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Abstract

It has been widely reported that the delamination toughness of adhesive joints and

polymer matrix composites can vary considerably depending on the mode of loading.

For this reason, extensive research has been aimed at devising fracture test methods

based on beam-like geometries, which enable the testing of these joint systems under

variable modes of loading. However, central to the analysis of these mixed mode test

methods, is the definition of a consistent parameter for the characterisation of the mode

mixity in the fracture process zone for a given geometry and loading arrangement.

This requirement has led to the development of a number of contrasting analytical par-

titioning theories in the literature which aim to address this problem. The most notable

of these are the initial global analysis by Williams and a subsequent local analysis by

Hutchinson and Suo. However, significant differences exist between the local and global

approaches in the case of fracture in asymmetric geometries, and experimental evidence

has been put forward on various occasions supporting each. Other semi-analytical and

analytical partitioning theories have also been put forward by Davidson et al. and,

more recently, Wang & Harvey. However, much confusion still surrounds the area of

mixed mode partitioning in beam-like geometries, and considerable disagreement re-

mains within the fracture mechanics community as to which partitioning theory, if any,

should be used in practice.

In this thesis, a new semi-analytical partitioning scheme is proposed based on the findings

from a finite element analysis of fracture in beam-like geometries. The fracture process

zone is modelled using a cohesive zone model and the energy going into both opening and

shearing, and hence the mode mixity, is obtained using a mode decomposed J-integral

approach. A parametric study is carried out to examine the effect of various substrate

and cohesive properties on the mode mixity. In an initial study, it is found that if no

damage is modelled (purely elastic case), the numerical partitioning closely follows the

local partitioning of Hutchinson and Suo. Once damage is introduced using the cohesive

zone model, it is found that the numerical partition deviates away from the local solution

and in all cases tends towards the global solution of Williams.

The parametric study reveals that the numerical mode partition moves towards the

global solution when the substrate stiffness (E) or cohesive toughness (G) is increased,

or the cohesive strength (t) is decreased. Each of these parameters that affect the mode

mixity are linked through the developed cohesive zone length (lcz = f(EG/t2)). For each

individual test geometry, it is found that the mode partition is uniquely dependent on

the numerical cohesive zone length. At this point, it is hypothesised that the size of the



cohesive zone relative to the size of the K dominant region is the controlling factor in the

mode mixity, where the upper and lower bounds of the partitioning solution are given

by the local and global analytical solutions respectively (region of K dominance scales

with smallest characteristic dimensions). To test this hypothesis, the normalised mode

mixity is plotted against the normalised cohesive zone length for all cases over a range

of geometries, loadings and cohesive properties. A unique dependency is observed, thus

supporting the proposed hypothesis. This hypothesis is further tested using a different

cohesive zone formulation and it is still found to hold true. A best fit exponential

function is fitted to the observed unique dependency and this forms the basis for the

proposed semi-analytical cohesive analysis (SACA).

SACA works on the basis that if the cohesive zone length can be estimated from known

cohesive properties, then the mode mixity can be estimated from the unique dependency

curve. Analytical expressions exist, which were presented by Suo (mode I) and Cox

& Yang (mode II), that can accurately estimate cohesive zone lengths in beam like

geometries under mode I and mode II loadings. It is shown in this work that these

expressions can also be used to accurately estimate the cohesive zone length under mixed

mode loadings by using the maximum of the mode I and mode II cohesive lengths, where

the mode I and mode II cohesive zone lengths are obtained by using the energy dissipated

in mode I and mode II respectively. As the mode partition is not known initially for each

case, the final estimated length, and hence mode mixity, is obtained using an iterative

procedure. The final solution is shown to be independent of the initial guess of mode

mixity. This procedure is coded into an excel macro and is available for download on

the UCD Centre of Adhesion and Adhesives webpage.

Finally, the SACA approach is assessed using an experimental program. In this series

of experiments, the true delamination failure locus of a carbon fibre-epoxy composite

is obtained using a range of symmetric double cantilever beam specimens loaded with

uneven bending moments. A number of asymmetric fracture tests are then carried

out and partitioned using a range of analytical partitioning theories including the new

SACA approach. It is found that the SACA partitioning of the asymmetric specimens

produces the best fit to the symmetrically measured failure locus. This experimental

result supports the numerical findings that the true partitioning in the general case is

neither local nor global and can only be accurately estimated by accounting for the effect

of damage at the crack tip, as in the SACA approach. The SACA partitioning is also

applied to previously contrasting experimental data available in the literature, and good

agreement is obtained in all cases, suggesting that the proposed semi-analytical cohesive

analysis provides an efficient and accurate method for predicting mixed mode partitions.
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Chapter 1

Introduction

1.1 FRP Composites

1.1.1 Overview

Fibre reinforced polymer-matrix (FRP) composite materials are currently used exten-

sively across a wide range of industry sectors due to their many favourable properties.

These properties include high strength to weight ratios, high stiffness to weight ratios,

improved fatigue resistance, and improved corrosion resistance when compared to many

traditional materials [1]. Composite materials are not a new phenomenon and have

been used in various forms since their first inception as a combination of mud and straw

(wattle and daub) over 6000 years ago [2]. While the materials combined to make com-

posites have advanced since that time, the principles behind their use remain the same.

Effectively, two or more materials are combined to create a new material with desirable

properties from each of the constituent materials, and sometimes with properties which

arise solely from the combination, e.g. toughness in nano particle/polymer composites

[3]. The current work focuses on long fibre reinforced polymer composites. In these

materials, high strength and high moduli fibres, which are most commonly made from

glass (GFRP) or carbon (CFRP), are embedded within the polymer matrix resin. The

main functions of the fibres are to provide strength and stiffness. Fibres are used as they

possess strength and stiffness well beyond what is observed in the same bulk material.

The reason for this is down to the fact that the fibres are so thin (≈ 5 − 10µm) that

the crystals can be aligned to form an ordered structure, which will contain significantly

less defects compared to bulk material [4]. The main functions of the matrix are to hold

the fibres together, provide resistance to buckling, and provide impermeability. Matrix
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resin can come in many different forms, either thermosetting (e.g. epoxies) or thermo-

plastics (e.g. PEEK). Fibres can be aligned in a single direction (uni-directional) or can

be woven to provide strength in more than one direction (multi-directional). A single

layer of fibres is known as a ply or lamina; multiple layers of plies are then combined

together to form a laminate structure.

1.1.2 Applications

The use of fibre-reinforced composite material has grown steadily since the 1960s. They

now find applications in multiple sectors including space, aerospace, automotive, wind

energy, sports equipment, among others. They are particularly sought after in sectors

where weight savings are a critical factor. The use of composites initially complemented

the traditional structural materials in many areas, and their use was confined to sec-

ondary structures. This has changed, however, and they are now being utilised in pri-

mary load bearing structures. This is particularly evident in the case of the aerospace

sector, where the wing structures and fuselages of the Boeing 787 Dreamliner and Airbus

A350 are made primarily from CFRP. Along with the aerospace sector, CFRP is now

also used almost exclusively as the main material in high performance cars and bicycles,

and in motorsport vehicles. A CFRP monocoque of a Lambroghini Aventador is shown

in fig. 1.1.

(a) CFRP monocoque of Lambroghini Aventador. (b) Lambroghini Aventador.

Figure 1.1: CFRP monocoque of Lambroghini Aventador on display at ECCM 15,
Venice, 2012.

While CFRP is popular in high performance applications, the most commonly used

composite material for general applications is the cheaper and lower modulus GFRP,

which can be found in wind turbine blades, piping, storage tanks, yachts, concrete re-

enforcement bars, as well as secondary aircraft structures among many other general

applications. The use of composites are not without their drawbacks, however.
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1.1.3 Limitations

One of the major drawbacks of laminated composite materials is that they are prone

to develop delaminations. These delaminations occur when a crack starts between two

plies; these may occur due presence of an unwanted air inclusion after manufacturing,

or they may develop due to an impact during service. In either case, the occurrence of

delaminations is detrimental to the performance of composites and can result in a loss

of stiffness and strength, and can ultimately lead to catastrophic component failures.

Delaminations are particularly dangerous as they can occur beneath the surface and go

undetected to the naked eye. This uncertainty surrounding the structural integrity of

composite materials is a major cause for concern. Recently, the United Stated Govern-

ment Accountability Office published a report on their oversight of safety of composite

airplanes [5]. In this report, they identified four key safety related concerns, which are

listed below:

• limited information on the behaviour of airplane composite structures.

• technical issues related to the unique properties of composite materials.

• standardisation of repair materials and techniques.

• training and awareness.

The first two concerns specifically relate to the uncertainty surrounding how these mate-

rials will behave in service. The characterisation of composite strength and stiffness has

long been well understood; however, it is the characterisation of composite toughness,

its resistance to delaminations, that is the real unknown leading to the issues raised in

the report cited above. A thorough understanding of what it takes to propagate cracks

in composite materials is required for competent structural analyses of composite com-

ponents. This has long been recognised, and a lot of work has been done to standardise

toughness testing of composites [6–10]; however, much work still remains to be done,

particularly in relation to mixed mode testing.

1.2 Fracture of Composite Materials

1.2.1 Mixed Mode Fracture

Before discussing the fracture of composite materials, it is important to introduce the

idea of mixed mode loading (mode mixity). There are three pure modes in which a
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crack can be loaded, corresponding to modes I, II and III; mode I loading results in a

state of pure tensile stresses at the crack tip, mode II loading results in a state of pure

in-plane shear stress at the crack tip, and mode III loading results in a state of pure out

of plane shear stresses at the crack tip. These three modes of loading are represented

graphically in fig. 1.2. Mixed mode loading occurs when a mixture of opening and

shear loads are applied to a crack tip. Only in-plane mixed mode I/II is considered

in this work; therefore, when mixed mode loading is referred to hereafter, it can be

inferred to mean mixed mode I/II loading. In order to determine what the relative

amounts of one mode to another mode for a given mixed mode loading (mode mixity), a

consistent parameter is required. The most commonly used parameter for characterising

mode mixity is the relative energy release rate (ERR) in each mode. The mode mixity

(GII/G) is specifically defined here as the mode II energy release rate (GII) divided by

the total energy release rate (G), where G = GI +GII . Other definitions of mode mixity

exist which are based on stress and displacement [11]; however, these definitions are only

equivalent to the ERR based definition for a crack in an ideally elastic material.

Figure 1.2: Pure modes of loading applied to crack [12].

Mixed mode fracture in laminated composite materials presents a unique set of challenges

not previously seen in monolithic materials. When a crack in a monolithic material is

subjected to a mixed mode loading, it will generally kink to stay locally in a state of

pure mode I [13]. This behaviour of mixed mode cracking in monolithic materials is

well understood and theoretical predictions are in good agreement with experimental

observations [14]. However, when an interlaminar crack in a composite material is sub-

jected to a mixed mode loading, it is forced to grow globally in plane under mixed mode

conditions due to the constraint of adjacent plies. The initiation and propagation of

4



Introduction 1.2. Fracture of Composite Materials

these mixed mode cracks can lead to multiple different damage mechanisms, all of which

can interact to contribute to either a higher or, more worryingly, lower initiation tough-

ness than in the pure mode tests. Dillard et al. [14] reported a number of cases where

the mixed mode toughness was considerably lower (up to 50% in some cases) than the

pure mode I toughness for various adhesive joint systems. This is particularly worrying

from a design perspective as the mode I toughness is generally taken as the minimum

toughness when designing structures. Therefore, by not characterising the toughness of

a composite system in mixed mode, one might be missing out on vital information that

could lead to non-conservative designs. By measuring toughness as a function of mode

mixity, one can generate what is known as a mixed mode failure criterion, or failure

locus. Numerous failure criteria have been proposed in literature based on experimental

investigations of toughness of composite materials as a function of mixed mode loading

[15–19]. However, each of the proposed failure criteria are essentially best fit curves,

which lack any physically consistent predictive capabilities. It is of therefore of critical

importance to fully characterise the way in which each individual material will behave in

service under a full range of mixed mode loadings; this is essential to help eliminate the

risk of non-conservative design, and address the concerns raised in [5]. Unfortunately,

the measurement of the mixed mode failure locus is not a straightforward task, and one

must currently rely on the accuracy of analytical partitioning, of which there are many

differing theories, to determine the correct mode of loading for a given test configuration.

A number of the most widely used mixed mode partitioning theories are introduced in

the following section.

1.2.2 Mixed Mode Fracture Testing

Central to the analysis of all mixed mode test methods is the accurate decomposition of

ERRs as a function of material properties, specimen geometry and loading configuration.

Beam-like geometries as seen in fig. 1.3 have formed the cornerstone for the development

of fracture tests due to the ease of extracting total energy release rates based on simple

beam theory [20]. Using beam theory, the total energy release rate for an increment of

crack growth in fig. 1.3 can be shown to be given by:

G =
M2

1 (1 + γ)3

16BEI

( 1

γ3
+ k2 − (1 + k)2

(1 + γ)3

)
(1.1)

where E is the beam modulus in the bending direction and B is the out of plane width,

k is the applied moment ratio as defined in fig. 1.3, γ is the beam height ratio as defined

in fig. 1.3, and I is the second moment of area of half the uncracked specimen, which is
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Test Description γ k GII/G

Double Cantilever Beam (DCB) [7, 9] 1 -1 0
End Load Split (ELS) [8] 1 1 1
Fixed Ratio Mixed Mode (FRMM) [6] 1 0 0.4286
Mixed Mode Bend (MMB) [10] 1 -1 – 1 0 – 1

Asymmetric DCB (ADCB) 0 – ∞ -1 ?
Asymmetric ELS (AELS) 0 – ∞ 1 ?
Asymmetric FRMM (AFRMM) 0 – ∞ 0 ?
Asymmetric MMB (AMMB) 0 – ∞ -1 – 1 ?

Table 1.1: Common fracture test configurations and resulting mode partitions.

given by:

I =
Bh3

12
; h =

(h1 + h2)

2
(1.2)

By varying the beam height ratio, γ, and the applied moment ratio, k, it is possible to

γ = h1/h2 !!!!

h1 

h2 M2=kM1 

M1 

(1+k)M1 

Figure 1.3: Beam like geometry subjected to pure bending moments (M1,M2).

produce different mode mixities. Common fracture tests with the corresponding γ and

k values are outlined in table 1.1.

The first four test methods outlined in table 1.1 use symmetric specimens, i.e. the

crack is located centrally (γ = 1). It turns out that it is straightforward to analytically

determine the mode I and mode II energy release rates in symmetric samples subjected

to bending moments, without making any assumptions about the crack tip damage

zone. The mode I and mode II ERR can be determined analytically using the mode

decomposed J integral approach, which is outlined in chapter 2. The global mode

partition is dependent only on the applied moment ratio k. The relationship between

the applied moment ratio and mode mixity for symmetric specimens is given by eq. 1.3,

and plotted in fig. 1.4.
GII
G

=
1

1 + 4
3

(1−k)2

(1+k)2

(1.3)
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Each of the symmetric tests outlined in table 1.1 are standardised in some form. The

pure mode fracture tests, DCB [7], ELS [7], are the most commonly used test methods

for the characterisation of fracture toughness in composites. The FRMM test, where a

load is applied to one arm of a symmetric specimen (k = 0, γ = 1), is also a commonly

used method of obtaining the mixed mode toughness, at GII/G = 3/7. This test is

currently being prepared as a draft standard by the ESIS TC4 committee [6]. The

popularity of these tests (DCB,ELS,FRMM) is partly due to the ease with which the

tests can be carried out on standard tensile testing machines. Finally, the last symmetric

test is the mixed mode bend test (MMB), which is an ASTM standard [10]. This test

method allows for the testing of symmetric specimens where the moment ratio k can be

varied. This allows the mode mixity to be varied from pure mode I to pure mode II and

can therefore cover the full range of mixed mode loadings. The previous test examples

are therefore subsets of the MMB test. However, it is not a trivial task to apply varying

moment ratios to test specimens and this requires the use of a specialised test rig; the test

rig used in the ASTM standard is the one developed by Reeder and Crews Jr. [21] and

later modified by Reeder and Crews Jr. [22], Reeder [23]. Other test rig configurations

were proposed by Fernlund and Spelt [24], Sørensen et al. [25]. The test rig used in

the current work is the double cantilever beam specimen loaded with uneven bending

moments (DCB-UBM); this test rig was developed by Sørensen et al. [25]. In this test

method, the moments are applied directly, and are not the result of applied transverse

forces, as in each of the previous test cases; this offers a number of distinct advantages

over the standard tests, in particular it allows for the direct calculation of the applied

energy release rate based on the applied moments from eq. 1.1, as it does not require

the crack length estimation or correction factors in order to determine the resultant

moment at the crack tip. The DCB-UBM test rig is used for fracture testing in the

current project, and is discussed in further detail in chapter 5.

Each of the test methods presented in the first half of table 1.1 have equivalent test

procedures but with the cracks located off-centre, or asymmetrically. These are presented

in the bottom half of table 1.1. Unfortunately, unlike their symmetric counterparts, the

mode partition cannot be determined analytically using the mode decomposed J integral

procedure. The reason is that the mode decomposed J integral requires the integration

around the beam using an arbitrary path, but which must be symmetric about the crack

tip; in the symmetric test case, the horizontal sections of the path are chosen to coincide

with the outer surfaces of the beams, which means that the J integral contribution

along these sections vanish, and the remaining sections (across the beam thicknesses)

are chosen far away from the crack tip where the stress and strain distribution are

known directly as a function of the applied moments. This allows the direct calculation
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of the decomposed energy release rates, which depend only on the applied moment

ratio. However, for asymmetric specimens the analysis is not so straightforward; the free

surface can only be chosen on one side (due to the condition of path symmetry), therefore

the integration must be performed horizontally within the beam at some point, where

the stresses can not be estimated, either analytically or numerically, without accurate

details of the fracture process zone. The numerical calculation of the mode decomposed

J integral as a function of fracture process zone properties forms the basis of the work

presented in this thesis.

Firstly however, there is a number of mixed mode analytical partitioning theories which

have been developed in the literature, which aim to predict the mode partition in beam

like geometries as a function of both loading and beam height ratio. In each of these

cases, assumptions are made about crack tip conditions, which then allow the partitions

to be predicted for a given loading and geometry. The mixed mode partitioning theories

considered in this work are the initial global analysis developed by Williams [20](W), the

local crack tip analysis developed by Suo and Hutchinson [26](HS), the empirical non-

singular field approach developed by Davidson et al. [27](D-NSF), and the more recent

Euler beam theory analysis developed by Wang and Harvey [28](WH). Other analytical

partitioning theories have been proposed in the literature based on various plate and

beam theories [29–31]. There is no general agreement between the predicted partitions

from any of these partitioning theories for asymmetric fractures, though they all agree

for symmetric specimens and correctly predict the relationship given in eq. 1.3. Despite

this fact, each of these partitioning theories have been shown, at one point or another,

to produce consistent failure loci, when used to partition asymmetric fractures [32–35].

It is therefore not known which, if any, of these partitioning theories should be used to

partition mixed mode fractures in the general case. Each of these theories are presented

in the following section.

1.2.3 Mixed Mode Partitioning Theories

1.2.3.1 Williams [20]

Williams [20] first proposed a fully analytical approach for decomposing ERRs into

mode I and mode II components based on classical beam theory, without considering

the details of local stress and strain distributions. The method involves identifying the

contributions from the applied moments which cause pure opening (mode I) and pure

in-plane shearing (mode II). These decomposed moment contributions are then used to
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Figure 1.4: Relationship between mixed mode partition and applied moment ratio
for symmetric specimens (γ =1,k varied)

calculate the individual ERR contributions for the general loading configuration. This

approach is often referred to as the global approach.

Williams [20] proposed that the applied moments could be decomposed into components

which caused pure mode I (MI) and pure mode II (MII). By proposing that pure mode

I occurs when moments are equal and opposite (−M1 = M2), and pure mode II occurs

when beam curvatures are equal (M1/EI1 = kM1/EI2), it is possible to represent the

applied moments as a combination of the decomposed moments as:

M1 = MII −MI

kM1 = ψMII +MI

(1.4)

where ψ = (h2/h1)3. The resultant mode I and mode II energy release rates can be

found directly by substituting eqs. 1.4 into eq. 1.1 as no cross product term containing

MIMII is produced. The resulting decomposed energy release rates are given by:

GI =
6M2

I (1 + ψ)

B2Eh3
2

(1.5a)
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GII =
18M2

IIh2(1 + ψ)

B2Eh2
1

(1.5b)

1.2.3.2 Suo and Hutchinson [26]

Separately, Suo and Hutchinson [26] proposed a solution based on the decomposition

of stress intensity factors (SIFs) by considering local conditions at the crack tip. Thus,

in contrast to the Williams [20] global partitioning approach, this approach assumes

the presence of a K dominant region and involves the numerical solution of integral

equations; this partitioning approach is commonly referred to as the local partitioning

approach.

In the local approach [26], the partitioning of eq. 1.1 is carried out by obtaining the

singular field stress distributions at the crack tip and solving for the decomposed stress

intensity factors KI ,KII . Using the relation between energy release rate and stress

intensity factors for homogeneous isotropic materials i.e.

G =
(K2

I +K2
II)

E
(1.6)

the decomposed energy release rates are expressed as:

GI =
1

E

( P√
2h1U

cos(ω) +
M√
2h3

1V
sin(ω + φ)

)2
(1.7a)

GII =
1

E

( P√
2h1U

sin(ω)− M√
2h3

1V
cos(ω + φ)

)2
(1.7b)

where M and P are linear combinations of the applied loads. In the particular case of

the loading shown in fig. 1.3, these are defined as:

P = −C2
(M1 +M2)

h1
, M = M1 − C3(M1 +M2)

C2 =
6/γ

(1/γ + 1)3
, C3 =

1

(1/γ + 1)3

(1.8)

and U , V and φ are geometric factors defined by:

U =
1

1 + 4γ + 6γ2 + 3γ3
, V =

1

12(1 + γ3)

φ = sin−1(6γ2(1 + γ)
√
UV )

(1.9)

ω, which is a function of γ, can not be obtained analytically and is extracted from a

rigorous numerical solution of the case in which γ → 0, and then linearly approximated

over the range 0 ≤ γ ≤ 1. The value of ω at γ = 1 is known because the mode partition
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is exact in this case. The proposed linear approximation is given by:

ω = 52.1− 3γ (1.10)

This solution is valid only for 0 ≤ γ ≤ 1. Values for γ ≥ 1 can be obtained by using

(1/γ) in place of γ in eqs. 1.8-1.10, and swapping M1 and M2 in eq. 1.8 [36].

