting Barrier Problems for Stochas-
tically Monotone Markov Processes, Annals of Probability, Volume 4, No. 6, 914-924,
(1976).

[67] L. Sominski, T. Wojciecuowski, Stochastic differential equations with time-dependent
reflecting barriers, Stochastics: An International Journal of Probability and Stochastic
Processes, Vol.85, No. 1, 27-47, (2013).

[68] D.W. Stroock, Partial Differential Equations for Probabilists,Cambridge Studies in Ad-
vanced Mathematics, Vol. 112,(2008).

[69] Y. Sun, Laguerre and Jacobi analogues of the Warren process , Available from
https://arxiv.org/abs/1610.01635, (2016).

[70] B.SutHERLAND, Exact results for a quantum many-body problem in one dimension, Physical
Review A4, 2019-2021, (1971).

[71] B. TotH, Generalized Ray—Knight Theory and Limit Theorems for Self-Interacting Random
Walks on Z!, Annals of Probability, Vol. 24, No. 3,1324-1367, (1996).

[72] J. WaRREN, Dyson’s Brownian motions,intertwining and interlacing, Electronic Journal
of Probability, Vol.12, 573-590, (2007).

[73] J. WARREN, S. WATANABE, On the Spectra of Noises associated with Harris flows, Advanced
studies in Pure Mathematics 41, 351-373, (2004).

65



INTERLACING DIFFUSIONS

[74] J. WarreN, P. WiNDRIDGE Some Examples of Dynamics for Gelfand-Tsetlin Patterns, Elec-
tronic Journal of Probability, Vol.14, 1745-1769, (2009).

[75] T. Werss, P. FErrari, H. Sponn, Reflected Brownian Motions in the KPZ Universality
Class, SpringerBriefs in Mathematical Physics,Vol. 18, Edition 1, (2017).

ScrooL oF MaTHEMATICS, UNIVERSITY OF Bristor, U.K.

T.Assiotis@bristol.ac.uk

ScHooL OF MATHEMATICS AND STATISTICS, UNIVERSITY COLLEGE DUBLIN, BELFIELD, DUBLIN
4, IRELAND

neil.oconnell@ucd.ie

DEPARTMENT OF StaTIsTICS, UNIVERSITY OF WARWICK, CovENTRY CV4 7AL, UK.
J.Warren@warwick.ac.uk

66


mailto:T.Assiotis@bristol.ac.uk
mailto:neil.oconnell@ucd.ie
mailto:J.Warren@warwick.ac.uk