1.2.3.3 Davidson et al. [27]

At the same time as Suo and Hutchinson [26] developed their partitioning based on

the solution of integral equations derived from 2D elasticity, Schapery and Davidson

[37] developed a similar technique based on classical plate theory. In this work, they

developed a crack tip element approach where the applied loads were combined to form

a concentrated crack tip force (Nc) and moment (Mc), which are defined in eq. 1.11 for

the pure moment loading shown in fig. 1.3:

Nc = a12(1 + k)M1

Mc = M1 + (a12
h1

h2
− a22)(1 + k)M1

(1.11)

where a12 and a22 are functions of the plate elastic moduli and geometry; their exact

definitions can be found in [37]. The total energy release rate G was calculated by mul-

tiplying the crack tip force and moments by the respective displacements and rotations

behind the crack tip. They proposed the energy release rate be given in the form of:

G =
1

2
(c1N

2
c + c2M

2
c + 2c12NcMc) (1.12)

where c1, c12 and c2 are again functions of the plate elastic moduli and geometry, and

can be found in [37]. Schapery and Davidson [37] reported that there was not enough

information available in plate theory to fully decompose the energy release rate into

mode I and mode II components, and the remaining information needed to be obtained

from the continuum analysis of a specific loading case. The form of the proposed ERR

partition is given by:

GII
G

=
(Nc
√
c1cosΩ +Mc

√
c1sin(Ω + Γ))2

c1N2
c + c2M2

c + 2
√
c1c2NcMcsinΓ

(1.13)

where sin Γ = c12/
√
c1c2, and Ω is the mode mix parameter. The mode mix parameter

Ω is similar to the ω parameter presented in Suo and Hutchinson [26], as it must be

determined from a separate continuum analysis of a specific case. Davidson et al. [38]

obtain this parameter by solving the mode partition of a specific case using the virtual
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crack closure technique in a finite element analysis. As this is a fully elastic analysis, a

singular stress field forms at the crack tip; it is therefore called the crack tip element-

singular field (CTE-SF) approach, and produces partitioning results very close to those

predicted by Suo and Hutchinson [26]. Davidson et al. [27] applied the CTE-SF approach

to partition asymmetric fractures in CFRP delaminations and found that it did not

accurately predict the failure locus, which was measured using symmetric specimens. To

address this issue, a new mixed mode parameter was derived based on the experimental

results, and termed this the crack tip element-non singular field (CTE-NSF) approach.

The value of Ω found to produce accurate results for CFRP delaminations is given by:

ΩNSF =





−24, if (log10 η) < −0.468

60.409(log10 η)− 41.738(log10 η)3, if − 0.468 ≤ (log10 η) ≤ 0.468

24 if (log10 η) ≥ 0.468

(1.14)

where η = h2/h1. Only CTE-NSF is considered further in this work due to the direct

similarities between CTE-SF and the HS solution.

1.2.3.4 Wang and Harvey [28]

Wang and Harvey [28] recently developed a set of partitioning theories based on both

Euler and Timoshenko beam theory by imposing two sets of orthogonal pure modes in

both theories. The method of deriving the pure modes follows the approach taken by

Williams [20]; however, the assumptions made are different. Firstly, they assumed, as

in Williams [20], that the applied moments could be decomposed into those that cause

opening and those that cause shearing. i.e.:

M1 = MI +MII

kM1 = θMI + βMII

(1.15)

The values of θ and β are then found by imposing conditions which are thought to con-

stitute a pure mode. Firstly, the value of θ is found by imposing zero relative shearing

displacements directly behind the crack tip, which constitutes a pure mode I. An ex-

pression is derived relating the relative shearing displacements to the applied moments

and beam height ratios, this expression is equal for both Euler and Timoshenko beam

theories; by setting this expression equal to zero, it is possible to directly find the value

of θ from eq. 1.15 . Once the value of θ is known, the value of β can be found by im-

posing the orthogonal condition. i.e. the orthogonal condition requires that the modes
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do not interact when substituted back into eq. 1.1 (no MIMII term is produced). The

values of β and θ found from imposing a zero relative shearing displacement are given

by:

θ = −η2; β =
η2(3 + η)

(1 + 3η)
(1.16)

where η = h2/h1 = 1/γ. A second method of imposing a pure mode is to impose zero

relative opening displacement directly behind the crack tip, which results in a pure mode

II. Again, an expression in Euler and Timoshenko beam theory is derived for the relative

opening displacement directly behind the crack tip; in this case, the expressions are

different in Euler and Timoshenko beam theory. When the expression is set to zero, the

value of β can be found directly from eq. 1.15. The resulting value of β in Timoshenko

beam theory is equivalent to the value obtained from imposing a zero relative shearing

displacement; therefore, only one set of pure modes exist in Timoshenko beam theory.

The resulting mode I and mode II energy release rates in Timoshenko beam theory are

obtained by substituting eq. 1.15 and eq. 1.18 back into eq. 1.1, which results in:

GI =
24η

B2h3
1E(1 + η)

M2
I

GII =
6(1 + β2/η3 − (1 + β)2/(1 + η)3)

B2h1E
M2
II

(1.17)

When the expression for zero crack tip opening is set to zero in Euler beam theory,

the resulting value of β is different from the one obtained from imposing a zero relative

shearing displacement. The value of β obtained, and the corresponding orthogonal value

of θ, are given by:

θ
′

= −1; β
′

= η3 (1.18)

This set of pure modes is equal to the pair derived by Williams [20], whom arrived

at this point by simply assuming that equal curvatures produced mode II and equal

and opposite moments produced mode I. However, by imposing two sets of conditions

at the crack tip of an ideal Euler beam, Wang and Harvey [28] found that two sets

of pure modes I and II occur. i.e. pure mode I is predicted to occur at two different

loading ratios, and pure mode II is predicted to occur at two different loading ratios for

a given geometry. It must be noted at this point that it is the opinion of the author

that elementary beam theories cannot be used with any great confidence in the vicinity

of a crack tip for the purpose of determining accurate displacements and forces, and

it is believed that any attempts to do so will lead to results which are far removed

from the physical reality. What is predicted to happen in between these pure modes

is a clear indication of the un-physical nature of the results obtained; negative forces

are predicted to act on positive displacements, thus generating rather than dissipating
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energy. This is termed by the authors as ’stealthy interactions’ and is accounted for in

the expressions for mode I and mode II ERR by subtracting the energy created so that

the overall energy remains the same; this results in negative ERRs between the observed

pure modes, which is not physically consistent. The resulting mode I and mode II ERRs

for the Wang-Harvey Euler beam theory are given by:

GI =
24η

B2h3
1E(1 + η)

M2
I +

72η(η − 1)(1 + 3η)

B2h3
1E(1 + η)

MIMII

GII =
6(1 + β2/η3 − (1 + β)2/(1 + η)3)

B2h1E
M2
II −

72η(η − 1)(1 + 3η)

B2h3
1E(1 + η)

MIMII

(1.19)

1.2.4 Assessment of the accuracy of analytical partitioning theories

Firstly, each of the partitioning theories presented in the previous section are plotted in

fig. 1.5 for each of the asymmetric test methods outlined in table 1.1. It is evident that

there is considerable disagreement between each of the partitioning theories based on

the various assumptions which have been made in their formulations.

Numerous experimental studies have investigated the accuracy of each of these parti-

tioning theories at different stages. Hashemi et al. [32] carried out asymmetric tests on

carbon epoxy composite and applied both local (HS) and global (W) partitioning. It

was found that the global approach produced a more physical failure locus and it was

proposed that this was likely due the fracture process zone being larger than the rela-

tively small K dominant region (often ≤ 1% of smallest beam thickness [39]). For such

cases it was argued that the global approach provided the most accurate partitioning.

Ducept et al. [33] carried out a similar study on glass reinforced epoxy composite and

found that the local (HS) partitioning accurately predicted the symmetrically measured

failure locus, and the global (W) partitioning performed poorly. Davidson et al. [27] also

carried out asymmetric tests on carbon epoxy composite and compared the resulting fail-

ure loci, obtained via local (HS) and global (W) partitioning, to the already measured

true failure locus obtained using symmetric specimens. It was found that neither HS

or W partitioning approach predicted the mode partition adequately. It was from this

data that the D-NSF partitioning theory was obtained. The D-NSF partitioning has

been also been shown to produce accurate partitions in other configurations of CFRP

composites [34]. Wang and Harvey [28] repartitioned the CFRP experiments presented

in Hashemi et al. [32] using both the Euler (WH-E) and Timoshenko (WH-T) partition-

ing theories, and compared the partitions to an assumed linear failure locus along with

the original partitions of W and HS. They found that the WH-E partitioning theory

produced the best fit to the assumed failure locus, and claimed that this theory offered
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Introduction 1.3. Aims of Thesis

the ’best and most simple explanation for all of the experimental observations’. They

also found that the Timoshenko beam theory partition (WH-T) performed by far the

poorest of all the partitioning theories. The WH-T partitioning theory is therefore not

considered further in this work and the Euler beam partition is referred to simply as

WH partitioning theory. Overall, the experimental studies to date have failed to shine

any further light on which partitioning theory, if any, should be used in the general case

to partition asymmetric fractures. Each theory can be argued to work for a single case

but there is no consistency across all composite materials. It is believed that the state of

damage at the crack tip plays an important role in determining the correct mode mixity,

something which is not considered by any of the mixed mode partitioning theories.

Parmigiani and Thouless [40] and Sills and Thouless [41] carried out a numerical assess-

ment of the accuracy of the local (HS) partitioning theory; in this study, cohesive zone

models were used to study the effect of damage zone size on mode mixity in beam like

geometries. Parmigiani and Thouless [40] showed that local partitioning is reproduced if

the cohesive length scale is sufficiently small, and more surprisingly, that local partition-

ing is accurate at and beyond cohesive length scales where there is no K dominant stress

field present. Based on these findings, it was proposed that local partitioning would be

accurate for most practical situations.

1.3 Aims of Thesis

It is evident that considerable uncertainty still surrounds the area of mixed mode par-

titioning when it comes to partitioning the ERR for asymmetric fracture tests in com-

posites and adhesive joints. There is a critical need to establish accurate mixed mode

partitions in asymmetric geometries. One might argue that these are not needed due

to the fact that symmetric specimens can be used to obtain the full mixed mode failure

locus. However, accurate partitioning of asymmetric specimens may lead to the stan-

dardisation of more straightforward mixed mode test methods, such as the AFRMM

test. This will lead to mixed mode testing becoming more accessible, particularly in

industry, where it is currently overlooked despite it’s critical importance. Apart from

this, not all structures in real life will be symmetric so it is also of critical importance

to analyse these asymmetric structures and determine how they will behave in-service.

The goals of the current thesis are to:

• Establish a consistent method of numerically determining mixed mode partitions

in beam like geometries.

15



Introduction 1.3. Aims of Thesis

10ï1 100 101

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Height Ratio, a

M
od

e 
Pa

rti
tio

n,
 G
II/
G

 

 
W
HS
DïNSF
WHïE
WHïT

(a) ADCB(k=-1)

10ï1 100 101

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Height Ratio, a

M
od

e 
Pa

rti
tio

n,
 G
II/
G

 

 
W
HS
DïNSF
WHïE
WHïT

(b) AELS(k=1)
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(c) AFRMM(k=1)
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Figure 1.5: Predicted mode partitions for asymmetric fracture tests as a function of
beam height ratio. Predicted partitions are from Williams [20](W), Suo and Hutchinson
[26](HS), Davidson et al. [27] (D-NSF) and Wang and Harvey [28] (WH-E(Euler)),

(WH-T(Timoshenko)).

• Use this numerical technique to investigate the effect of fracture process zone size

on the mixed mode partition.

• Critically assess the accuracy of each of the current analytical partitioning theories

based on the numerical results.

• Establish a consistent method of partitioning fractures in asymmetric specimens,

that can be used to describe all of the supposed conflicting experimental evidence

in the literature.

• Critically assess the performance of the newly proposed partitioning scheme by

carrying out a series of mixed mode delamination experiments.
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Introduction 1.4. Thesis Outline

1.4 Thesis Outline

The following is a brief outline of the contents of each chapter in this thesis

• Chapter 2 presents a literature review of current numerical methods for obtaining

mixed mode partitions. Linear elastic partitioning results are presented using

the virtual crack closure technique, interaction domain integral, and the mode

decomposed J integral approach.

• Chapter 3 introduces damage into the simulations with the use of cohesive zone

models. The global mode partition is studied as a function of cohesive properties

and the results are compared to the predictions of current analytical partitioning

theories.

• Chapter 4 outlines the development of a new semi analytical cohesive analysis

based on the numerical findings in the previous chapter. This new approach is

applied to partition experimental data presented in the literature and it’s perfor-

mance is critically assessed.

• Chapter 5 outlines an experimental investigation of current analytical partitioning

theories and the newly developed SACA partitioning using the DCB-UBM test rig.

The true mixed mode delamination failure locus of UD/CFRP is measured using

symmetric specimens, and is then used as a benchmark to assess the performance

of each of the partitioning methods.

• Chapter 6 summarises the findings made in this thesis and recommendations for

future work in the area are outlined.
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Chapter 2

Numerical Partitioning: Linear

Elastic Cases

2.1 Introduction

In this chapter, the numerical mixed mode partitioning of elastic beam-like geometries is

considered. All simulations are carried out using Abaqus [42], a broadly used commercial

finite element analysis software. The asymmetric fixed ratio mixed mode (AFRMM)

test method is used in this study as it highlights the significant differences that exist

between the various partitioning theories. As such, it serves as a good test to evaluate the

performance of each of the analytical partitioning theories. The analytical predictions,

which are discussed in chapter 1, are presented in fig. 2.1 for the AFRMM (k = 0) test

for height ratios ranging from 0.1 to 10. For each geometry and loading arrangement,

the numerical results are compared to each of the analytical predictions. In this purely

elastic case, no crack tip yielding or damage is considered.

The numerical mode partition is calculated using three different numerical techniques.

• The first technique, which was initially developed for use with the finite element

method, is the virtual crack closure technique (VCCT) [43]. In this method, the

nodal forces at the crack tip are multiplied by the displacements directly behind

the crack tip.

• The second method, known as the interaction domain integral (IDI) [44], is a more

complex approach that involves the interaction of known singular fields with the

numerical stress and strain fields in order to decompose the loading into individual

mode I and mode II stress intensity factors.
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Figure 2.1: Analytical partitioning theories

• The third method is the mode decomposed J integral approach proposed by

Ishikawa et al. [45]. In this method, the J integral is calculated over a symmetric

path surrounding the crack tip where the stresses, strains and displacements are

decomposed into symmetric and anti-symmetric components in order to obtain the

mode I and mode II ERR contributions respectively.

The theory and application of each partitioning technique is discussed in further detail

in section 2.2.

The convergence of the mode partition using each numerical method is studied as the

mesh size is reduced. In the initial test cases, only isotropic material properties are

considered. It has been shown [46, 47] that the local partitioning solution depends very

weakly on material orthotropy, and it is suggested by Suo et al. [47] that the isotropic

solution offers sufficient accuracy for partitioning orthotropic composite laminates. Also,

the 2D analytical partitioning theories of Williams [20], Wang and Harvey [28] and

Davidson et al. [27] do not account for the out of plane material properties and hence

do not predict any change in mode partitioning for varying material orthotropy. The
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Linear Elastic Partitioning 2.2. Numerical Partitioning

effect of material orthoptropy on mode mixity is numerically assessed in section 2.6 by

repeating each AFRMM test case with orthotropic material properties.

In the absence of any crack tip damage in these purely elastic cases, a singularity dom-

inated region (K dominant region) is allowed to develop close to the crack tip. In the

final part of this chapter, the extent of the region of K dominancy is studied in each

case. This has previously been reported to be in the order of 1% of the beam thickness

for a double cantilever beam specimen loaded in bending [16, 48]. The size of the region

is reported to scale with the beam thickness for these symmetric specimens, and not

with the crack length as is the case for a crack in an infinite plate [49]. Here, it is of

interest to study how the size of the K dominant region scales with the relevant beam

thicknesses for asymmetric specimens. This study is of particular importance because

it indicates the level of damage which would be tolerated for the local partitioning to

remain theoretically valid.

2.2 Numerical Partitioning

2.2.1 Overview

This section deals with numerical techniques for evaluating mixed mode partitions in

beam like geometries. In all cases, it is required to evaluate the individual mode I and

mode II energy release rates GI , GII or stress intensity factors KI ,KII in order to obtain

the mode mixity GII/G. In this chapter, three different techniques are compared. These

are:

• Virtual Crack Closure Technique (VCCT).

• Interaction Domain Integral (IDI).

• Mode Decomposed J Integral (MDJ).

2.2.2 Virtual Crack Closure Technique

One of the most widely used methods for numerically calculating energy release rates

is the virtual crack closure technique (VCCT), which is the numerical implementation

of the crack closure integral suggested by Irwin [50]. Irwin proposed that the energy

released when a crack propagated by a distance ∆a was equal to the energy required

to close the crack over the same distance. As ∆a approaches zero, the energy required
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Linear Elastic Partitioning 2.2. Numerical Partitioning

to close the crack faces divided by the area closed can be equated to the energy release

rate G. The mathematical representation of the crack closure integral is given by [50]:

G = lim
∆a→0

1

2∆a

∫ ∆a

0
σyy(∆a− x)∆v(−x)dx

+ lim
∆a→0

1

2∆a

∫ ∆a

0
σxy(∆a− x)∆u(−x)dx

(2.1)

as applied to an arbitrary crack tip as seen in fig. 2.2. σyy and σxy are the normal and

Δa Δa

σ yy

σ xy

x = 0

Δv

Δu

x

y

Fy
(g)

Fx
(g)

e1 e2

e3 e4

Figure 2.2: Arbitrary crack tip under mixed mode loading. The crack tip is located
at x = 0 and is propagating in the +x direction. The crack tip is meshed with regular

quadrilateral linear elements

shear stresses respectively acting ahead of the crack tip, and ∆v and ∆u are the relative

opening and shearing displacements behind the crack tip respectively. Eq. 2.1 can be

decomposed into mode I and mode II components by separating the first and second

integrals [43].

GI = lim
∆a→0

1

2∆a

∫ ∆a

0
σyy(∆a− x)∆v(−x)dx

GII = lim
∆a→0

1

2∆a

∫ ∆a

0
σxy(∆a− x)∆u(−x)dx

(2.2)

Rybicki and Kanninen [43] were the first to calculate the crack closure integral numer-

ically, making use of linear finite elements. By inserting stiff springs at the connecting

nodes at the crack tip in the opening and shearing directions, Rybicki and Kanninen [43]
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could equate the integrals of stresses over ∆a to the forces in the springs at the crack

tip, where ∆a is equal to the distance between nodes in the regular quadrilateral mesh

as seen in fig. 2.2. By replacing the integral of stresses in eq. 2.2 with the resultant

global forces at the crack tip in the opening and shearing directions (F
(g)
y , F

(g)
x ), eq. 2.2

reduces to:

GI =
1

2B∆a
(F (g)

y ∆v)

GII =
1

2B∆a
(F (g)

x ∆u)

(2.3)

where ∆u and ∆v are evaluated at a distance ∆a behind the crack tip. While Rybicki

and Kanninen [43] inserted stiff springs in order to obtain the overall forces acting on

the plane ahead of the crack tip, this is not specifically required in a finite element

analysis in order to obtain the correct global forces. In any finite element analysis, there

is a calculation of the element forces at each node F (ei); this is the force acting on this

node due to the deformation of the particular element(ei). Therefore, the crack tip node

seen in fig. 2.2 will have four element forces acting on it, and each element force can

be decomposed into an opening F
(ei)
y and shearing force F

(ei)
x . In order to obtain the

correct global force acting across the crack plane at the crack tip node in fig. 2.2, one

must sum the element forces on one side of the crack plane. i.e.

F (g)
x = F (e1)

x + F (e2)
x = −(F (e3)

x + F (e4)
x )

F (g)
y = F (e1)

y + F (e2)
y = −(F (e3)

y + F (e4)
y )

(2.4)

As the forces and displacements are readily available in any finite element calculation,

this form of the crack closure integral presented in eq. 2.3 provides a very simple and

efficient technique for numerically estimating energy release rates and mode partitions.

It is important to note that equation 2.3 is only valid for linear elements that are regular

in size in the vicinity of the crack tip. The use of the VCCT was extended to higher

order elements and singular elements by Ramamurthy et al. [51], Raju [52]. Nairn

[53] extended the analysis to arbitrarily placed side nodes and corrected for crack face

pressures, which were shown to be incorrectly accounted for in [52].

The simulations carried out in this study use 8 node quadratic CPE8 elements, with

a regular quadrilateral mesh. The VCCT equations that apply to a regular quadratic

finite element mesh with mid side nodes are given by [52–54] and are outlined below:

GI =
1

2B∆a
(∆v1F

(g)
y,1′ + ∆v2F

(g)
y,2′)

GII =
1

2B∆a
(∆u1F

(g)
x,1′ + ∆u2F

(g)
x,2′)

(2.5)
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where F (g) and ∆u,∆v are the global nodal forces and relative crack opening displace-

ments respectively as defined in eq. 2.3. The locations at which each of the values are

calculated are detailed in fig. 2.3. The values subscripted as 1′, 1 are evaluated at the

crack tip node and the equivalent adjacent nodes behind the crack tip respectively, and

the values subscripted as 2′, 2 are evaluated at the mid-side nodes directly ahead of and

behind the crack tip respectively.

This approach was implemented as an automated post processing technique using Python

scripting and Matlab. A Python script was developed to extract the relevant element

forces and nodal displacements from the simulations to a series of text files. A Matlab

script was then developed to read in this data and calculate GI and GII from eq. 2.5,

and hence the mode partition GII/G. The results for each of test case are presented in

section 2.4.

(1) 

  

GI =
1

2tΔa
Δv1Fy,1'

(g ) + Δv2Fy,2'
(g )( )

GII =
1

2tΔa
Δu1Fx,1'

(g ) + Δu2Fx,2'
(g )( )

k = kx = ky

E = 50GPa

h1 = 0.003m

M1 = �58.44Nm

h1 M1 

x"

y"

k = kx = ky

E = 50GPa

h1 = 0.003m

M1 = �58.44Nm

h1 M1 

x"

y"

k = kx = ky

E = 50GPa

h1 = 0.003m

M1 = �58.44Nm

Element type: CPE8 Plane Stain 
Quadratic Elements  

10 20

1
2

Fy,2 '
(g)

Fx,1'
(g) Fx,2 '

(g)

Δa

Δu1 Δu2

Δν1

Δν2

Fy,1'
(g)

GI =
1

2BΔa
(Δν1Fy,1'

(g) + Δν2Fy,2 '
(g) )

GII =
1

2BΔa
(Δu1Fx,1'

(g) + Δu2Fx,2 '
(g) )

(1)

Figure 2.3: Application of the VCCT to a 2D 8 node quadratic element.

2.2.3 Interaction Domain Integral

Another common method for partitioning energy release rates at the crack tip is the

interaction domain integral (IDI). This approach is based on the J integral and requires

the superposition of stress, strain and displacement fields from known stress intensity

factor solutions in order to decompose the numerical field into the individual mode I
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and mode II stress intensity factors. This method was first proposed by Yau et al. [44].

The J integral proposed by Rice [55] for a crack propagating in the x direction is given

as:

J =

∫

Γ

(
Wdy − σijnj

∂ui
∂x

ds
)

(2.6)

where Γ is an arbitrary path surrounding the crack tip which starts on the lower cracked

face and ends on the upper crack face, σij are the components of the stress tensor, ui

the displacement vector, nj the outwards normal to Γ, s the distance along the path Γ

and W the strain energy density defined as:

W =

∫ ε

0
σijdεij (2.7)

where εij are the components of the strain tensor. It was shown by Rice [55] that this

integral was equivalent to the energy release rate analysis of Griffith and Irwin for a

crack in an isotropic linear elastic medium under infinitesimal strains. Therefore under

2D in plane loading, J can be expressed as:

J = G =
1

E′
(K2

I +K2
II) (2.8)

where E′ = E for plane stress and E = E/(1 − ν2) for plane strain. E is the Young’s

modulus and ν is the Poisson’s ratio. The evaluation of eq. 2.6 around a contour Γ

surrounding the crack tip will yield the overall energy release rate G, but this approach

does not yield sufficient information to obtain the individual energy release rates GI and

GII . To achieve this, Yau et al. [44] proposed interacting known singular field solutions

as a method of decomposing the ERRs in the following technique. Take the known

singular field solutions presented by Irwin:

σxx =
KI√
2πr

cos
(θ

2

)[
1− sin

(θ
2

)
sin
(3θ

2

)]

σyy =
KI√
2πr

cos
(θ

2

)[
1 + sin

(θ
2

)
sin
(3θ

2

)]

σxy =
KI√
2πr

cos
(θ

2

)
sin
(θ

2

)
cos
(3θ

2

)

ux =
KI

2µ

√
r

2π
cos
(θ

2

)[
κ− 1 + 2 sin2

(θ
2

)]

uy =
KI

2µ

√
r

2π
sin
(θ

2

)[
κ+ 1− 2 cos2

(θ
2

)]





mode I (2.9)
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σxx =
−KII√

2πr
sin
(θ

2

)[
2 + cos

(θ
2

)
cos
(3θ

2

)]

σyy =
KII√
2πr

sin
(θ

2

)
cos
(θ

2

)
cos
(3θ

2

)

σxy =
KII√
2πr

cos
(θ

2

)[
1− sin

(θ
2

)
sin
(3θ

2

)]

ux =
KII

2µ

√
r

2π
sin
(θ

2

)[
κ+ 1 + 2 cos2

(θ
2

)]

uy =
−KII

2µ

√
r

2π
cos
(θ

2

)[
κ− 1− 2 sin2

(θ
2

)]





mode II (2.10)

where µ is the shear modulus, r, θ are the polar co-ordinates, with the origin at the crack

tip for a crack extending in the direction of θ = 0, κ = (3− ν)/(1 + ν) for plane stress,

and κ = 3 − 4ν for plane strain. By imposing this known singular field solution, also

termed auxiliary field, (denoted by subscript 2) on top of the deformed field for which

we require the mode decomposition (denoted by subscript 1), it is possible to obtain a

new combined field (denoted by subscript 0). i.e.:

σ
(0)
ij = σ

(1)
ij + σ

(2)
ij

ε
(0)
ij = ε

(1)
ij + ε

(2)
ij

u
(0)
i = u

(1)
i + u

(2)
i

(2.11)

The J integral of the combined field (subscript 0) is given by:

J (0) =

∫

Γ

(∫ ε

0
(σ

(1)
ij + σ

(2)
ij )d(ε

(1)
ij + ε

(2)
ij )dy − (σ

(1)
ij + σ

(2)
ij )nj

∂(u
(1)
i + u

(2)
i )

∂x
ds
)

(2.12)

which, upon expansion, reduces to:

J (0) = J (1) + J (2) +M (1,2) (2.13)

where M (I,II) is termed the interaction integral and can be evaluated from:

M (1,2) =

∫

Γ

(
W (1,2)dy −

[
σ

(1)
ij nj

∂u
(2)
i

∂x
+ σ

(2)
ij nj

∂u
(2)
i

∂x

]
ds
)

(2.14)

W (1,2) is the mutual energy density and can be obtained from:

W (1,2) =

∫ ε

0
σ

(1)
ij dε

(2)
ij =

∫ ε

0
σ

(2)
ij dε

(1)
ij (2.15)

Due to superposition properties of linear elasticity, it is also possible to combine the

mode I and mode II SIFs from the auxiliary fields (K
(2)
I ,K

(2)
II ) to the current unknown

field SIFs (K
(1)
I ,K

(1)
II ) to produce the combined field SIFs given by ((K

(1)
I +K

(2)
I ), (K

(1)
II +

K
(2)
II )). Substituting the combined field SIFs into eq. 2.8 and expanding results in the
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following expression for J (0) for the combined field:

J (0) =
1

E′
(K

(1)
I

2
+K

(1)
II

2
) +

1

E′
(K

(2)
I

2
+K

(2)
II

2
) +

2

E′
(K

(1)
I K

(2)
I +K

(1)
II K

(2)
II ) (2.16)

which is equivalent to:

J (0) = J (1) + J (2) +
2

E′
(K

(1)
I K

(2)
I +K

(1)
II K

(2)
II ) (2.17)

Now by direct comparison between eq. 2.13 and eq. 2.17, it is evident that:

M (1,2) =
2

E′
(K

(1)
I K

(2)
I +K

(1)
II K

(2)
II ) (2.18)

As it is possible to evaluate M (1,2) directly from the known quantities of the numerical

and auxiliary fields along the chosen contour, it turns out that if the auxiliary fields are

chosen in the following way, it is possible to deduce the required SIFs K
(1)
I and K

(1)
II .

Firstly, if the auxiliary field is chosen to be pure mode I (i.e. K
(2)
II = 0) with an intensity

of 1 (i.e. K
(2)
I = 1), eq. 2.18 reduces to:

M (1,2) =
2

E′
(K

(1)
I ) (2.19)

and conversely, if the auxiliary field is chosen to be pure mode II (i.e. K
(2)
I = 0) with

an intensity of 1 (i.e. K
(2)
II = 1), eq. 2.18 then reduces to:

M (1,2) =
2

E′
(K

(1)
II ) (2.20)

Using this approach it is possible to determine the mixed mode SIFs for the general

loading of a crack in a 2D homogenous isotropic solid. The implementation of this

approach into the finite element method is outlined by Yau et al. [44]. Shih and Asaro

[56] extended this method for use with general anisotropic materials by utilising the

anisotropic singular field solutions outlined by Barnett and Asaro [57]. As mentioned

previously, this method is already coded into Abaqus as a post processing technique. In

Abaqus, the interaction integral of eq. 2.14 is transformed into an area integral using

Gauss’ divergence theorem. The resulting integral takes the form:

M (1,2) =
∑

A

N∑

p=1

{[
−W (1,2)δ1i + σ

(1)
ij

∂u
(2)
i

∂x1
+ σ

(2)
ij

∂u
(1)
i

∂x1

]∂q1

∂xi
det [J ]

}
p
wp (2.21)

where N is the number of Gaussian points in each element, A is the domain over which

the integral is carried out, and q1 is an arbitrary continuous function which goes from

a value of one at the crack tip to a value of zero at the domain boundaries. x1, x2 are
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the global coordinates and ξ, η are the local parametric coordinates, which are detailed

in fig. 2.4 for a quadratic element. wp are the Gaussian weights associated with each

integration point and [J] is the jacobian of the element, which is given by:

[J ] =

[
∂x1
∂ξ

∂x2
∂ξ

∂x1
∂η

∂η
∂xi

]
(2.22)

It is shown by Shih et al. [58] that the domain integral solution is independent of the

choice of function for q1, provided it is a continuous function which is equal to zero at

the domain boundary and equal to one at the crack tip. While the line integral and

the domain integral are theoretically equivalent, the transformation of the line integral

into a domain integral has a number of distinct advantages for numerical calculation.

Firstly, the values of stress and strain are available directly at integration points and do

not need to be extrapolated to nodes, therefore increasing accuracy over a line integral.

Secondly, the accuracy of the domain integral does not rely solely on the accuracy of

the field solution along a single remote contour, and therefore accurate solutions can be

obtained with a coarser mesh.

In order to obtain results from an Abaqus simulation, it is required to specify the crack

tip and the domain for which the integral is calculated. This procedure is applied to

all cases in line with the VCCT technique. Results from these cases are presented in

section 2.4

x1

x2

η

ξ

(−1,−1)

(1,−1)

(1,1)
(−1,1)

( 3
5,

3
5)

(− 3
5,−

3
5)

Figure 2.4: Quadratic finite element with global (x1, x2) and parametric (ξ, η) co-
ordinates. Integration (Gaussian) point locations are shown with red dots, along with

the associated Gaussian weights.
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2.2.4 Mode Decomposed J integral Approach

It was shown in the previous section that the J integral calculation of eq. 2.6 does not

provide enough information to decompose the ERR into the individual mode I and mode

II ERRs, and hence can not be used in this form to obtain mixed mode partitions. We

have seen that Yau et al. [44] proposed an elaborate method for decomposing the ERRs

based on interacting singular fields in the IDI technique. About the same time, Ishikawa

et al. [45] proposed a different technique for decomposing the J integral into mode I and

mode II components. This is achieved by directly decomposing the stress, strain and

displacement fields into symmetric (causing mode I) and antisymmetric (causing mode

II) components along a symmetric integration path about the crack plane. i.e. paths

containing P and P ′ in fig. 2.5. The decomposed stress, strain and displacement fields

are then given as:

σij = σIij + σIIij =
1

2

[
σ11 + σ

′
11 σ12 − σ′12

σ12 − σ′12 σ22 + σ
′
22

]
+

1

2

[
σ11 − σ′11 σ12 + σ

′
12

σ12 + σ
′
12 σ22 − σ′22

]

εij = εIij + εIIij =
1

2

[
ε11 + ε

′
11 ε12 − ε′12

ε12 − ε′12 ε22 + ε
′
22

]
+

1

2

[
ε11 − ε′11 ε12 + ε

′
12

ε12 + ε
′
12 ε22 − ε′22

]

ui = uIi + uIIi =
1

2

[
u1 + u

′
1

u2 − u′2

]
+

1

2

[
u1 − u′1
u2 + u

′
2

]

(2.23)

It is important to note that the decomposed stresses (i.e. σIij , σ
II
ij ) satisfy the conserva-

tion laws of linear and angular momentum in the absence of body forces, i.e.:

∂σMij
∂xi

= 0

σMij = σMji

(2.24)

where (M = 1, 2). The decomposed stress, strain and displacement values, i.e. (σIij +

σIIij ), (εIij + εIIij ), (uIi + uIIi ), are then substituted directly into eq. 2.6 to obtain:

J =

∫

Γ

(∫ ε

0
(σ

(I)
ij + σ

(II)
ij )d(ε

(I)
ij + ε

(II)
ij )dy − (σ

(I)
ij + σ

(II)
ij )nj

∂(u
(I)
i + u

(II)
i )

∂x
ds
)

(2.25)

and upon expanding:

J = JI + JII + terms involving I.II (2.26)
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where:

JI =

∫

Γ

(∫ ε

0
σ

(I)
ij dε

(I)
ij dy − σ

(I)
ij nj

∂u
(I)
i

∂x
ds
)

JII =

∫

Γ

(∫ ε

0
σ

(II)
ij dε

(II)
ij dy − σ(II)

ij nj
∂u

(II)
i

∂x
ds
) (2.27)

It turns out that there is no interaction between the orthogonal fields I, II and hence

the terms involving the product of I.II can be shown to reduce to zero [45]. Therefore

JI and JII in eq. 2.27 equate to the mode I and mode II ERRs GI and GII when

the integrals are applied along a remote contour surrounding a crack in an elastic body

under infinitesmal strains as seen in fig. 2.5. Ishikawa et al. [45] also showed the

decomposed integrals (eq. 2.27) to be path independent, provided the path started on

the lower crack face and ended on the upper crack face. This method provides a direct

Γ

x

y

P

P '

Figure 2.5: Symmetric path surrounding the crack tip containing points P and P ′.

approach for estimating mixed mode partitions by decomposition of the stress strain

and displacement fields. The main advantage of this approach over the previous VCCT

and IDI is not evident in the current analysis where only elastic material properties

are considered. However, the mode decomposed J integral can be easily applied to

cases where non linear deformations are occurring at the crack tip, as is the case in

cohesive zone modelling. Indeed one of the reasons for applying it in conjuction with

both the VCCT and IDI techniques to the purely elastic cases is to verify the procedure

is working. To calculate the integrals of eq. 2.27 in practice, the symmetric paths are

selected as node sets in Abaqus and the values are again extracted using a python script

and the integrals are then calculated with a Matlab script. The integral is approximated

numerically using the trapezoidal rule.
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2.3 Case Setup

The AFRMM test geometry and loading is outlined in fig. 2.6. The beams are modelled

as 2D plane strain, linear elastic and isotropic with a Young’s modulus of 75 GPa and

a Poisson’s ratio of 0.38. These values are chosen as they are typical of FRP composite

elastic properties in the aligned-fibre(x) direction. In any case, the partitioning is inde-

pendent of the substrate elastic properties (isotropic) so the numerical solution remains

general. For these elastic test cases, small strain theory is used.

The beam is fully built in at the un-cracked end, while a pure moment is applied to the

top beam of the cracked end. Using the Euler beam analysis outlined in [20], the ERR,

G, for an increment of crack growth in the AFRMM test case is given by:

G =
6M2

1

B2E

( 1

h3
1

− 1

(h1 + h2)3

)
(2.28)

where M1 is the moment applied to the top beam, B is the substrate thickness, E is

the Young’s modulus and h1 and h2 are the upper and lower beam heights respectively.

For all 2D simulations, a nominal thickness, B, of 1 m is assigned in the out of plane

direction. All simulations use a structured orthogonal mesh with quadratic elements in

plane strain, unless stated otherwise. Quadratic elements are chosen for this study as

they offer a number of advantages over linear elements in bending, despite the increased

computational cost. A significant advantage of quadratic elements is that they circum-

vent the problem of shear locking, which is commonly encountered in linear elements

where they are subjected to bending. Shear locking is the inability of the element to

deform to the required shape, which can result in an overestimate of the stiffness of a

beam in bending. While this issue can be addressed by using reduced integration within

the element, this must be accompanied by hourglass control to ensure the stiffness of

the element is not underestimated. The placement of the mid-side nodes in quadratic

elements means they can accurately deform to the required shape in bending and hence

they are not prone to the problem of shear locking. Secondly, a study by Nairn [53]

on the VCCT technique using various element formulations found that the quadratic

element with mid-side nodes produced the fastest rate of convergence. Each of the cases

are meshed and run in Abaqus and the VCCT, IDI, and mode decomposed J inte-

gral techniques are then applied as a post processing tool to calculate the mixed mode

partition.

The mode mixity, GII
G , is calculated over a range of γ ratios ranging from 0.1 to 10.

To achieve varying γ ratios, h1 is kept constant at 3mm while h2 is varied between

30, 15, 6, 3, 1.5, 0.6 & 0.3 mm.
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Figure 2.6: AFRMM test case geometry and loading.

2.4 Results

2.4.1 Converged Results

The converged VCCT, IDI, and mode decomposed J integral (MDJ) partitions of the

AFRMM linear elastic test cases are plotted in fig. 2.7 along with the aforementioned

analytical solutions. The numerical values, along with the associated total energy release

rates, G, are outlined in table 2.1. The converged values are obtained by extrapolating

to zero element size in each case. The details of the convergence patterns for each

method are discussed in section 2.4.2. In table 2.1, the applied energy release rate for

each case, G, is calculated using eq. 2.28, and compared to the numerical energy release

rate obtained using each partitioning method. Each of the partitioning methods yield a

value for the mode I and mode II energy release rates, GI , GII , which are then summed

to obtain the numerical energy release rate G (i.e. G = GI +GII). The ability of each

partitioning method to accurately predict the correct total ERR is paramount and serves

as an important check that the numerical procedures are implemented correctly. The

ERR values presented in table 2.1 are converted to %G error values in table 2.2 using:

%GN error =
GANA −GN

GANA
∗ 100, (N = V CCT, IDI, MDJ) (2.29)

whereGANA is the analytical energy release rate calculated using eq. 2.28, andGN , (N =

V CCT, IDI, MDJ) are the total energy release rates calculated using the VCCT (eq.

2.5), IDI (eqs. 2.19-2.21), and MDJ (eq. 2.27) numerical techniques respectively.

2.4.1.1 Discussion

First and foremost, it is evident from table 2.2 that all of the numerical methods are

accurate in predicting the total energy release rate G to within ≈ .05% of the exact

analytical value when the results are extrapolated to zero element size. The VCCT and

IDI are the most accurate, with maximum errors of ≈ .01%. The MDJ technique is the

31



Linear Elastic Partitioning 2.4. Results

G (J/m2) GII/G
γ ANA (eq. 2.28) VCCT IDI MDJ VCCT IDI MDJ

0.1 158.32540 158.32539 158.33253 158.38399 0.37845 0.37825 0.37835
0.2 157.71091 157.71089 157.70603 157.77226 0.38112 0.38098 0.38103
0.5 152.57613 152.57578 152.56384 152.66042 0.39716 0.39700 0.39713
1 138.63889 138.64048 138.64082 138.71942 0.42857 0.42850 0.42876
2 111.49794 111.50164 111.50767 111.49025 0.47601 0.47610 0.47606
5 66.75206 66.74936 66.75171 66.73579 0.54001 0.54024 0.54001
10 39.40279 39.40633 39.40258 39.39319 0.57479 0.57486 0.57494

Table 2.1: Converged values of G and GII/G for the AFRMM test geometry and
loadings outlined in fig. 2.6 using VCCT, IDI, and MDJ partitioning techniques.

%G error
γ VCCT IDI MDJ

0.1 -0.00001 0.00450 0.03700
0.2 -0.00001 -0.00309 0.03890
0.5 -0.00023 -0.00806 0.05524
1 0.00115 0.00139 0.05808
2 0.00332 0.00873 -0.00690
5 -0.00404 -0.00052 -0.02437
10 0.00899 -0.00052 -0.02437

Table 2.2: %G error values for the VCCT, IDI, and MDJ partitioning techniques for
a range of γ values in the AFRMM test.

least accurate with a maximum error of ≈ .05%. The reason for this is likely due to the

fact that the mode decomposed J integral is calculated as a line integral and not an area

integral as in the IDI technique. However, this level of accuracy is deemed sufficient for

the current study of mixed mode partitions. The numerical mixed mode partitions using

VCCT, IDI and MDJ, which are plotted in fig. 2.7, all converge to the same value, which

is very close to the analytical predictions of Suo and Hutchinson [26]. This result is not

surprising given that in this purely elastic analysis, a K dominant region is allowed to

develop at the crack tip upon loading. This singularity dominant region matches the

stress, strain and displacement field assumptions of Suo and Hutchinson [26], when they

used numerical equations to extract mixed mode stress intensity factors for the infinite

lower beam case (γ = 0) and then linearly averaged between γ = 0 and γ = 1 using eq.

1.10. The %GII
G differences from the analytical prediction of Suo and Hutchinson [26],

GII
G HS

, are given in table 2.3 and are calculated using:

%
GII
G N

difference =
GII
G N

− GII
G HS

GII
G HS

∗ 100, (N = V CCT, IDI, MDJ) (2.30)

From table 2.3, it is clear that each of the numerical solutions predict the same mode

partition to a high degree of accuracy and they predict slight deviations from the local
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Figure 2.7: Converged values of GII/G for the AFRMM test geometry and loadings
outlined in fig. 2.6 using VCCT, IDI, and MDJ partitioning techniques.

%GII/G diff. from (GII/G)HS
γ VCCT IDI MDJ

0.1 -1.0395 -1.0921 -1.0665
0.2 -1.6519 -1.6898 -1.6769
0.5 -1.4211 -1.4593 -1.4280
1 0.0260 0.0091 0.0712
2 1.2450 1.2652 1.2553
5 1.2383 1.2805 1.2386
10 0.7051 0.7172 0.7316

Table 2.3: %GII/G difference from (GII/G)HS for the VCCT, IDI, and MDJ parti-
tioning techniques for a range of γ values in the AFRMM test.

numerical solution of Suo and Hutchinson [26]. The numerical solutions are closest

to the local analytical predictions near the limits (γ = 0.1, 10), for which a numerical

solution was obtained using integral equations, and at γ = 1, for which an exact solution

exists. In the intermediate regions (γ = 0.2, 0.5, 2, 5) the differences are up to ≈ 1.5%.

These differences are not due to numerical errors but in fact due to the approximation

in the analytical solution, and it is noted by Suo and Hutchinson [26] that the linear

approximation given in eq. 1.10 can lead to errors of the order of 1%. It is therefore

taken that the numerical solutions are accurate and are deemed to be correct in this

33



Linear Elastic Partitioning 2.4. Results

case. These numerical results further verify that the linear approximation in the local

analytical partitioning can be used to obtain accurate mixed mode partitions in cases

where a singular dominant region exists. Conversely, it is clear from fig. 2.7 that

the partitioning theories of Williams [20],Wang and Harvey [28] and Davidson et al.

[27](CTE-NSF) cannot be used to accurately partition where a K dominant region

exists at the crack tip.

2.4.2 Convergence Study

A summary of the converged values of mode partition (GII/G) and energy release rate

(G) were presented in the previous section for VCCT, IDI and MDJ partitioning of

the AFRMM test case. In this section, all of results from the convergence study are

presented and discussed. For each AFRMM height ratio, six simulations are carried

out with the element size (lel) varied with respect to the smallest beam height, hc,

(hc = min(h1, h2)). A regular grid of square elements is used in all simulations and so

the element length lel corresponds to the length of each side of the element. Values of
lel
hc

used in each case are 1
1 ,1

2 ,1
3 , 1

10 , 1
20 and 1

30 . Therefore, the coarsest mesh only has one

element across the smallest beam height and the finest mesh has 30 elements across the

smallest beam height.

2.4.2.1 Convergence of total energy release rate G

The total energy release rate from each method is normalised with respect to the an-

alytical energy release rate (GANA) and the results are plotted against the normalised

element length ( lelhc ) in figs. 2.8-2.10 for the VCCT, IDI and MDJ techniques respec-

tively. The corresponding %G errors are presented in tables 2.4-2.6 for the VCCT, IDI

and MDJ techniques respectively.

Figure 2.8 and table 2.4 show the errors associated with total ERR calculation using

the VCCT partitioning. Interestingly, the VCCT approach is accurate to within ≈ .01%

for all elements sizes and does not exhibit any clear convergence pattern. The %G error

tends to increase as the beam height ratio γ is increased, which may be due to the

smaller applied energy release rate in the higher γ cases, which acts as the denominator

in the %G error calculation. The applied energy release rates resulting from an applied

moment of 250 N/m are outlined in table 2.1 for each case. Overall, the errors are

negligible and the converged G values reported in section 2.4.1 are taken from the finest

mesh simulated in each case (i.e. lel/hc = 30).
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Figure 2.8: Values of G for the AFRMM test geometry and loadings outlined in fig.
2.6 obtained using VCCT partitioning normalised w.r.t analytical G value and plotted

as a function of the normalised element size.

%GV CCT error for each γ ratio
lel/hc γ = 0.1 γ = 0.2 γ = 0.5 γ = 1 γ = 2 γ = 5 γ = 10

1/30 -0.000008 -0.000010 -0.000230 0.001148 0.003316 -0.004035 0.008991
1/20 -0.000002 -0.000016 -0.000126 0.000152 -0.001043 0.002027 0.003532
1/10 -0.000002 -0.000003 -0.000158 -0.000230 -0.000863 -0.006655 0.000296
1/3 -0.000002 -0.000003 -0.000034 -0.000201 0.000706 0.002660 -0.003404
1/2 -0.000002 0.000003 0.000064 -0.000057 -0.000406 0.000820 0.002367
1/1 -0.000002 -0.000003 0.000019 -0.000136 -0.000011 0.000991 -0.001731

Table 2.4: %G error values obtained using VCCT partitioning as a function of element
size for a range of γ values in the AFRMM test.

The errors associated with the total ERR calculation using the IDI partitioning are

outlined in figure 2.9 and table 2.5. Most noticeably, the errors are significant (up to

30%) for larger element sizes. Unlike the VCCT approach, this method requires accurate

stress distributions in the vicinity of the crack tip. At least 30 elements are required

across the smallest beam height in order to ensure errors in G are of the order of 1%.

Despite this, if the results from the coarsest mesh (lel/hc) are discarded, there is a clear

convergence pattern that is almost linear as the element size is reduced. In order to

obtain a converged result, a second order polynomial is fitted to the remaining five data
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Figure 2.9: Values of G for the AFRMM test geometry and loadings outlined in fig.
2.6 obtained using IDI partitioning normalised w.r.t analytical G value and plotted as

a function of the normalised element size.

%GIDI error for each γ ratio
lel/hc γ = 0.1 γ = 0.2 γ = 0.5 γ = 1 γ = 2 γ = 5 γ = 10

1/30 -1.1656 -1.1673 -1.1706 -1.1966 -0.6798 -0.4390 -0.3852
1/20 -1.7467 -1.7443 -1.7474 -1.7952 -1.0206 -0.6577 -0.5756
1/10 -3.4710 -3.4626 -3.4646 -3.5624 -2.0430 -1.3139 -1.1517
1/3 -11.1703 -11.1602 -11.1722 -11.4895 -6.6889 -4.3565 -3.8317
1/2 -16.4190 -16.4103 -16.4286 -16.8632 -9.8817 -6.4643 -5.6894
1/1 -24.6552 -24.4567 -22.6681 -17.8441 2.9077 23.3011 32.9779

Table 2.5: %G error values obtained using IDI partitioning as a function of element
size for a range of γ values in the AFRMM test.

points and each curve is extrapolated to zero element size. The extrapolated values of

G are reported in tables 2.1 and 2.2; the %G errors associated with the extrapolated

values are less than .01% in all cases. Despite accurate results being obtained with

extrapolation, it is inconvenient that there are errors of 1 − 2% when the finest mesh

is used. One possible solution to this, without further increasing the computational

cost, is to use singular elements, as recommended in the Abaqus manual [42]. Singular

elements drop the mid side nodes of the elements at the crack tip to the quarter point

and can more accurately capture the square root singular stress field ahead of the crack
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Figure 2.10: Values of G for the AFRMM test geometry and loadings outlined in fig.
2.6 obtained using MDJ partitioning normalised w.r.t analytical G value and plotted

as a function of the normalised element size.

%GMDJ error for each γ ratio
lel/hc γ = 0.1 γ = 0.2 γ = 0.5 γ = 1 γ = 2 γ = 5 γ = 10

1/30 -0.0762 -0.0856 -0.1681 -0.1410 0.2250 0.0202 -0.0207
1/20 -0.1625 -0.1833 -0.3649 -0.3004 0.5076 0.0541 -0.0404
1/10 -0.5402 -0.6179 -1.2964 -1.0182 2.0219 0.2022 -0.1789
1/3 0.1436 -0.4466 -5.6123 -1.5122 22.1990 1.8318 -2.2560
1/2 5.2741 4.2846 -4.4215 5.4536 48.1963 4.7755 -3.4588
1/1 127.6395 126.9566 120.0513 133.5780 181.6722 -13.5833 -48.4858

Table 2.6: %G error values obtained using MDJ partitioning as a function of element
size for a range of γ values in the AFRMM test.

tip. The effect of using singular elements at the crack tip on the convergence pattern of

each partitioning method is studied in section 2.4.2.3.

The errors associated with the total ERR calculation using the MDJ partitioning are

outlined in figure 2.10 and table 2.6. As in the IDI case, unrealistic values are obtained

when the coarsest mesh is used. The MDJ integral calculation is carried out over a

remote contour using the trapezoidal rule so it requires a considerable number of nodal

points to be able to accurately calculate the integral. It is therefore no surprise that

the coarse meshes do not provide accurate results. Based on the results, at least 10
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elements are required across the smallest beam thickness in order to reduce the errors

to the order of 1− 2%. It is believed that more accurate results could be obtained with

a coarser mesh using this method if a more advanced numerical integration procedure

was implemented. The error for the finest mesh is considerably better than obtained

with IDI method, with a maximum error of .23% compared to the 1.2% obtained with

the IDI technique. A convergence pattern is also noticeable in the cases where the

number of elements across the smallest beam thickness are greater or equal to ten. This

constitutes three points and so again a second order polynomial is fitted to the data

and the curves are extrapolated to zero element size to obtain converged G values. The

extrapolated values of G are reported in tables 2.1 and 2.2; the %G errors associated

with the extrapolated values are less than .05% in all cases.

2.4.2.2 Convergence of mixed mode partition GII/G

For each of the seven beam height ratios that are carried out (γ = 0.1, 0.2, 0.5, 1, 2, 5, 10),

the convergence of the mixed mode partitions obtained using VCCT, IDI and MDJ

partitioning are plotted for each γ ratio in figures 2.11-2.17. The corresponding numerical

values are presented alongside in tables 2.7-2.13. Looking at each of the figures, it is

clear that each of the partitioning methods converge to the same mode partition value

when extrapolated to zero element size, and the converged values differ slightly from

the local solution of Suo and Hutchinson [26]. The only exception is the γ = 1 case in

fig. 2.14. In this case, all of the methods converge to the known analytical solution,

which is predicted by all partitioning theories for symmetric cases. The converged values

are reported alongside the zero element size row in each of the tables 2.7-2.13. These

extrapolated values were also reported and discussed in section 2.4.1.

The VCCT partitioning exhibits non-monotonic convergence behaviour in each of the

asymmetric tests (figs. 2.11,2.12,2.13,2.15,2.16,2.17). In the symmetric case (γ = 1),

VCCT predicts the correct mode partition regardless of element size (fig. 2.14). In cases

where γ < 1 , GII/G is predicted to increase initially as the element size is reduced and

then decrease as the element size approaches zero. Conversely, in cases where γ > 1 ,

GII/G is predicted to decrease initially as the element size is reduced and then increase

as the element size approaches zero. This non-monotonic convergence behaviour was first

reported by Nairn [59]. In each case, a 2nd order polynomial was found to accurately

fit the convergence pattern and this quadratic function was then extrapolated to zero

element size to obtain a converged value of the mixed mode partition from the VCCT

method. Surprisingly, despite the VCCT method resulting in accurate ERR values for

coarse meshes, inaccurate mode partitions are obtained with the same coarse meshes
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for asymmetric specimens. These results show the importance of using a sufficiently

small mesh, and/or fitting an extrapolating function, in order to obtain accurate mode

partitions using the VCCT method.

As was seen in the previous section with the convergence of the total ERR from the IDI

technique, the convergence of the mode partition using IDI also follows an almost linear

convergence pattern when the coarsest mesh is disregarded. However, as the predicted

G values are inaccurate when the number of elements across the smallest beam height

are less than ten, only the three finest meshes are considered when fitting the quadratic

extrapolating function i.e. in the range 0 ≤ lel/hc ≤ 0.1. In all cases the value of

the mode partition GII/G decreases as the element size decreases and converges to the

same value as predicted by extrapolating the VCCT method. Unlike the VCCT method,

errors in the mode partition are predicted in the symmetric case for all mesh sizes and

only an accurate value is obtained by extrapolation to zero element size. Overall, if

accurate results are to be obtained using the IDI method with a regular orthogonal

mesh, then the mesh must be sufficiently refined (> 30 elements across smallest beam

height) or it is recommended that an extrapolation to zero element size is performed if

high levels of accuracy (< 1%error) are required. The effect of using singular elements

on the convergence of the mode partition in the IDI method is studied in the following

section.

As with the IDI partitioning, only cases where there are at least ten elements across

the smallest beam thickness are considered accurate for MDJ partitioning based on the

results from the convergence of the total energy release rate G; therefore, only values

in the range of 0 ≤ lel/hc ≤ 0.1 are used to fit the quadratic extrapolation function.

Disregarding these cases, it can be seen that the MDJ partition converges in a monotonic

manner for all cases in this range. There is no particular pattern as to when the value

of GII/G increases or decreases as the element size is reduced. As in the IDI case, a

quadratic function is fitted to the data points for the three finest mesh simulations and

the function is extrapolated to zero element size to obtain a converged value of mode

mixity. As seen in section 2.4.1, the converged values from the MDJ partitioning lie

very close to the converged values from both the VCCT and IDI methods. As with

the VCCT and IDI methods, fine meshes and/or extrapolation to zero element size is

required if accurate mixed mode partitions are to be obtained using the MDJ partitioning

technique.
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Figure 2.11: Values of GII/G for the AFRMM test geometry (γ = 0.1) obtained using
VCCT, IDI and MDJ partitioning plotted as a function of the normalised element size.
For both MDJ and IDI, only values in the range of 0 ≤ lel/hc ≤ 0.1 are used to fit the

quadratic extrapolation function.

GII/G
lel/hc VCCT IDI MDJ

0* 0.37845 0.37825 0.37835
1/30 0.37932 0.37934 0.37935
1/20 0.37978 0.37987 0.37986
1/10 0.38101 0.38141 0.38144
1/3 0.38320 0.38830 0.39560
1/2 0.38083 0.39216 0.41565
1/1 0.35910 0.42380 0.49520

Table 2.7: Values of GII/G for the AFRMM test geometry (γ = 0.1) obtained using
VCCT, IDI and MDJ partitioning as a function of the normalised element size. * Values

of zero element size obtained by extrapolating 2nd order polynomial to zero.
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Figure 2.12: Values of GII/G for the AFRMM test geometry (γ = 0.2) obtained using
VCCT, IDI and MDJ partitioning plotted as a function of the normalised element size.
For both MDJ and IDI, only values in the range of 0 ≤ lel/hc ≤ 0.1 are used to fit the

quadratic extrapolation function.

GII/G
lel/hc VCCT IDI MDJ

0* 0.38112 0.38098 0.38103
1/30 0.38192 0.38197 0.38189
1/20 0.38236 0.38247 0.38230
1/10 0.38350 0.38401 0.38343
1/3 0.38532 0.39070 0.39371
1/2 0.38283 0.39448 0.41093
1/1 0.36093 0.42705 0.49161

Table 2.8: Values of GII/G for the AFRMM test geometry (γ = 0.2) obtained using
VCCT, IDI and MDJ partitioning as a function of the normalised element size. * Values

of zero element size obtained by extrapolating 2nd order polynomial to zero.

41



Linear Elastic Partitioning 2.4. Results

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.36

0.37

0.38

0.39

0.4

0.41

0.42

0.43

0.44

0.45

0.46

Normalised Element Size, lel/hc

M
ix

ed
 M

od
e 

Pa
rti

tio
n,

 G
II/
G

 

 
VCCT
MDJ
IDI
Extrap. to zero
HS

Figure 2.13: Values of GII/G for the AFRMM test geometry (γ = 0.5) obtained using
VCCT, IDI and MDJ partitioning plotted as a function of the normalised element size.
For both MDJ and IDI, only values in the range of 0 ≤ lel/hc ≤ 0.1 are used to fit the

quadratic extrapolation function.

GII/G
lel/hc VCCT IDI MDJ

0* 0.39716 0.39700 0.39713
1/30 0.39765 0.39799 0.39713
1/20 0.39794 0.39848 0.39680
1/10 0.39868 0.39995 0.39447
1/3 0.39933 0.40650 0.37243
1/2 0.39676 0.41037 0.36329
1/1 0.37812 0.45552 0.45633

Table 2.9: Values of GII/G for the AFRMM test geometry (γ = 0.5) obtained using
VCCT, IDI and MDJ partitioning as a function of the normalised element size. * Values

of zero element size obtained by extrapolating 2nd order polynomial to zero.
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Figure 2.14: Values of GII/G for the FRMM test geometry (γ = 1) obtained using
VCCT, IDI and MDJ partitioning plotted as a function of the normalised element size.
For both MDJ and IDI, only values in the range of 0 ≤ lel/hc ≤ 0.1 are used to fit the

quadratic extrapolation function.

GII/G
lel/hc VCCT IDI MDJ

0* 0.42857 0.42850 0.42876
1/30 0.42857 0.42961 0.42834
1/20 0.42857 0.43015 0.42807
1/10 0.42857 0.43171 0.42701
1/3 0.42857 0.43934 0.43537
1/2 0.42857 0.44500 0.46203
1/1 0.42857 0.52953 0.47764

Table 2.10: Values of GII/G for the AFRMM test geometry (γ = 1) obtained using
VCCT, IDI and MDJ partitioning as a function of the normalised element size. * Values

of zero element size obtained by extrapolating 2nd order polynomial to zero.
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Figure 2.15: Values of GII/G for the AFRMM test geometry (γ = 2) obtained using
VCCT, IDI and MDJ partitioning plotted as a function of the normalised element size.
For both MDJ and IDI, only values in the range of 0 ≤ lel/hc ≤ 0.1 are used to fit the

quadratic extrapolation function.

GII/G
lel/hc VCCT IDI MDJ

0* 0.47601 0.47610 0.47606
1/30 0.47547 0.47677 0.47658
1/20 0.47519 0.47709 0.47765
1/10 0.47441 0.47802 0.48410
1/3 0.47346 0.48303 0.55975
1/2 0.47573 0.48754 0.63294
1/1 0.49313 0.60088 0.68521

Table 2.11: Values of GII/G for the AFRMM test geometry (γ = 2) obtained using
VCCT, IDI and MDJ partitioning as a function of the normalised element size. * Values

of zero element size obtained by extrapolating 2nd order polynomial to zero.
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Figure 2.16: Values of GII/G for the AFRMM test geometry (γ = 5) obtained using
VCCT, IDI and MDJ partitioning plotted as a function of the normalised element size.
For both MDJ and IDI, only values in the range of 0 ≤ lel/hc ≤ 0.1 are used to fit the

quadratic extrapolation function.

GII/G
lel/hc VCCT IDI MDJ

0* 0.54001 0.54024 0.54001
1/30 0.53916 0.54045 0.53921
1/20 0.53868 0.54059 0.53890
1/10 0.53753 0.54107 0.53830
1/3 0.53519 0.54399 0.54254
1/2 0.53719 0.54710 0.56449
1/1 0.55705 0.68209 0.33759

Table 2.12: Values of GII/G for the AFRMM test geometry (γ = 5) obtained using
VCCT, IDI and MDJ partitioning as a function of the normalised element size. * Values

of zero element size obtained by extrapolating 2nd order polynomial to zero.
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Figure 2.17: Values of GII/G for the AFRMM test geometry (γ = 10) obtained using
VCCT, IDI and MDJ partitioning plotted as a function of the normalised element size.
For both MDJ and IDI, only values in the range of 0 ≤ lel/hc ≤ 0.1 are used to fit the

quadratic extrapolation function.

GII/G
lel/hc VCCT IDI MDJ

0* 0.57479 0.57486 0.57494
1/30 0.57387 0.57511 0.57384
1/20 0.57342 0.57522 0.57325
1/10 0.57218 0.57548 0.57136
1/3 0.56968 0.57740 0.55975
1/2 0.57158 0.57982 0.56487
1/1 0.59163 0.72110 0.01515

Table 2.13: Values of GII/G for the AFRMM test geometry (γ = 10) obtained using
VCCT, IDI and MDJ partitioning as a function of the normalised element size. * Values

of zero element size obtained by extrapolating 2nd order polynomial to zero.
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2.4.2.3 The effect of using singular elements

It has been observed in the previous sections that the rate of convergence of the total

ERR is slow when using the IDI partitioning technique. In this section, the case of

γ = 0.1 is repeated with singular elements placed at the crack tip. This requires only a

very minimal change to the mesh as only the mid-side nodes of the elements at the crack

tip need to be moved to the quarter point, as illustrated in figure 2.18. The application

l

l / 2 l / 4

Figure 2.18: Moving the midside nodes at the crack tip to the quarter point to more
accurately capture the square root singularity.

of the IDI and MDJ techniques to partitioning these cases where there are singular

elements is exactly the same as if there are regular quadratic elements. However, the

application of the VCCT partitioning needs to be altered to deal with the quarter point

elements. The details of this modified technique can be found in [53].

The normalised values of the total ERR obtained from each partitioning method using

both singular and regular elements are presented in fig. 2.19 and the corresponding

%G error values are shown in table 2.14. From the graph it is evident that the VCCT

partitioning of the singular element does not converge to the correct ERR, and it can

be seen from the table that a %G error of 0.58% is obtained for the finest mesh size

compared to an error of 8e−6% for the same simulation using regular quadratic elements.

The reason for this change in behaviour in the VCCT method is not known but it is

not surprising given the complexity of the modified VCCT approach when dealing with

singular elements. This result is in contrast to results reported by Nairn [53], where

it was found that the singular elements converged to the same ERR value as regular

quadratic elements when using VCCT. As expected, the G values obtained from the IDI

method converge at a much faster rate towards the correct ERR value when singular

elements are used at the crack tip. The %G error for the third finest mesh reduces from
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Figure 2.19: Normalised values of G for the AFRMM (γ = 0.1) test geometry ob-
tained using VCCT, IDI and MDJ partitioning using both regular and singular elements

plotted as a function of the normalised element size.

%G error

VCCT IDI MDJ
lel/hc Regular Singular Regular Singular Regular Singular

1/30 -0.000008 -0.588056 -1.1656 -0.1487 -0.0762 -0.0763
1/20 -0.000002 -0.470122 -1.7467 -0.2245 -0.1625 -0.1628
1/10 -0.000002 -0.183232 -3.4710 -0.4266 -0.5402 -0.5431
1/3 -0.000002 -0.154993 -11.1703 -1.4309 0.1436 -0.3910
1/2 -0.000002 -1.938067 -16.4190 -2.7193 5.2741 8.3433
1/1 -0.000002 -19.686773 -24.6552 -15.9074 127.6395 -332.3959

Table 2.14: %G error values obtained using VCCT, IDI and MDJ partitioning with
regular and singular elements as a function of element size for γ = 0.1 in the AFRMM

test.

−3.47% when using regular elements down to −0.42% when using singular elements and

a similar trend can be seen at all mesh densities. The increase in accuracy of the stress,

strain and displacement fields in the vicinity of the crack tip when using the singular

elements has a clear positive effect on the accuracy of the IDI technique when estimating

the total ERR G. Interestingly, the use of singular elements has very little effect on the

total ERR when the MDJ partitioning is used. There is an increase in the error when

very coarse meshes are used but these cases are inaccurate in any case. As the integral
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Figure 2.20: Values of GII/G for the AFRMM (γ = 0.1) test geometry obtained using
VCCT, IDI and MDJ partitioning using both regular and singular elements plotted
as a function of the normalised element size. For MDJ, only values in the range of

0 ≤ lel/hc ≤ 0.1 are used to fit the quadratic extrapolation function.

%GII/G difference from regular converged value

VCCT IDI MDJ
lel/hc Regular Singular Regular Singular Regular Singular

1/30 0.255273 0.866608 0.2603 0.0341 0.2629 -0.0082
1/20 0.378174 0.890395 0.4004 0.0565 0.3980 -0.0088
1/10 0.702211 0.807140 0.8077 0.1223 0.8167 -0.0032
1/3 1.281301 -2.091747 2.6293 0.2489 4.5587 1.3627
1/2 0.655693 -6.437962 3.6492 -0.0632 9.8588 6.7046
1/1 -5.088426 -30.413244 12.0120 -13.6852 30.8834 52.1234

Table 2.15: %GII/G difference from regular converged value obtained using VCCT,
IDI and MDJ partitioning with regular and singular elements as a function of element

size for γ = 0.1 in the AFRMM test.

is calculated remotely, it is likely that the increase in accuracy at the crack tip has no

significant effect on the field values where the integral is calculated.

The mode partition values GII/G obtained from each partitioning method using both

singular and regular elements are presented in fig. 2.20 and the corresponding %GII/G

differences from the regular converged value (taken as the average of the VCCT, IDI
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and MDJ extrapolated values in table 2.7) are shown in table 2.15. As before, only

the three smallest mesh sizes are used to fit the MDJ extrapolation curve; however,

five points are used to fit the IDI extrapolation curve in this case due to the increased

accuracy of G when using singular elements. These %GII/G differences from the regular

converged value give a clear indication of the rate of convergence of the mode partition

towards the correct value. As is the case with the total ERR, the VCCT mode partition

does not converge to the same value when singular elements are used. The %GII/G

difference from the correct value for the finest mesh is 0.87% when singular elements are

used compared to 0.26% when regular elements are used. The convergence rate of the

mode partitions using both the IDI and MDJ techniques are improved considerably when

singular elements are used. The %GII/G difference using the IDI method is .03% when

using singular elements compared to 0.26% when using regular elements for the finest

mesh. Similarly, the %GII/G difference using the MDJ method is −.00082% when using

singular elements compared to 0.26% when using regular elements for the finest mesh.

It is interesting that when using the MDJ technique, the rate of convergence of the total

ERR is not greatly affected when singular elements are used but the rate of convergence

of the mode partition increases significantly when singular elements are introduced.

As the energy predictions for the mode decomposed J integral are reasonably good for

regular elements where lel/hc ≤ 1/3, there is not significant room for improvement in the

total G prediction by introducing singular elements. However, the accuracy of singular

stresses at the crack tip clearly lead to more accurate stress decompositions away from

the crack tip, and hence the rate of convergence towards the correct mode partition is

improved with the use of singular elements.

In summary it has been shown that more accurate mode partitions can be obtained

by using singular elements at the crack tip when IDI and MDJ partitioning techniques

are used. However, the use of singular elements result in increased inaccuracy when

using VCCT partitioning. When using regular elements, the IDI technique is the least

accurate technique at predicting the total energy release rate G, and this error can

be reduced significantly by using singular elements. The use of singular elements has

little effect on the predicted ERR when using the MDJ technique, and they have a

negative effect on the predicted ERR when VCCT partitioning is used. In conclusion

it is recommended that singular elements are only used where IDI or MDJ partitioning

techniques are employed.

50



Linear Elastic Partitioning 2.5. Region of K dominancy

2.5 Region of K dominancy

In this section the extent of the region of K dominancy is investigated for each γ ratio

outlined in fig. 2.6 in the AFRMM test. Using the full field solutions of Inglis [49] and

Westergaard [60], Irwin [50] noticed that the stress very close to any crack tip in an

elastic medium scaled inversely with the square root of the distance from the crack tip.

i.e.:

σ ∝ 1√
r

(2.31)

Irwin argued that it was the stress close to the crack tip which determined whether a

crack would propagate. Irwin introduced a scaling factor, K, into equation 2.31, which

was termed the stress intensity factor. i.e.

σ =
K√
2πr

(2.32)

This result meant that regardless of specimen size or geometry, the stresses close to

the crack tip would be equivalent in two specimens of the same elastic material if the

applied stress intensity factors were equivalent. This then allowed one to measure the

stress intensity factor required to propagate a crack in a given material, termed the

critical stress intensity factor Kc, and then use this value to determine when a crack

would propagate in a different geometry of the same material. This analysis formed the

basis of linear elastic fracture mechanics (LEFM). Numerous handbooks were drawn up

with stress intensity factor solutions for common geometries which allowed engineers to

apply LEFM principles in design. Irwin [50] showed the stress approach to fracture,

using K, and the energy approach, using G, were equivalent in an elastic material and

related through:

G =
1

E′
K2 (2.33)

However, real materials are not perfectly elastic and the infinite stresses predicted at

the tip of an elastic crack clearly do not represent the physical reality. Most common

engineering materials will exhibit some form of yielding when the stresses reach a certain

magnitude; therefore in a propagating crack there will be a small yield or plastic zone

present directly at the crack tip. This zone is illustrated in figure 2.21. The singularity

dominated region, or K dominant region, is defined as the region over which the stresses

are accurately described by a square root dependence in an elastic material. Therefore if

the plastic zone grows larger than the K dominant region, then the stresses at the crack

tip no longer exhibit an inverse square root dependence and the assumptions of LEFM

break down. In the fracture of composite laminates and adhesive joints, it is common

that the plastic zone will grow larger than the size of the K dominant region. However,
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because this damage is constrained in plane (i.e. between substrates in the case of an

adhesive failure, or between plies as in the case of a composite delamination), the loaded

beams remain elastic and so it is possible to obtain accurate values of energy release

rate directly from beam theory without assuming the presence of a K dominant region.

The mixed mode stress intensity factor solutions presented by Suo and Hutchinson [26]

assume the presence of a singular stress field at the crack tip so it is of interest here to

examine the extent of the singular field for the current AFRMM test specimens.

Local&vs.&Global&

σ

r

σ ∝ 1
r

σ yield

Singularity Dominated Region 

Realistic Stress Distribution 
Plastic Zone 

Figure 2.21: Singular stress distribution vs. realistic stress distribution at a loaded
crack tip.

The size of the K dominant region in beam-like geometries has previously been studied

by Wilson [48] and Charalambides et al. [16] for double cantilever beam specimens loaded

in mode I and is reported to be of the order of 1% of the substrate height. The size of

the region is reported to scale with the substrate height and not the crack length, as in

infinite geometries.

2.5.1 Case Setup

The AFRMM test case outlined in fig. 2.6 is repeated here but with a refined mesh in

the vicinity of the crack tip. The refined mesh is required to accurately capture high

stress gradients close to the crack tip. The refined mesh pattern at the crack tip is shown

in figure 2.22. Quadratic elements were used as before but here the elements at the crack

tip were collapsed to form triangular elements, with the mid side nodes moved to the
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quarter point to more accurately capture the stress singularity. The regular element size

away from the crack tip in all cases was 5×10−5m, with the elements reducing gradually

to 2 × 10−6m at the crack tip. The stress intensity factors are obtained using the IDI

technique and are reported in table 2.16. To check the accuracy of the IDI technique

using this refined mesh, the %G error is also reported and the mode partition GII/G

is compared to the extrapolated IDI values (GII/G (Ext.)) reported in section 2.4.1.

It is evident that the refined mesh produces very accurate results with the maximum

error in .00054% in the prediction of the total ERR G. The refined mesh is also capable

of producing the extrapolated value of the mixed mode partition to a high degree of

accuracy.

Figure 2.22: Mesh refinement close to the crack tip to pick up high stress gradients.

γ KI Pa
√
m KII Pa

√
m %G error GII/G GII/G (Ext.)

0.1 2937368 -2291343 0.00012 0.3783 0.3783
0.2 2925368 -2294939 0.00012 0.3810 0.3810
0.5 2839846 -2304278 0.00011 0.3970 0.3970
1 2635230 -2282174 0.00015 0.4286 0.4285
2 2262737 -2157229 0.00014 0.4761 0.4761
5 1640396 -1777749 0.00021 0.5401 0.5402
10 1211635 -1409205 0.00054 0.5750 0.5749

Table 2.16: Values of KI , KII , GII/G and %G errors obtained using IDI partitioning
for the AFRMM test geometry and loadings outlined in fig. 2.6 and using the mesh
refinement shown in fig. 2.22. The GII/G values are compared to the converged IDI

values reported in section 2.4.1.
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2.5.2 Results

The normal and shear stresses ahead of the crack tip (θ = 0) are plotted as a function

of the normalised distance ahead of the crack tip in figs. 2.23 and figs. 2.24 respectively

for the γ = 0.1 case. The distance ahead of the crack tip, r, is normalised with hc,

where hc is the smallest beam height as before. Also plotted in each case is the square

root singular stresses σK , which are obtained from equation 2.32 for mode I and mode

II by using the corresponding numerical values of the stress intensity factor, KI ,KII

obtained from IDI and outlined in table 2.16. In both cases it can be seen graphically

0 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 0.1
0

0.5

1

1.5

2

2.5

3

3.5

4

4.5

5
x 108

Normalised Distance ahead of Crack Tip, r/hc

St
re

ss
 a

he
ad

 o
f t

he
 c

ra
ck

 ti
p 

(e
=0

), 
m

yy
 (P
a)

 

 
Numerical σ y y

KI/
√

(2π r )

(a) Normal plot

ï4 ï3.5 ï3 ï2.5 ï2 ï1.5 ï1 ï0.5
7

7.5

8

8.5

9

9.5

log of normalised distance ahead of crack tip, log10(r/hc)

lo
g 

of
 st

re
ss

 a
he

ad
 o

f t
he

 c
ra

ck
 ti

p 
(e

=0
), 

lo
g 10

(m
yy

)

 

 
l og10(σ yy)

l og10(KI/
√

(2π r ))

(b) log-log plot

Figure 2.23: Normal stress plotted as a function of normalised distance ahead of the
crack tip and compared with square root singular field.
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Figure 2.24: Shear stress plotted as a function of normalised distance ahead of the
crack tip and compared with square root singular field.

that the numerical stresses follow the predicted square root singular field very closely

up to about a normalised distance of 1− 2% and then starts to deviate away. The shear
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Linear Elastic Partitioning 2.5. Region of K dominancy

stresses remain much closer to the singular solution at larger distances than the normal

stresses. Each of the other γ ratios follow a similar trend; as a way of obtaining a more

comparative estimate of the range of the singular field in each case, the % deviation

away from the singular solution is calculated as a function of the distance ahead of the

crack tip for each case. The % deviation from the singular solution is given by:

% deviationI = 100 ∗ (σK − σyy)
σyy

; σK =
KI√
2πr

(2.34)

for mode I and

% deviationII = 100 ∗ (σK − σxy)
σxy

; σK =
KII√
2πr

(2.35)

for mode II. The % deviations of the opening stresses from the singular solution are

plotted in fig. 2.25; the % deviations of the shear stresses from the singular solution are

plotted in fig. 2.26. As an indicative measure of the size of the K dominant region in

each case, the r/hc values at 10% deviation from the singular solution are obtained from

the graphs and outlined in table 2.17. The approach of using a 10% deviation to study

the range of K dominance is adopted from Charalambides et al. [16].
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Figure 2.25: % deviations of the opening stresses from the singular solution for the
AFRMM test for various γ ratios.
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Figure 2.26: % deviations of the shearing stresses from the singular solution for the
AFRMM for various γ ratios.

r/hc value at 10% dev.
γ mode I mode II

0.1 0.027 0.050
0.2 0.027 0.050
0.5 0.025 0.054
1 0.023 0.063
2 0.034 0.158
5 0.043 -
10 0.045 -

Table 2.17: Values of r/hc at 10 % deviation of the opening and shearing stresses
from the respective singular solutions.

2.5.3 Discussion

Focusing on the deviation of the opening stresses in fig. 2.25, it is clear that each γ

ratio produces a similar divergence pattern from the singular field. The range of the

singular field is similar in each case which confirms that it does scale reasonably well with

the smallest characteristic dimension of the problem (i.e. hc). The r/hc values at 10%

deviation are presented in table 2.17 and these range from 2.5−4.5% of the smallest beam

height. This is quite limiting if one considers that common beam heights in standard
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fracture mechanics tests are of the range of 2− 5 mm. This would mean a damage zone

size of the order of 50−200 µm would be large enough to obliterate the singular dominant

region completely. Taking the strip-yield model proposed by Dugdale [61] and Barenblatt

[62] with typical composite properties (GIC = 200J/m2;σ = 45MPa;E = 75GPa):

ry =
π

8

EG

σ2
= 2.9mm (2.36)

where ry is the predicted size of the damage zone, it is clear that the presence of a K

dominant region is unlikely in the fracture of composites and adhesive joints in beam-like

geometries. The deviation of the mode II stresses from the singular fields are plotted in

fig. 2.26. The extent of the mode II singular field does not seem to scale very well with

the smallest characteristic dimension. For γ = 5, 10, the numerical field never deviates

more than 10% from the singular field over the measured range. The r/hc 10% deviation

from the singular fields of the remaining cases are outlined in table 2.17 and they range

from 5 − 15.8% of the smallest beam height. These are of similar order to the mode I

singular fields though it is not surprising that they are larger due to the nature of shear

loading. However, despite the fact that the mode II loading produces larger K dominant

regions in perfectly elastic materials, mode II loading is not in general more prone to

experience a K dominant region in practice as it will be seen in the following sections

that this mode II loading tends to produce significantly larger damage regions compared

to mode I loading in the same material.

2.6 Orthotropic Material Properties

The final study in this chapter is to examine the effect of material orthotropy on the

mixed mode partition. Up to now it has been assumed that the isotropic partitioning

solutions offer a reasonable prediction for the mode mixity in composite laminates. The

partitioning solutions of Williams [20] (W), Wang and Harvey [28] (WH) and Davidson

et al. [27] (D-NSF) are based on Euler beam theory (W, WH) and classical plate theory

(D-NSF) respectively and do not predict any dependence on material orthotropy. Suo

et al. [47] obtained numerical solutions for the orthotropic cases by solving integral

equations and found only a very weak dependence on material orthotropy. This is

assessed here numerically by repeating the AFRMM test cases with orthotropic material

properties.
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2.6.1 Analytical Solution

Hooke’s law for an elastic orthotropic material is outlined in eq. 2.37





ε11

ε22

ε33

ε23

ε31

ε12





=




b11 b12 b13 0 0 0

b21 b22 b23 0 0 0

b31 b32 b33 0 0 0

0 0 0 b44 0 0

0 0 0 0 b55 0

0 0 0 0 0 b66








σ11

σ22

σ33

σ23

σ31

σ12





(2.37)

where the 1, 2 and 3 directions correspond to the principal axes of the material (x, y, z)

as outlined in fig. 2.6. εij , σij and bij are the components of strain, stress and compliance

respectively. The components of compliance are given by:

b11 =
1

E11
; b12 =

−ν12

E11
; b13 =

−ν13

E11
; b44 =

1

µ23

b21 =
−ν21

E22
; b22 =

1

E22
; b23 =

−ν23

E22
; b55 =

1

µ31

b31 =
−ν31

E33
; b32 =

−ν32

E33
; b33 =

1

E33
; b66 =

1

µ12

(2.38)

for plane stress, where Eij are the components of Young’s modulus, νij are the compo-

nents of Poisson’s ratio and µij are the components of shear modulus. For plane strain,

these compliance values are replaced by [63]:

bij → bij −
bi3bj3
b33

(2.39)

It was stated by Suo et al. [47] that the stresses in an orthotropic medium should only

depend on two non-dimensional elastic parameters (λ, ρ), which are given by:

λ =
b11

b22
; ρ =

2b12 + b66

2
√
b11b22

(2.40)

The stress intensity factors are then given by:

KI =
λ3/8

√
2n

( P√
h1U

cos(ω) +
M√
h3

1V
sin(ω + φ)

)

KII =
λ1/8

√
2n

( P√
h1U

sin(ω)− M√
h3

1V
cos(ω + φ)

) (2.41)

where M,P,U, V and φ are geometric factors and are as defined in chapter 1. n is a

function of ρ and is given by:

n =

√
1 + ρ

2
(2.42)
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As with the isotropic solution, each value required in eq. 2.41 can be found explicitly

except for ω. It is shown by Suo [46] that ω is a function of only ρ and γ. Suo [46]

obtained values of ω for a range of values of ρ and γ by solving integral equations and

the results are outlined in table 2.18. It is evident from table 2.18 that ω is only very

H
HHH

HHγ
ρ

-0.5 0 1 2 3 4

0 51.0 51.7 52.1 52.2 52.2 52.3
0.5 50.4 50.4 50.9 51.1 51.1 51.7
1 49.1 49.1 49.1 49.1 49.1 49.1

Table 2.18: Values of ω in degrees as a function of γ and ρ [46].

weakly dependent on ρ and the isotropic approximation given in equation 1.10 offers an

excellent approximation across a wide range of orthotropic material properties. Sih et al.

[64] provided expressions for the relationship between SIFs and ERRs for an orthotropic

material as:

GI =
(
b11b22

1 + ρ

2

)
λ−1/4K2

I

GII =
(
b11b22

1 + ρ

2

)
λ1/4K2

II

(2.43)

By substituting the expressions for KI ,KII given in eq. 2.41 into eq. 2.43, the mode

partition GII/G can be expressed as:

GII
G

=

(( P√
h1U

cos(ω) + M√
h3

1V
sin(ω + φ)

)2

(
P√
h1U

sin(ω)− M√
h3

1V
cos(ω + φ)

)2 + 1

)−1

(2.44)

It is clear from equation 2.44 that the ERR partition will not be dependent on λ and

will only be affected by material orthotropy in as much as ω is influenced by ρ. This

influence has been shown to be very weak so it is expected that the overall effects of

material orthotropy on the mixed mode partition will be negligible.

2.6.2 Case Setup

In the numerical test case carried out in this section, typical UD CFRP elastic properties

are used, which are approximated as transversely isotropic. This means only five inde-

pendent elastic properties are required instead of the usual nine for a general orthotropic

material. These elastic properties are given in table 2.19. The AFRMM cases which

are carried out are as outlined in figure 2.6. One simulation is carried out for each γ

ratio using the refined mesh outlined in section 2.5 and figure 2.22 using plane strain
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E11 115 GPa
E22 10 GPa
ν12 0.3
ν23 0.38
µ12 4.6 GPa

Table 2.19: Values of elastic properties used.

quadratic CPE8 elements. The mixed mode partition is obtained numerically using the

IDI technique. It is also possible to obtain an improved analytical estimation from the

approximations presented in table 2.18. Using the elastic properties outlined in table

2.19, the value of ρ is 3.87 under plane strain conditions. Therefore, taking the solution

for ω at ρ = 4 from table 2.18, the improved linear approximation of ω is given as:

ω = 52.3− 3.2γ (2.45)

which is valid for γ 6 1. Values for γ ≥ 1 can be obtained by using (1/γ) in place of γ

in eqs. 1.8, 1.9 and 2.45, and swapping M1 and M2 in eq. 1.8 [36].

2.6.3 Results

The SIFs (KI ,KII) and ERR (G) values obtained from IDI partitioning of the or-

thotropic specimens are outlined in table 2.27. The %G error is also calculated for each

simulation. These errors are calcuted w.r.t. the analytical ERR (G), which is calculated

from eq. 2.28 by replacing E with (1/b11); for plane strain, E is therefore given by:

E =
E11

1− ν13ν31
(2.46)

The mixed mode partitions, which are obtained from IDI partitioning, are presented in

table 2.28. For comparison, the mode partitions obtained in section 2.5 from the isotropic

simulations, which were also obtained using IDI partitioning, are also presented. Also

presented in table 2.28 are both the isotropic and orthotropic analytical solutions (eq.

2.44) using the respective approximations for ω, which are given in eq. 1.10 and 2.45

for isotropic and orthotropic ρ = 3.87 materials respectively. These analytical solutions

are plotted in figure 2.29 along with the numerical data.

2.6.4 Discussion

It is evident from table 2.27 that sufficiently accurate values of G are obtained from the

IDI partitioning of orthotropic material properties (< .015% error). The numerical and
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γ KI Pa
√
m KII Pa

√
m G (J/m2) %G error

0.1 997544.3 -1370523 119.74 -0.01431
0.2 994024.8 -1371711 119.27 -0.00160
0.5 964108.7 -1379703 115.39 0.00009
1 892465.5 -1371567 104.85 0.00010
2 764111.1 -1300565 84.32 0.00019
5 552955.8 -1072637 50.48 0.00001
10 408425.5 -849827.4 29.80 0.00003

Figure 2.27: Values of KI , KII , G and %G errors obtained using IDI partitioning for
the AFRMM test geometry and loadings outlined in fig. 2.6 for orthotropic material

properties (ρ = 3.87, λ = 0.1).

GII/G - Numerical GII/G - Analytical
γ IDI (ρ = 3.87) IDI (ρ = 1) HS (ρ = 3.87) HS (ρ = 1)

0.1 0.3748 0.3783 0.3794 0.3824
0.2 0.3768 0.3810 0.3848 0.3875
0.5 0.3941 0.3970 0.4012 0.4029
1 0.4286 0.4286 0.4285 0.4285
2 0.4792 0.4761 0.4719 0.4702
5 0.5444 0.5401 0.5362 0.5334
10 0.5789 0.5750 0.5739 0.5708

Figure 2.28: A comparison of GII/G for orthotropic (ρ = 3.87) and isotropic (ρ = 1)
material properties using both numerical(IDI) and analytical(HS) [46] techniques.
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Figure 2.29: A comparison of GII/G for orthotropic (ρ = 3.87) and isotropic (ρ = 1)
material properties using both numerical(IDI) and analytical(HS) [46] techniques.
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analytical mode partitions for isotropic (ρ = 1), and orthotropic (ρ = 3.87) materials are

outlined in table 2.28 and figure 2.29. It is immediately noticeable from fig. 2.29 that the

differences between the isotropic and orthotropic (ρ = 3.87) analytical predictions are

almost negligible. Again, this is due to the very weak dependence of ω on ρ which was

observed in table 2.18. This weak dependence is verified numerically as the differences

between the isotropic and orthotropic solutions are also very small. Both the orthotropic

and isotropic numerical solutions are close to the orthotropic analytical solution, which

suggests that the differences between the solutions is small enough to lie within the

range of error of the linear approximation. It is therefore concluded, in agreement with

Suo [46], that the isotropic solution offers an excellent approximation for mixed mode

partitions in elastic orthotropic composite laminates. As both the singular (HS) and

global partitioning solutions (W) do not predict any effect of material orthotropy on

the mode partition, the study on the effect of damage in chapter 3 can therefore be

simplified to deal with isotropic substrates only.

2.7 Chapter Conclusions

In this chapter, the mixed mode partitioning of the asymmetric fixed ratio mixed mode

(AFRMM) test is investigated as a function of beam height ratio and compared to the

analytical solutions of Williams [20], Suo and Hutchinson [26], Wang and Harvey [28]

and Davidson et al. [27]. Elastic properties are used in all cases and no crack propagation

or damage is modelled. The virtual crack closure technique (VCCT), interaction domain

integral (IDI) and mode decomposed J (MDJ) integral are all used to obtain numerical

partitions. The background theory and application of each of these partitioning methods

are presented and discussed.

In all initial cases, regular quadratic elements are used and converged values of the total

ERR(G) and mode partition(GII/G) are obtained by extrapolating to zero element

size. It is found that each of the partitioning techniques (VCCT, IDI, MDJ) predict the

correct ERR to a high degree of accuracy (< .06% error). Each numerical partitioning

technique also predicts the same mixed mode partition up to the third significant digit.

Most interestingly, this predicted partition is very close to the analytical prediction of

Suo and Hutchinson [26], and it is evident that the other analytical solutions of Williams

[20], Wang and Harvey [28] and Davidson et al. [27](CTE-NSF) should not be used to

predict mode partitions in ideally elastic beam-like geometries. It is no surprise that

the local solution of Suo and Hutchinson [26] performs so well in predicting the elastic

mixed mode partitions as the assumptions made in the analytical analysis are matched

in the numerical simulations. The main assumption is the presence of singular stress
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fields at the crack tip, which is allowed to develop in the numerical simulations in the

absence of any damage or cohesive zone.

The convergence pattern of the total ERR and mixed mode partition is also studied in

detail for each of the numerical partitioning techniques. For regular quadratic elements,

it is found that the total ERR is accurately predicted by the VCCT method for all mesh

sizes (< .01% error), but the mode partition follows a non monotonic convergence pat-

tern as the mesh size is reduced. A quadratic function was found to fit this convergence

pattern. The total ERR obtained from the IDI technique was found to converge slowly

towards the correct value in an almost linear manner as the mesh size was reduced,

though errors of the order of 1− 2% were still present for the finest mesh simulation. It

was found that at least ten elements were required across the minimum beam height to

obtain ERR errors of less than 5%. The mixed mode partition exhibited a similar linear

convergence pattern when using IDI partitioning. The MDJ partitioning technique was

also found to require at least 10 elements across the smallest beam height to obtain ac-

curate ERR values. This result was expected given the numerical integration procedure

(trapezoidal rule). However, unlike the IDI techhnique, accurate values were obtained

with the finest mesh simulation (< 0.23% error). The mode partition followed a fairly

linear convergence pattern for the three finest mesh sizes in each case. In conclusion, it

is seen that each method can produce accurate ERR and mode partition values using

regular quadratic elements if the mesh size is reduced sufficiently and/or the results are

extrapolated to zero element size. An extra simulation was carried out at γ = 1 to

examine the effect of using singular elements at the crack tip. It was found that singu-

lar elements greatly increased the convergence rate of the IDI technique for both total

ERR and mode partition. This was expected given the dependence of the IDI technique

on the accuracy of crack tip singular stress fields. It was found that singular elements

also increased the convergence rate of the mode partition using the MDJ partitioning,

though the rate of ERR convergence remained unaffected. A modified VCCT approach

is required to deal with singular elements and it was found that this technique did not

converge to the correct ERR value (−0.6% error) and the mode partition converged to

a different value compared to each of the other techniques. While the associated errors

are small, it is recommended that singular elements are not used in conjunction with

VCCT partitioning.

Also studied in this chapter is the extent of the region of K dominancy in each case. It

is found that the mode I K dominant field scales with the smallest beam height and is

the order of 2.5− 4.5% of the smallest beam height. With the use of a typical example,

this range is shown to be very limiting and it is concluded that it is likely that there

will be no mode I K dominant region present in the fracture of common composites
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and adhesive joints. It will be shown in the following chapter that this will have very

important implications for the estimation of the true mode mixity in common fracture

tests. The extent of the mode II K field does not scale as well with the smallest beam

height when γ < 1 and the region of K dominancy is larger than in mode I (5− 15.8%

of smallest beam height). However, it is noted that the damage region that develops

under mode II loading is often considerably larger than in mode I so it is more likely

that the K dominant region will be non-existent under mode II loading.

Finally, this chapter examines the effect of orthotropic material properties on the numer-

ical mixed mode partition. It had been assumed up to this point that isotropic solution

offers adequate accuracy for the prediction of mixed mode partitions in orthotropic com-

posite laminates, as suggested by Suo [46]. It is seen that the analytical solution only

changes slightly with the introduction of orthotropic material properties and this is vali-

dated here with numerical simulations. It is found that the change in mode partition due

to material orthotropy is negligible and that the isotropic analytical solution offers an

excellent approximation for mixed mode partitions in elastic orthotropic materials. As

both the singular (HS) and global partitioning solutions (W) do not predict any effect

of material orthotropy on the mode partition, it is reasonable to assume that material

orthotropy will not effect the mode partition significantly when damage is introduced at

the crack tip; the study on the effect of damage in chapter 3 is therefore simplified to

examine isotropic substrates only.
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Chapter 3

Numerical Partitioning: Cohesive

Zones

3.1 Introduction

It has been seen in the previous chapter that the mode partitioning of linear elastic cases

is accurately predicted by the local partitioning approach of Suo and Hutchinson [26].

However, it is also seen that the size of the K dominant region is only of the order of a few

percent of the size of the substrate thickness. This is shown to be very restrictive in the

fracture of current composite materials and structural adhesives where tough resins are

commonly used. The toughening of resins, with the addition of particles or otherwise,

often leads to the growth of significant damage regions [3, 65]. In the absence of a K

dominant region, it is unclear how well the local partitioning solution will perform, given

that this analytical solution assumes the presence of a singular field. In this chapter,

damage is introduced at the crack tip using a cohesive zone model, and the effect of

varying levels of damage on the mixed mode partition is studied in detail.

3.1.1 Chapter Layout

In the first part of this chapter, the use of cohesive zone models are reviewed and

discussed. Based on this research, suitable cohesive zone models are chosen for use in

this study and their formulations are outlined.

Secondly, the mode partitioning of cohesive zones is assessed using the MDJ technique, as

before. This is implemented in two different forms; first by integration along an external

path fully surrounding the cohesive zone (JΓext), and second by integrating over the
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cohesive surfaces directly (JΓcoh). These are shown to be mathematically equivalent

when the cohesive zone is propagating in a self similar manner in the absence of a crack

tip singularity. Also, the integration of the energy going into the crack tip element

(CTE) and the virtual crack closure technique (VCCT) is studied and compared to

the previous partitioning techniques. This study avails of the fixed ratio mixed mode

test (fig. 1.3 - γ = 1, k = 0), a case in which all partitioning theories agree. As the

mode partition is known in advance, this allows the various partitioning techniques to

be critically assessed.

Once an accurate partitioning technique is established, a parametric study is carried out

to investigate the effect of various cohesive properties on the global mixed mode partition

in asymmetric specimens. Both the asymmetric fixed ratio mixed mode(AFRMM) and

asymmetric double cantilever (ADCB) test geometries are used in this study.

Finally, the effect of using a different cohesive zone formulation is studied. Up to this

point, a coupled linear-softening cohesive zone formulation proposed by Camanho et al.

[66] is used. An uncoupled Dugdale formulation developed by Yang et al. [67] is used

in a number test cases to examine the effect of cohesive shape and formulation on the

resulting mixed mode partition.

3.2 Cohesive Zone Models

3.2.1 Background

Cohesive zones have been used extensively to simulate fracture since the concept was first

introduced by Dugdale [61] and Barenblatt [62]. Dugdale originally used this concept to

study yielding behaviour in steel sheets due to the presence of a crack. It was assumed by

Dugdale that all of the yielding took place in a thin strip ahead of the crack tip and could

therefore be accurately represented by yielding along a line. The bounding stress was set

to the yield stress of the material and it was assumed that the stress remained constant

once the yield stress was reached. Barenblatt [62] used a similar approach to model

atomic bonds and coupled this idea with equilibrium in an elastic body. Hillerborg et al.

[68], using the same approach as Barenblatt [62], used this method at the macro scale

to study the propagation of cracks in concrete, where the bounding stress was again

equated to the tensile strength of the material. In contrast to linear elastic fracture

mechanics, where the stress becomes singular at the crack tip, cohesive zones limit the

stress which develops at the crack tip by introducing a predefined stress-displacement

relationship, or cohesive law. This effectively creates an extended crack tip where the
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surfaces are bounded by these cohesive stresses. Work must be done to separate these

surfaces completely, according to the stress-displacement relationship, and this work can

be equated to the fracture toughness of the material. This cohesive zone approach has

been shown to be extremely useful in predicting failure in a wide range of materials

such as concrete [68]; epoxies [65, 69]; polyethylene [70]; PMMA [71]; composites [72];

ceramics [73]; bone [74]; among others [75].

In almost all cases cases, the cohesive zone is phenomenological in nature in that it

does not actually represent the true fracture mechanisms in a given material but instead

smears all of the fracture processes into one line, or plane, and represents this entire

process by a traction-displacement curve. This has contributed to the robustness of the

cohesive zone approach as they can be used across many different scales to represent

many different things. For example, they can be used at the nano scale to simulate the

actual separation of atomic bonds, or they can be used at the macro scale to simulate the

separation of adhesive joints [76, 77]. When the traction-displacement law is used on a

macro scale to simulate failure of adhesive joints or composite laminates, it can represent

a combination of many different processes, such as void formation and coalescence,

crazing, shear banding, micro-cracking, fibre bridging or other local mechanisms which

may occur depending on the structure of the adhesive or composite. It is therefore

challenging to derive an exact cohesive law from physical considerations alone, and is

not surprising that many different types of cohesive laws exist in the literature.

Two main families of cohesive zone laws exist in literature; those which are derivable

from a potential function, and those which are not. Potential based mixed cohesive zones

were first used by Needleman [78] to study particle debonding in an elastic-viscoplastic

matrix. This model was further developed in Xu and Needleman [79] to allow for ex-

ponential softening curves in mode I and mode II. Tvergaard and Hutchinson [80] and

Camacho and Ortiz [81] used a similar potential cohesive zone based on an effective dis-

placement, though these were not formulated to simulate mode dependent fracture (i.e.

where toughness is dependent on the mode of loading). Sørensen and Kirkegaard [82]

proposed a method for directly measuring a general mixed potential function in compos-

ite laminates using a J integral approach. Starting with the potential, one can derive

specific opening and shear traction-displacement relations by partially differentiating

the potential function with respect to opening and shearing displacements respectively.

However, there have been many concerns regarding the use of potential based cohesive

zones, and these have been well documented [83–85]. In particular, they are known to

produce non-physical negative energy dissipation under certain mixed mode loadings

[84]. Another problem for the current work is that potential based cohesive zones are
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not in general consistent with the definition of a failure locus outlined in chapter 1. i.e.:

G 6= f
(GII
G

)
(3.1)

To illustrate these limitations of potential functions, a number of test cases are carried

out using an example potential based cohesive zone in appendix A.

Other cohesive zones formulations that are not derivable from a potential are path de-

pendent. That is, a different overall ERR may be achieved for each different opening

path, even if the same final displacement is reached. That is not necessarily un-physical

as many damage mechanisms such as plasticity and frictional sliding exhibit path de-

pendence [86]. The most commonly used path dependent cohesive zone models are those

developed by Camanho et al. [66], Turon et al. [87] and Alfano and Crisfield [88]. The

Camanho et al. [66] formulation is implemented into finite element software Abaqus

and the Alfano and Crisfield [88] formulation is implemented in to F.E. software An-

sys. These cohesive zone formulations are similar in that the traction vector follows the

displacement vector, also called truss-like [86], and the damage is introduced using a

damage variable, which is incremented from zero to one as a function of the opening dis-

placements. Each of these cohesive zone models follow a failure locus and therefore are

consistent with the definitions of chapter 1. These models have been used to successfully

predict mode dependent delamination in composite laminates [66, 88, 89].

The cohesive zone model developed by Camanho et al. [66] is used as the basis for the

current study. In all cases, the cohesive zone is set up to linearly soften the effective

stress as a function of the effective displacement and is referred to hereafter as the

coupled linear-softening CZM. An uncoupled cohesive zone, developed by Yang et al.

[67], which has been used extensively to accurately model failure in adhesive joints, is

also used in the final part of this chapter to examine the effect of varying cohesive zone

formulation and shape on the results. This is uncoupled in that the mode I and mode II

cohesive shapes are fixed and these will be followed in each mode up until the point that

a failure criterion is satisfied. There is therefore a weak coupling between both modes,

but only to determine the point of failure and not to determine cohesive stresses. Due

to the uncoupled nature of this cohesive zone, it is actually derivable from a potential

function [86]. However, due to the explicit enforcement of a failure locus, it does not

suffer from the same problems seen by general potential based cohesive zones (i.e. eq.

3.1). This cohesive zone is set up to follow the constant stress (Dugdale) shape and is

referred to hereafter as the uncoupled Dugdale CZM. This cohesive zone is implemented

as a user subroutine in Abaqus. The exact formulations of the two cohesive zones are

outlined in the following sections.
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3.2.2 Coupled Linear-Softening CZM [66]

Two different cohesive zone formulations are used in this study. The first cohesive

zone, which is inbuilt into Abaqus, is used to model both the AFRMM and the ADCB

test cases. The cohesive zone is based on the formulation proposed by Camanho et al.

[66]. The formulation is shown graphically in fig. 3.1, and is set up to initiate under a

quadratic stress criterion. i.e. when

(〈tN 〉
tNC

)2
+
( tS
tSC

)2
= 1 (3.2)

where tN and tS are the normal and shear stresses respectively in the cohesive zone

and tNC and tSC are the chosen pure mode cohesive strengths in opening and shear-

ing respectively. The quadratic stress criterion (eq. 3.2) has been used previously to

accurately predict delamination onset in composite laminates [89, 90]. The Macauley

bracket 〈〉 indicates that compressive normal stresses do not contribute to the criterion.

i.e.:

〈tN 〉 =





0, tN < 0

tN , tN ≥ 0
(3.3)

Up to the point of initiation, the response of the cohesive zone is uncoupled in opening

and shear and governed by

[
tN

tS

]
=

[
kyy 0

0 kxx

][
δN

δS

]
(3.4)

where kxx and kyy are the initial penalty stiffnesses in the shearing and normal directions

respectively, which are both set at 1e15 Pa/m in the current work. These penalty stiff-

nesses are required as the cohesive zone model is implicit in the finite element analysis,

i.e. they form part of the global stiffness matrix. Recently some explicit cohesive zones

have been developed for use in finite element analysis [83], and they have been used

extensively in finite volume simulations [70, 71, 73]. Implicit cohesive zones are known

to present problems for arbitrary crack simulations as the insertion of many layers of

effective ’springs’ can reduce the stiffness of the global structure. However, they do

not present such problems for use as a single layer along a predefined crack path as in

the current simulations. As stated in Turon et al. [91], these penalty stiffnesses lack

physical meaning and are largely a numerical artefact for undamaged material points.

They should be set high enough to provide reasonable stiffness but not too high to cause

numerical difficulties [87, 92]. In other words, these stiffnesses should be set as high as
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possible without causing numerical difficulties. A stiffness of 1e15 Pa/m was found to

work well for the current simulations. In this current formulation, it is also required to

set the stiffnesses equal in mode I and mode II directions to avoid unphysical behaviour

under changing mode mix. This issue is addressed further in Appendix B.

After damage initiation, a linear softening law is effected using an overall damage vari-

able D, which is incremented from zero to one as a function of the overall effective

displacement, δeff , where δeff =
√
δ2
N + δ2

S , as:

D =
δfeff (δmax

eff − δ0
eff )

δmax
eff (δfeff − δ0

eff )
(3.5)

where δfeff is the effective displacement at final failure, δ0
eff is the effective displacement

at damage initiation, and δmax
eff is the maximum effective displacement that has occurred

up to that point in time. The cohesive tractions in the softening regime, which are

coupled through D, are then computed from

tN =





(1−D)t̄N , if t̄N ≥ 0

t̄N , if t̄N < 0

tS = (1−D)t̄S

(3.6)

where t̄N and t̄S are the tractions predicted by the pre-damage stiffness matrix (eq. 3.4)

at the current displacements. Along with pure mode cohesive strengths and penalty

stiffnesses, it is also required to specify the mixed mode failure locus. The following

linear criterion is used ( GI
GIC

)
+
( GII
GIIC

)
= 1 (3.7)

where GI and GII are the energies dissipated in mode I and mode II respectively up to

that point in time, andGIC andGIIC are the prescribed pure mode cohesive toughnesses.

The linear failure criterion has been used extensively to describe mixed mode failure loci

[15, 93] in composites. While it has been shown to be more successful in describing

failure loci in thermoplastic epoxy composites [15], it is required here to ensure mode

independent fracture due to limitations of the cohesive zone formulation. Under certain

conditions, this cohesive zone formulation has been reported to be thermodynamically

inconsistent under variable mixed mode loading, which can result in incorrect energy

dissipation [87, 94]. This is investigated and shown to be the case in appendix B. In

order to avoid this situation, the linear failure criterion is used with the pure mode

cohesive strengths and toughnesses set to be equal in all test cases. Though the overall
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toughness (GI +GII) will not change as a function of mode mixity in these cases, it is

still of interest to study the partition of energies as a function of cohesive properties.

Kyy

tN
tNC

⎛
⎝⎜

⎞
⎠⎟

2

+ tS
tSC

⎛
⎝⎜

⎞
⎠⎟

2

= 1

traction 

GI
GII

GI

GIC

+ GII

GIIC

= 1

δ Nδ S

tSC
tNC

GIC

GIIC

δ f

Kxx

δ Nf

δ Sf

Figure 3.1: Coupled Linear-Softening Cohesive Zone Model

3.2.3 Uncoupled Dugdale (constant traction) CZM [67]

A second cohesive zone model is used to repeat the AFRMM test case in the final part

of this chapter; this is an uncoupled formulation developed by Yang et al. [67], and is

implemented as a user element (UEL) subroutine in Abaqus. This cohesive zone has

been used previously by Parmigiani and Thouless [40] and Sills and Thouless [41] to

study the effect of cohesive properties on mode mixity, and is used here for comparative

purposes. The cohesive zone model is shown in fig. 3.2. Prior to damage initiation,

the response of the element is equivalent to the coupled linear softening cohesive zone

(i.e. eq. 3.4), and the penalty stiffnesses are also both set to 1e15 Pa/m. In this

formulation, the stresses remain uncoupled and constant as they follow the prescribed

pure mode Dugdale type laws exactly until the failure criterion is satisfied, at which

point the stress is dropped suddenly to zero in both modes. The linear failure criterion

(eq. 3.7) is also used in this formulation.
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GI
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tSC
tNC

GICGIIC

Kxx

Figure 3.2: Uncoupled Dugdale Cohesive Zone Model

3.3 Partitioning techniques for Cohesive Zones

3.3.1 Introduction

In this section, a number of partitioning techniques are examined in order to determine

an accurate method for partitioning fractures in the presence of cohesive zones. The

FRMM test case is used as a benchmark test as the correct mode partition is known in

advance. Firstly, the mode decomposed J integral (MDJ) proposed by Ishikawa et al.

[45] is implemented in two separate forms. The first form is the same as that applied

in chapter 2 where the integral is applied externally (JΓext); in this case the external

path fully surrounds the cohesive zone. The second form is when the integral is applied

over the cohesive surfaces (JΓcoh). It is shown in the following section that these two

methods are equivalent when the damage zone is propagating in a self-similar manner

in the absence of a singularity. These two methods are global in that they calculate the

energy being released in mode I and mode II over the whole model. The third method

is a local method and involves measuring the energy going directly into the crack tip

cohesive element and is called the crack tip element (CTE) approach. The final method

is the virtual crack closure technique, which has been applied to partition fractures in

the previous chapter.
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3.3.2 Partitioning Techniques

The following section outlines four methods used for partitioning a typical fracture

process zone, as shown in fig. 3.3. The fracture process zone consists of a crack tip

Γext

Γ tip

Γcoh

x

y

a*a

P

P '
lcz

Initial Crack Tip Element (CTE) 

Figure 3.3: Fracture Process Zone.

located at a, where cohesive stresses drop to zero, and a damage zone tip located at

a∗, where the quadratic initiation criterion (eq. 3.2) is satisfied. The distance between

a and a∗ is the cohesive zone length (lcz). The following partitioning techniques are

applied in this section:

3.3.2.1 MDJ integral applied externally (JΓext)

When the damage region is propagating in a self similar manner under monotonic loading

between linear elastic beams, the concept of energy release rate G can be related to the

path independent J integral proposed by Rice [55]. It was shown by Rice [55] that the

J integral computed over any arbitrary closed contour in an elastic body is zero. For

the fracture process zone shown in fig. 3.3, this can be described as:

JΓext + JΓcoh + JΓtip = 0 (3.8)

where Γext is a path going continuously from a point on the lower fully cracked face

to the upper fully cracked face around the crack tip, Γcoh corresponds to a path along

the upper and lower surfaces of the active cohesive zone and Γtip corresponds to an in-

finitely small path surrounding the crack tip. The J integral is computed from eq. 2.6.

By applying the J integral externally along Γext, it is possible to account for energy con-

tributions from the cohesive surfaces (JΓcoh) and crack tip singularity (JΓtip). A method
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for decomposing the J integral into mode I and mode II components was presented in

chapter 2. This method, proposed by Ishikawa et al. [45], is also directly applicable to

partitioning fractures where cohesive zones are present. As before, the mode decom-

position is achieved by considering symmetric integration paths about the crack plane.

i.e. paths containing P and P ′ in fig. 3.3. The stress, strain and displacement fields

are decomposed into symmetric (causing mode I) and antisymmetric (causing mode II)

components according to eq. 2.23. The respective decomposed stress, strain and dis-

placement values, i.e. (σIij , ε
I
ij , u

I
i ), (σIIij , ε

II
ij , u

II
i ), are then substituted directly into eq.

2.6 to calculate the decomposed J integral components (JI , JII). These are given by:

JIΓext =

∫

Γ

(∫ ε

0
σ

(I)
ij dε

(I)
ij dy − σ

(I)
ij nj

∂u
(I)
i

∂x
ds
)

JIIΓext =

∫

Γ

(∫ ε

0
σ

(II)
ij dε

(II)
ij dy − σ(II)

ij nj
∂u

(II)
i

∂x
ds
) (3.9)

3.3.2.2 MDJ integral applied along cohesive surfaces (JΓcoh)

In cases where the crack tip singularity is suppressed by the cohesive zone (i.e. Jtip = 0),

the J integral applied externally is equal to the J integral applied over the cohesive

surfaces. i.e.

JΓext = −JΓcoh (3.10)

In cases where eq. 3.10 is satisfied and the fracture process zone is propagating in a

self similar manner, the mode decomposed ERR components can be found directly by

integrating over the cohesive surfaces, as the mode decomposed J integral reduces to

JIΓcoh =

∫

Γ+
coh

tN
∂δN
∂x

ds

JIIΓcoh =

∫

Γ+
coh

tS
∂δS
∂x

ds

(3.11)

where tN , tS , δN and δS are the normal and shear cohesive tractions and opening dis-

placements respectively. Γ+
coh indicates that the integration only needs to be performed

over one surface, which arises due to the symmetry of stresses on the upper and lower

cohesive surfaces.

3.3.2.3 Local crack tip element approach (CTE)

This local approach monitors the energy which goes into the initial crack tip element

over time as it fails. The energies are calculated by integrating the area under the
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respective normal and shear traction separation curves of the first cohesive element, as

indicated by the red and blue shaded regions in fig. 3.1 respectively. These integrals are

given by:

GICTE =

∫ δNf

0
tNdδN

GIICTE =

∫ δSf

0
tSdδS

(3.12)

where δNf and δSf are the normal and shear displacements at final failure, as indicated

in fig. 3.1.

3.3.2.4 Virtual Crack Closure Technique (VCCT)

As a method of comparison, VCCT is applied to monitor the energy release rate and

mode partition at the crack tip. The VCCT approach is outlined in chapter 2 and is

calculated using eq. 2.5. The nodal forces are obtained from the continuum elements

directly above and below the first cohesive element at the crack tip, and the opening

displacements are obtained directly behind the crack tip as before (2.3). It is not believed

that this method will produce accurate results once damage initiates at the crack tip as

it can not account for dissipated energy.

3.3.3 Case Setup

The beam in fig.D.1(b) is set up and meshed in ABAQUS using plane strain quadratic

elements (CPE8). A structured orthogonal mesh is used with an element size of 0.1 mm.
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Figure 3.4: Fixed Ratio Mixed Mode (FRMM).

This ensures 30 elements across the beam thickness, which is more than sufficient to ac-

curately model stress gradients due to bending. Zero thickness linear-softening cohesive

elements (COH2D4), as described in section 3.2.2, are placed in the un-cracked region.

The length of the cohesive elements were also 0.1 mm, which ensured exact nodal ties

between the substrates and the cohesive zone. This element size was chosen to ensure at

least 10 elements spanned the active cohesive zone [95]. The constitutive thickness, B, is
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set at the default of 1 m. The substrate stiffness is assumed linear elastic and isotropic,

with a Young’s modulus E of 50 GPa, the mode I and mode II toughnesses (GIC , GIIC)

are both set to 200J/m2, and the opening and shear strengths (tNC , tSC) are both set

to 45 MPa. The quadratic initiation criterion (eq. 3.2) and the linear failure locus

(eq. 3.7) are used. The beam is built in at the un-cracked end and a pure rotation

is applied to the top beam of the cracked end. The pure rotation is effected through

a rigid surface, which is tied to the end of the loaded beam. The rotation required to

cause crack propagation(Θc) is worked out from elementary beam theory. The rotation

required to initiate fracture is given by:

Θc =
Mc

E

( lc + x

I1
+

(luc − x)(1 + k)

I1 + I2

)
(3.13)

where Mc is the moment required to apply an ERR equal to the cohesive toughness;

Mc can be obtained by substituting G = 200J/m2 in eq. 2.28; lc and luc are the initial

cracked length and uncracked lengths of the specimen, x is a measure of the crack growth

length (initially at 0), and I1 and I2 are the second moment of area for the upper and

lower beams in fig. D.1(b). i.e.:

I1 =
Bh3

1

12
; I2 =

Bh3
2

12
(3.14)

A rotation of 1.5×Θc is applied to make sure steady state fracture occurs.

There are two distinct stages throughout the loading that can be explained by referring

to eq. 3.13; Initially as Θ is increased, the applied moment M increases proportionally

until Mc is reached. At this point, the cohesive surfaces cannot sustain any further

increase in M and so the applied moment remains constant at Mc. However, as Θ

is increased beyond Θc, something else must give. Looking at eq. 3.13, in order to

increase the RHS, x must increase (as I1 is the smallest denominator). Therefore, after

the critical moment is reached, the crack length grows proportionally with the applied

rotation, which results in a steady state crack growth. This is shown graphically in fig.

3.5 and very good agreement is obtained between the analytical predictions of eq. 3.13

and the numerical measurement of moment and crack length for the current simulation.

There is a slight offset in the prediction of the crack growth, and this can be attributed

to the fact that the analytical solution does not account for the presence of a cohesive

region ahead ahead of the crack tip.

Once steady state fracture occurs (Θ/Θc > 1), each individual cohesive zone element

ahead of the crack tip will go through the same loading history. Therefore, if the local

approach is applied to an element which experiences the fully developed FPZ passing by,
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Figure 3.5: Normalised moment (M/Mc) and crack growth length (x) plotted as a
function of normalised beam rotation Θ/Θc (Analytical and Numerical) for the FRMM

test outlined in fig. D.1(b).

theoretically it must give the same mode partition as an instantaneous global approach.

However, the initial crack tip element does not experience a steady state FPZ passing

by as it will have already started to damage before the steady state damage region has

fully formed; it is therefore of interest to study the partition of energies going into this

element up to Θ/Θc = 1 (when it fails) to see how it compares to the global partition

and analytical approaches.

Each of the three partitioning techniques outlined in the previous section are therefore

applied to analyse the mixed mode partition during damage development at the crack

tip (0 < Θ/Θc ≤ 1). These are then compared to the analytical solution for mode

mixity and energy release rate. The analytical ERR can be obtained from beam theory

and is given by eq. 2.28. The mode mixity for this symmetric case is also known to be

exact and each of the partitioning theories predicts this. Interestingly, it is possible to

obtained a closed form solution for the mode mixity in the symmetric specimens with

pure moments applied, which equals the solutions predicted in fig. 1.4, by theoretically

applying the mode decomposed J integral around an external boundary.
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3.3.4 Results

The mode partitioning results of each method are plotted in fig. 3.6. The mode partitions

are plotted throughout the damage development and compared to the analytical mode

partition, which has a value of GII/G = 3/7 = 0.4286 for this FRMM case[20, 26]. At

Θ/Θc = 1, the damage region is fully developed and begins to propagate in a self similar

manner, and therefore results from JΓext and JΓcoh approaches do not change after this.

As the CTE approach monitors the energy going into the first cohesive element, this

element fails completely at Θ/Θc = 1 as the crack begins to propagate. The energy

accounted for by each method (G = GI + GII) is plotted in fig. 3.7. This energy

is normalised w.r.t. the applied energy release rate Gapp. The applied ERR Gapp is

calculated at each time point using 2.28, where the instantaneous applied moment (M1)

is obtained directly from the numerical results by integrating the stress distribution in

the loaded beam.
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Figure 3.6: Mixed mode partition obtained from various partitioning techniques dur-
ing FPZ development in the Fixed Ratio Mixed Mode (FRMM) test.
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Figure 3.7: Total ERR obtained from various partitioning techniques during FPZ
development in the Fixed Ratio Mixed Mode (FRMM) test.

3.3.5 Discussion

Throughout the entire development of the fracture process zone (FPZ), the local CTE

approach does not predict the analytical partition of energies. At final failure of this

element (Θ/Θc = 1), the overall mode partition of energies GII/G over time is equal

to 0.34, significantly different from the analytical mode partition of 0.4286. One might

be inclined to think that this failure to reproduce the analytical solution is an error

associated with the cohesive zone element. However, this is not the case. The difference

between the CTE partition at crack initiation (Θ/Θc) = 1 and the analytical partition

may be explained by the fact that each element in the developing FPZ experiences

different loading conditions (e.g. initial crack tip has only traction free surfaces behind

when it is loaded, whereas an element further ahead has an active cohesive zone behind

when it is first loaded). The displacement ratios (normal vs. shear) are plotted for the

initial cohesive element (CTEL) and an element which experiences steady state fracture

(SSEL) (located 10 mm ahead of the original crack tip) in fig. 3.8. It is evident from this

plot that the elements undergo different loading histories. The initial crack tip element

(CTEL) opens at almost a constant displacement ratio, whereas the element experiencing

steady state (SSEL) initially experiences more shear displacement. The corresponding

normal and shear stress-displacement curves for both the CTEL and SSEL are shown in
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fig. 3.9. It is clear that the different loading history leads to different stress-displacement

relationships in both normal and shear, which is the reason a different mode mix is

predicted locally during damage development. Therefore, monitoring a single element

locally in time will not produce an accurate global mode partition when the fracture

process is not in steady state. Initially, integration over the cohesive surfaces (JΓcoh)
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Figure 3.8: Displacement ratio for the crack tip element (CTEL) and element 10 mm
ahead of the crack tip that experiences steady state fracture (SSEL).

does not predict the correct mode partition of energies either. However, as the damage

zone develops, the mode partition moves towards the analytical solution and predicts

the correct partition at crack initiation. This is explained by considering the energy

contributions from each method. As the damage region develops, it is seen in fig. 3.7

that the total ERRs predicted by both the JΓcoh and CTE approaches make up only

a fraction of the applied energy (some of which is stored in the changing elastic fields

surrounding the crack tip). Therefore, partitioning using these methods will not give

the correct global partition of energies during damage development. Once the damage

region is fully developed, no more energy goes into changing elastic fields surrounding

the crack tip and all of the energy is absorbed only by the cohesive surfaces. Therefore,

integrating along the cohesive surfaces yields the correct ERR and mixed mode partition

at Θ/Θc = 1.
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Figure 3.9: Normal and shear traction-displacement curves for crack tip element
(CTEL) and element 10 mm ahead of the crack tip that experiences steady state fracture

(SSEL).

By applying the J integral externally, it is possible to account for the energy stored in

the elastic singular fields surrounding the crack tip, and the energy stored in the cohesive

surfaces, according to eq. 3.10. As expected it can be seen in fig. 3.6 and fig. 3.7 that

the external J integral accurately predicts the mixed mode partition and applied energy

release rate throughout all stages of loading.

As expected, the VCCT method initially produces accurate mode partitions; however,

once damage initiates (i.e. when stresses in the initial cohesive element first begin to

soften; this occurs at Θ/ΘC ≈ 0.1 - fig. 3.6), the VCCT partitioning suddenly becomes

inaccurate. This can be explained by studying the energy that VCCT accounts for during

damage development (fig. 3.7); up to damage initiation, VCCT accurately accounts for

the applied ERR; however, after damage initiation it no longer accounts for the total

applied ERR, and hence the mode partition will not be valid. It is therefore clear that

VCCT can not be used to partition the current cases, where the effect of damage on the

resulting mode partition is required.

3.3.6 Conclusion

In conclusion, a number of common numerical partitioning approaches were tested for

accuracy and/or appropriateness against the benchmark of the FRMM test. The CTE

approach was found to produce a different partition than the known analytical partition.

This was attributed to the fact that all of the elements in a developing damage region

undergo a different loading history, and while globally the mode partition is correct, there

is no requirement that locally this has to be the case. Integration along the cohesive
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surfaces (JΓcoh) was initially found to give an incorrect mixed mode partition during

damage development, but this could be explained by the fact that it does not account

for all of the applied energy. At the point of crack initiation, it was found to give the

same partition as the mode decomposed J integral (JΓext).

The external mode decomposed integral (JΓext) always captures the correct total ERR

and mode partition regardless of crack tip condition, i.e. developing damage region

or steady state. However, as it is numerically cumbersome to apply the external J

integral in all cases in order to obtain the correct mixed mode partition, integration

along the cohesive surfaces (JΓcoh) is deemed to be the most straightforward approach

to numerically partition cohesive zones. There is just one limitation with this approach

and that is that it must only be applied when the crack has initiated and is propagating

in a steady steady state manner (i.e. Θ/Θc > 1). This condition is satisfied in all of the

following test cases before the mixed mode partition is calculated.

Finally, it was found that the VCCT partitioning did not produce accurate partitions

once damage started to develop at the crack tip. Though it initially captured the applied

ERR and correct mode partition before damage initiation, it is clear that this method

should not be used to obtain total ERR and mode partitions in the presence of cohesive

zones.

3.4 Mixed Mode Partitioning of Asymmetric Geometries

3.4.1 Introduction

As a suitable mode partitioning method is now established, the current section deals

with mode partitioning in asymmetric geometries as a function of cohesive properties.

As discussed previously, a number of analytical solutions exist for this problem but

there is considerable disagreement between the predicted mode partitions for asymmetric

specimens [20, 26–28]. The predicted mode partitions from various analytical solutions

for the AFRMM and ADCB tests are outlined in fig. 3.10. The partitioning theories

shown are from Williams [20](W), Suo and Hutchinson [26](HS), Davidson et al. [27](D-

NSF) and Wang and Harvey [28](WH). It was seen in the previous chapter that the

local partitioning solution of Suo and Hutchinson [26] was the most appropriate for

partitioning fractures in the absence of any crack tip damage. The aim of this current

study is to determine which, if any, of these partitioning theories is the most appropriate

to partition fractures in the presence of damage development at the crack tip.
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(a) Asymmetric Fixed Ratio Mixed Mode (AFRMM)(k = 0).
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(b) Asymmetric Double Cantilever Beam (ADCB) (k = −1).

Figure 3.10: Mixed Mode Partitioning Theories.
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3.4.2 Test Case Setup

Both the asymmetric fixed ratio mixed mode (AFRMM) (fig. 3.11(a)) and the asym-

metric double cantilever (ADCB) (fig. 3.11(b)) test geometries are used in this work.

In each test case, the beam geometry is meshed with a regular grid of 2D plane strain,
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(b) Asymmetric Double Cantilever Beam (ADCB).

Figure 3.11: Beam Geometries and Loading Conditions.

8 node quadratic elements in Abaqus. As in the previous section, the beam material is

assumed linear elastic and isotropic, with a Young’s modulus of 50 GPa and a Poisson’s

ratio of 0.38. Loading is achieved through a fixed rotation, which is applied to a rigid

surface that is tied to the end of the loaded beam. A rotation boundary condition is

preferred as it induces a pure bending moment and also allows the crack to propagate

in a numerically stable manner when the damage region is fully developed. This bound-

ary condition also mimics the pure moment loading that is assumed in the analytical

partitioning theories. Cohesive elements are inserted along the crack plane in the un-

damaged region as indicated in fig. 3.11. As in the previous section, a rotation, Θ, is

incrementally applied to the top beam from Θ = 0 to up to Θ = 1.5 × Θc in each case

to ensure steady state fracture is achieved. In the initial test cases, only the coupled

linear-softening formulation proposed by Camanho et al. [66] is considered. However, a

comparative study is carried out at the end of this section on the AFRMM test with the

uncoupled Dugdale CZM formulation. The particular test case properties for both the

AFRMM and ADCB test cases are as follows:
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3.4.2.1 AFRMM

The geometry, loading and boundary conditions used in the AFRMM test case can be

seen in fig. 3.11(a). The loading and boundary conditions are the same as those in

the previous section, with only the geometries and cohesive properties changing. Seven

different γ (γ = h1/h2) ratios are simulated corresponding to 0.1, 0.2, 0.5, 1, 2, 5 and 10.

In each of the test cases, the mode I and mode II cohesive toughnesses (GIC , GIIC) are

set equal (i.e. GC = GIC = GIIC), as are the normal and shear cohesive strengths (i.e.

tC = tNC = tSC). Therefore, along with the beam height ratio, the only properties which

are varied in this study are the cohesive strength tC and cohesive toughness GC . For

each γ ratio, the cohesive toughness is set to values of 200 and 3000 J/m2, and for each

of these toughness values, three different cohesive strengths are simulated, corresponding

to 20 MPa, 45 MPa and 95 MPa. This results in a total of 42 cases.

3.4.2.2 ADCB

The geometry, loading and boundary conditions used in the ADCB test case can be

seen in fig. 3.11(b). In this case, one cracked arm is fixed and the other cracked arm

is rotated as before using a rigid surface. The un-cracked end is left unconstrained.

This boundary condition ensures that equal and opposite moments are induced in the

substrate arms. Four different γ ratios are simulated, corresponding to 0.2, 0.5, 2 and 5.

As in the AFRMM test case, two toughness values of 200 and 3000 J/m2 are simulated

using the coupled linear softening CZM at each γ ratio, and for each of these toughness

values, three different cohesive strengths are simulated, corresponding to 20 MPa, 45

MPa and 95 MPa. This results in a total of 24 cases.

3.4.3 Post Processing

For each case, the simulation is stopped at Θ/Θc = 1.5. At this point, a path is created

along the cohesive surface and the opening and shear stress and strain components are

printed from each node. A check is performed to ensure that the cohesive zone has

initiated and is propagating, but has not yet reached the end of the beam. As the

constitutive thickness of the cohesive zone is set to 1 m, the strain output is equal to

the relative normal and shear displacements (δN , δS). The constitutive thickness can

differs from the actual thickness, which is set to zero, and is required to have a finite

value for numerical reasons (strain calculation); the value of the constitutive thickness

does not effect the response of the element. A typical output of stresses and relative
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displacements from the cohesive path is shown in fig. 3.12. It can be seen that up until

the point of damage initiation (at a∗), the displacements are effectively zero (due to

penalty stiffnesses of 1e15Pa/m). At the point of cohesive failure (at a), the cohesive

stresses simultaneously drop to zero and the element is deleted from the simulation. The

mode I and mode II ERR components are obtained by integrating over this path using

eq. 3.11. The cohesive zone length (lcz = a∗ − a) is also recorded in each case.
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Figure 3.12: Typical stress and displacement profile along the cohesive zone during
steady state propagation during AFRMM test (γ = 0.1, tc = 45MPa,Gc = 3000J/m2).

3.4.4 Results and Discussion

3.4.4.1 AFRMM

The numerical partitioning of the AFRMM test case, modelled with the coupled linear-

softening CZM, is presented in fig. 3.13, and compared to the analytical partitioning

theories. For γ = 1, each of the analytical partitioning theories agree and the cohesive

zone solutions accurately predict this partition for all cohesive properties. When γ 6= 1,

it is evident that the mixed mode partition is dependent on the cohesive properties and

in all cases the solution lies between the local solution of Suo and Hutchinson [26] and the
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global solution of Williams [20]. For high strengths and low toughnesses, the predicted

mode partition lies close to the local partitioning solution of Suo and Hutchinson [26]

and as the toughness is increased and/or the strength is decreased, the mode partition

moves towards the global solution of Williams [20]. In general the numerical solution

cannot be accurately predicted by any of the analytical partitioning theories.
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Figure 3.13: Numerical mode partitions from cohesive zone analysis of the Asymmet-
ric Fixed Ratio Mixed Mode (Coupled Linear-Softening Cohesive Zone). Analytical

solutions can be identified by referring to fig. 3.10(a).

The stress profiles in the steady state cohesive zones are plotted in fig. 3.14 and fig. 3.15

for γ = 0.5 and γ = 2 respectively. These are representative of all cases where γ < 1

and γ > 1 respectively. It is clear that in all cases the resulting cohesive zone length is

strongly dependent on the cohesive properties. For a given toughness value, a reduction

in the cohesive strength results in an increase in the cohesive zone length. Also, an

increase in the cohesive toughness for a given cohesive strength results in an increase

in the cohesive zone length. From fig. 3.13, it is noticeable that the mode partitions

are closer to the solution of Williams [20] for γ > 1 compared to γ < 1 for equivalent

cohesive properties. This pattern is also mirrored in the cohesive zone length data seen

in fig. 3.14(b) and fig. 3.15(b). For γ > 1, the loading becomes mode II dominant

and this results in larger cohesive zone lengths for equivalent properties compared to
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mode I dominated loadings. The fact that the shift towards the global solution observed

in fig. 3.13 for γ > 1 is accompanied with a significant increase in the cohesive zone

length is a clear indication that the cohesive zone length may play an important role

in defining the mode mixity. To further study the effect of the cohesive zone length on

the mixed mode partition, the numerical mode partitions (GII/G) are plotted against

the corresponding cohesive zone lengths (lcz) for each case in fig. 3.16. It is evident
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Figure 3.14: Stress profile ahead of the crack tip during steady state fracture in the
AFRMM test (γ = 0.5).
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Figure 3.15: Stress profile ahead of the crack tip during steady state fracture in the
AFRMM test (γ = 2).

from fig. 3.16 that for small cohesive zone lengths, the mode partition is close to the

local solution and as the cohesive zone length increases, the mode partition deviates

away from the local solution and approaches the global solution of Williams [20]. It is

particularly evident from figs. 3.16(e) 3.16(f) that the global solution forms the upper
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bound. It was seen in chapter 2 that for zero cohesive zone length (infinite cohesive

strength), the local solution of Suo and Hutchinson [26] provided an accurate estimate

of the mixed mode partition. The analytical mode partitions of Suo and Hutchinson [26]

and Williams [20] therefore provide the lower and upper bounds for the cohesive zone

solution respectively. For the sake of consistency, the Suo and Hutchinson [26] solution

is referred to hereafter as the lower bound and the Williams [20] solution is referred to

as the upper bound, despite the fact that the absolute values of the solutions of Suo and

Hutchinson [26] and Williams [20] can be lower or higher than each other depending on

the γ and k ratio. For each height ratio, a unique function describes the dependence

of the mode partition on the cohesive zone length. It is straightforward to comprehend

why the local solution of Suo and Hutchinson [26] forms the lower bound for small

cohesive zone lengths. This lower bound was the main focus of the previous chapter

where the purely elastic solutions correspond to an infinite cohesive strength and zero

cohesive zone length. It was found then that the local solution produced a very accurate

estimate of the mixed mode partition so it is no surprise that it performs equally well

here for small cohesive zone lengths. However, as the cohesive zone length increases

and the K dominant region is eclipsed, the assumptions of the local partitioning are no

longer valid and they no longer predict the correct mode partition. The reasons why

the mode partition approach the global solution of Williams [20] for increasing damage

lengths are somewhat more speculative. It is believed that as the damage region grows,

there is no longer a stress concentration and beam theory can more accurately describe

the deformations in the cohesive region. Therefore, as the damage region grows, the

global solution will form the upper bound solution where there is no stress concentration

and the displacements of the cohesive region are predicted exactly by beam theory. In

reality however the mode partition will most likely fall somewhere between these upper

and lower bounds and neither will be able to accurately predict the mode partition.

Based on this reasoning, it is believed that the length of the cohesive zone relative to

the size of the K dominant region will be critical factor for determining where the actual

mode partition lies between these upper and lower bounds.

For all cases in which γ < 1, the rate at which the mode partition approaches the global

solution is almost constant. However, for γ > 1, the rate at which the global solution

is approached increases significantly with increasing γ. i.e. for similar cohesive zone

lengths in cases where γ < 1 and cases where γ > 1, the mixed mode partition is much

closer to the global solution in the γ > 1 case. The reason for this may be explained

by referring back to chapter 2. In chapter 2 it was seen that the extent of the mode I

singular field scaled with the smallest characteristic dimension (fig. 2.25). Therefore,

it follows that the impact of cohesive zone length on a given geometry should scale
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with the smallest characteristic dimension of that geometry. In all cases the smallest

characteristic dimension corresponds to the smallest beam thickness. i.e.:

hc = min[h1, h2] (3.15)

Scaling the cohesive zone length with the smallest characteristic dimension results in a

new quantity termed the normalised cohesive zone length, or normalised damage length,

given by:

lnd = lcz/hc (3.16)

As h1 is kept constant and h2 varied according to fig. 3.11(a), the smallest characteristic

dimension remains constant for all cases where γ ≤ 1 but is indirectly proportional to γ

when γ > 1. Therefore, the increased rate at which the mode partition approaches the

global solution may be attributed to the decreasing characteristic dimension. However,

as the mode mixity also changes towards mode II dominant when γ > 1, this increased

rate at which the mode partition approaches the global solution could also be attributed

to the increased damage lengths due to mode II being the dominant mode. It is possible

to eliminate this factor in the ADCB case as the mode mix is predicted to be mode I

dominant for both γ < 1 and γ > 1 (fig. 3.10(b)).

3.4.4.2 ADCB

The results of the ADCB test case, modelled with the coupled linear softening cohesive

zone, are presented in fig. 3.17. For the ADCB case, the analytical partitioning solutions

of Williams [20] and Wang and Harvey [28] predict that the loading is always pure mode I,

regardless of the beam height ratio, and the partitioning solutions of Suo and Hutchinson

[26] and Davidson et al. [27] predict a considerable variation in the mode partition as

a function of the beam height ratio. The cohesive zone solution again predicts that

partitioning lies in between the local ([26]) and the global solution ([20]), and shows a

similar trend going from local to global for increasing toughness and decreasing strength.

The solutions are again shifted towards the global solution for γ > 1. The mode mixity

is plotted against the cohesive zone length for each case in fig. 3.18. Again, the mode

mix is close to the local solution when the cohesive zone length is small, and it moves

towards the global solution as the cohesive zone length increases. In this ADCB test

case, the mode partition does not reach the upper bound solution of Williams [20] for

the given substrate and cohesive properties as the loading is predominantly mode I,

which does not produce large fracture process zones compared to mode II loading. From

fig. 3.18, it is evident that the rate at which the global solution is approached remains

relatively constant when γ < 1 but seems to increase with γ when γ > 1. As the
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loading is predominantly mode I in all cases, the only varying factor is the smallest

characteristic dimension, which changes only when γ > 1 according to fig. 3.11(b).

In the following section, the cohesive zone length is normalised w.r.t. the smallest

characteristic dimension for all cases.

3.4.4.3 Mode Mixity vs. Cohesive Zone Length

Based on the numerical findings presented in the previous sections 3.4.4.1 and 3.4.4.2,

it is evident that the cohesive zone length (lcz) plays an important role in determining

the mode mixity for both the AFRMM and ADCB test cases. In all cases tested, the

mode partition went from the local solution of Suo and Hutchinson [26] towards the

global solution of Williams [20] as a function of increasing cohesive zone length. It was

also observed that the rate at which the global solution was approached with increasing

cohesive zone length was also dependent on the smallest characteristic dimension of

the geometry. This observation is in line with the findings from chapter 2 where the

extent of the mode I K dominant region was found to scale reasonably with the smallest

characteristic dimension in the AFRMM test. The cohesive length data from all cases in

figs 3.16 and 3.18 are therefore normalised w.r.t. the smallest characteristic dimension

according to eq. 3.16. As the lower and upper bounds of the mode partition are given by

Suo and Hutchinson [26] and Williams [20], the mode mixity is normalised with respect

to these solutions in all cases by introducing a normalised mode mix parameter, f , where

f is given by:

f =
GII
G −

GII
G W

GII
G HS

− GII
G W

(3.17)

where (GIIG )HS and (GIIG )W are the partitions predicted by the local (eq. 1.7) and global

(eq. 1.5) analytical approaches respectively. For an f value equal to one, the mode

partition is equal to the local solution of Suo and Hutchinson [26] and for an f value

equal to zero, the mode partition is equal to the global solution of Williams [20]. For

an intermediate mode partitioning value, the normalised mode mixity f indicates how

’local’ or how ’global’ the mode partition is according to eq. 3.17. The normalised cohe-

sive zone length (lnd) and normalised mode mixity (f) are calculated for each simulation

from the AFRMM and ADCB test cases and are plotted against each other in fig. 3.19

Based on the results in fig. 3.19, it is evident that all of the cases approach the global

solution at the same rate as a function of increasing normalised cohesive zone length,

notwithstanding some small scatter. Overall, the rate at which the global solution is

approached follows an exponential trend. At small normalised damage lengths the mode

partition is close to the local solution and then approaches the global solution exponen-

tially as a function of increasing normalised damage length. This is an important result
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as it indicates that the mode mixity in asymmetric specimens is uniquely dependent on

the normalised length of the cohesive zone which develops during fracture, regardless of

applied moment ratio k and beam height ratio γ. However, this has only been tested

on the coupled linear softening cohesive zone up to now. In the following section, the

AFRMM test is repeated using the uncoupled Dugdale CZM to examine the effect of

varying the cohesive zone formulation and shape.
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(a) Mode partition vs. cohesive zone length (γ = 0.1)

0 0.005 0.01 0.015
0

0.05

0.1

0.15

0.2

0.25

0.3

0.35

0.4
a=0.2

M
ix

ed
 M

od
e 

Pa
rti

tio
n,

 G
II/G

Cohesive Zone Length, lcz (m)
 

 

G=200 J/m2 t=20 MPa
G=200 J/m2 t=45 MPa
G=200 J/m2 t=95 MPa
G=3000 J/m2 t=20 MPa
G=3000 J/m2 t=45 MPa
G=3000 J/m2 t=95 MPa

(b) Mode partition vs. cohesive zone length (γ = 0.2)
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(c) Mode partition vs. cohesive zone length (γ = 0.5)
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(d) Mode partition vs. cohesive zone length (γ = 2)
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(e) Mode partition vs. cohesive zone length (γ = 5)
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(f) Mode partition vs. cohesive zone length (γ = 10)

Figure 3.16: Numerical mode partition plotted against numerical cohesive zone length
for different beam height ratios in the AFRMM test. Analytical solutions are also

plotted for each case - W (blue), HS (red), D-NSF (green) and WH (yellow).
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Figure 3.17: Numerical mode partitions from cohesive zone analysis for the Asym-
metric Double Cantilever Beam (Coupled Linear Softening Cohesive Zone). Analytical
solutions are also plotted for each case - W (blue), HS (red), D-NSF (green) and WH

(yellow).
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(a) Mode partition vs. cohesive zone length (γ = 0.2)
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(d) Mode partition vs. cohesive zone length (γ = 5)

Figure 3.18: Numerical mode partition plotted against numerical cohesive zone length
for different beam height ratios in the ADCB test. Analytical solutions are also plotted

for each case - W (blue), HS (red), D-NSF (green) and WH (yellow).
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Figure 3.19: Normalised mode mixity vs. normalised cohesive zone length for
AFRMM (blue) and ADCB (red) test cases for (a) entire data set, and (b) zoomed

in at lnd close to zero.
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3.5 Mode Partitioning of Uncoupled Dugdale CZM

3.5.1 Case Setup

In this section the AFRMM test (fig. 3.11(a)) is repeated but with the uncoupled

Dugdale CZM inserted in place of the coupled linear softening CZM for two beam height

ratios (γ = 0.1, γ = 10). The same combinations of cohesive properties as used in the

previous section are also used here. The cohesive properties correspond to two toughness

values of 200J/m2 and 3000J/m2 and for each toughness value, three cohesive strengths

are tested corresponding to 20MPa, 45MPa and 95MPa. In three cases convergence

was not obtained; these cases occurred at each cohesive strength when GC = 3000J/m2

at γ = 10. Additional cases are carried out to investigate the effect on the mode

partition when GIC 6= GIIC . As stated previously, this study was only possible with the

uncoupled Dugdale cohesive zone model as the coupled linear-softening cohesive zone

suffers from thermodynamic inconsistencies under variable mixed mode loading when

pure mode toughnesses are unequal. The additional cases at γ = 0.1 correspond to:

• GIC = 500J/m2, GIIC = 3000J/m2, tC = 45MPa

• GIC = 3000J/m2, GIIC = 500J/m2, tC = 45MPa

and additional cases at γ = 10 correspond to:

• GIC = 200J/m2, GIIC = 800J/m2, tC = 95MPa

• GIC = 800J/m2, GIIC = 200J/m2, tC = 95MPa

The mode partitions are calculated as before by integrating over the cohesive surfaces

when the fracture process zone is propagating in steady state. As the cohesive zone is

uncoupled, the mode I and mode II laws generally reach the cohesive strength at different

points. Therefore, there are generally two distinct cohesive zone lengths corresponding

to mode I and mode II, which can easily be separated by individually plotting the mode

I and mode II components of stress along the cohesive zone. When this is the case, the

largest of the two cohesive zone lengths is recorded as the cohesive zone length (lcz) for

the purpose of this study.

3.5.2 Results and Discussion

The mode partitions are plotted as a function of the cohesive zone length in fig. 3.20

for γ = 1 and γ = 10. In both cases a similar trend to the linear-softening cohesive
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zone is observed. When the cohesive zone length is small, the mode partition is close to

the local solution and as the cohesive zone length increases, the mode partition moves

towards the global solution. Comparing fig. 3.20(a) and fig. 3.16(a), it is evident that

there is an overall shift towards the local partitioning for the Dugdale CZM solution

compared to the linear softening CZM solution. This may be explained by the fact

that the developed cohesive zone length will be shorter for a Dugdale shape cohesive

zone compared to a linear softening cohesive zone for the same toughness and strength

properties, again suggesting that the cohesive zone length is the critical parameter. In

the cases where GIC 6= GIIC , the predicted partitions also lie between the local and the

global solution and follow the same trend as cases where GIC = GIIC going from local

to global for increasing damage lengths. The mode partitions and cohesive zone lengths

are normalised according to eq. 3.17 and eq. 3.16 respectively as before. These are

plotted over the normalised data from the previous section in fig. 3.21.

The normalised data from the uncoupled Dugdale CZM reasonably follow the trend

predicted by the linear softening CZM in fig 3.21. This is another important result

as it suggests that the dependency of the mode partition on the cohesive zone length

is independent of cohesive zone shape and formulation. Therefore, there is scope to

use this numerically observed dependency for estimating mixed mode partitions based

on analytically predicted cohesive zone lengths. This idea forms the basis of the semi-

analytical cohesive analysis (SACA), which is presented in the next chapter.
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(b) Mode partition vs. cohesive zone length (γ = 10)

Figure 3.20: Numerical mode partition plotted against numerical cohesive zone length
for different beam height ratios in the AFRMM test (Uncoupled Dugdale CZM). Ana-

lytical solutions can be identified by referring to fig. 3.10(a).
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Figure 3.21: Normalised mode mixity vs. normalised cohesive zone length for uncou-
pled Dugdale CZM (red) plotted on top of previous results from linear softening CZM

(black) for all test cases

3.6 Chapter Conclusions

In the first part of this chapter, the use of cohesive zone models were reviewed. In

particular, the limitations of potential based cohesive zones were discussed and an ex-

ample problem was presented in Appendix A to highlight these limitations. The main

limitation for the current work was that such cohesive zones are not consistent with

the definition of the failure locus outlined in chapter 1. i.e. Gc 6= f(GII/G). The two

cohesive zones which were chosen for use in this study were the coupled linear softening

CZM developed by Camanho et al. [66] and the uncoupled Dugdale CZM developed by

Yang and Thouless [69].

In the second section of this chapter, a number of common numerical partitioning ap-

proaches were tested for accuracy and/or appropriateness against the benchmark of the

fixed ratio mixed mode (FRMM) test. The various techniques were the mode decom-

posed J integral applied over an external path (JΓext), the mode decomposed J integral

applied over the cohesive surfaces (JΓcoh), and the monitoring of energy going directly

into the initial crack tip element (CTE). The CTE approach was found not to reproduce
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the correct analytical mode partition, as it is unable to provide all of information about

the overall mode partition in the developing fracture process zone. The external mode

decomposed integral (JΓext) was found to always capture the correct mode partition

regardless of crack tip condition, i.e. singular or non-singular. Finally, integration along

the cohesive surfaces (JΓcoh) was found to give the same partition as the mode decom-

posed J integral (JΓext) in the absence of any crack tip singularities when the cohesive

zone is propagating in a self similar manner. As the external J integral (JΓext) is cum-

bersome to implement for asymmetric cases, it is recommended that that integration

over the cohesive surfaces (JΓcoh) be implemented during steady state crack propagation

in the remainder of the study.

Once an accurate partitioning technique is established, a parametric study is carried out

to investigate the effect of various cohesive properties on the global mixed mode partition

in asymmetric specimens. Both the asymmetric fixed ratio mixed mode(AFRMM) and

asymmetric double cantilever (ADCB) test geometries are used in this study. The mode

partition is studied as a function of varying cohesive properties. In the initial part of this

study only the coupled linear softening cohesive zone is tested. A number of conclusions

are drawn from this study:

• When the fracture process zone is small, the local partitioning solution is also

recovered from the cohesive zone solution.

• As the cohesive zone size grows, the partition deviates away from the local solution

of Suo and Hutchinson [26], and in all cases moves towards the global solution of

Williams [20], which seems to form the upper bound.

• The cohesive zone properties are chosen to represent values which would typically

be expected in composites and adhesive joints, and it is found that in most cases the

numerical partition lies between the local and global solutions, suggesting limited

applicability of both the local and global approaches in their current form.

It is observed that the rate at which the mode partition approaches the global solution

with increasing cohesive zone length is dependent on the smallest characteristic length

scale of the geometry. For decreasing size of the smallest characteristic dimension, the

rate at which the global solution is approached is increased. This is consistent with the

idea that the cohesive zone length relative to the size of the K dominant region is the

controlling factor in determining the mode mixity between local and global solutions as

it was observed in chapter 2 that the mode I K dominant region scales with the smallest

characteristic dimension in asymmetric beam-like geometries. All cohesive zone lengths

are therefore normalised with respect to the smallest characteristic dimension of the
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geometry. The mode partition is also normalised with respect to the upper and lower

bound solutions. When the normalised cohesive length is plotted against the normalised

mixed mode mix for all cases, it is observed that all cases approach the global solution

by following a unique curve (fig. 3.19).

Finally, the effect of using a different cohesive zone formulation is studied. An uncoupled

Dugdale formulation developed by Yang et al. [67] is used in a number of AFRMM test

cases to examine the effect of cohesive shape and formulation on the resulting mixed

mode partition. A number of extra cases are also carried out to examine the effect when

GIC 6= GIIC . It is found that in all cases a similar trend is produced as with the linear

softening cohesive zone. For small cohesive zone lengths, the mixed mode partition

is close to the singular solution of Suo and Hutchinson [26] and as the cohesive zone

length increases, the mode partition deviates towards the global solution of Williams

[20]. Cases where GIC 6= GIIC also follow this trend closely. When the cohesive zone

lengths and mode partitions are normalised as before, it is found that they closely follow

the trend predicted by the linear softening cohesive zone data. This is an important

result as it suggests that a simple curve can be used to predict the normalised mode

partition if the normalised cohesive zone length is known, regardless of cohesive zone

shape and formulation, loading and geometry. This presents a very powerful tool for

estimating mode partitions in asymmetric specimens if the cohesive zone lengths can

be estimated analytically or otherwise, which does not require each case to be modelled

numerically. This forms the basis for the development of the semi-analytical cohesive

analysis (SACA), which is presented in the next chapter.
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Chapter 4

Semi Analytical Cohesive

Analysis

4.1 Introduction

In the previous chapter, the numerical mode mixity was studied as a function of cohesive

properties in common asymmetric fracture test geometries and it was found that the

mode mixity is dependent on the cohesive zone properties. As all of the analytical

partitioning theories are dependent only on loading and geometry, they cannot be used

to accurately predict the mode partition from the numerical cohesive zone analysis. It

is found that a unique trend defines the normalised mode mixity as a function of the

normalised cohesive zone length, where the upper and lower bounds of the cohesive

zone solution are given by the local solution of Suo and Hutchinson [26] and the global

solution of Williams [20]. In this section, a semi-analytical approach (SACA) is proposed

which makes use of this observed unique dependency by analytically estimating cohesive

zone lengths. This greatly reduces the time required to analyse mixed mode fractures

and eliminates the need to carry out a numerical analysis for each individual case. The

underlying idea is that if the cohesive zone length can be estimated analytically from

the assumed substrate and cohesive properties, then the mode mixity can be obtained

directly from the empirically measured curve.

4.1.1 Chapter Layout

The layout of the chapter is as follows:
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• In the initial part of the chapter, a unique curve is fitted to the numerical data

obtained in the previous chapter (i.e. from fig. 3.21).

• Secondly, a method for analytically estimating the cohesive zone length in slender

beam-like geometries is presented. The required shape factors for both the linear

softening and Dugdale cohesive zones are obtained by fitting the numerical data

from the previous chapter.

• As the estimated cohesive zone length is dependent on the mode mixity, an iterative

procedure must be developed in order to find the mode mixity. This approach is

called the semi-analytical cohesive analysis (SACA) and is implemented as an excel

macro which is freely available for download. The development and workings of

this macro is presented in this section.

• The accuracy of the new SACA partitioning approach is tested by carrying out a

number of numerical verification test cases. The cohesive zone lengths and mode

mixities are recorded directly from the numerical simulations and then compared

to the independently estimated values from the SACA approach.

• Finally, the SACA approach is tested in its ability to partition experimental data.

In this section, the SACA partitioning is applied to two conflicting experimental

case studies taken from literature. In the original papers, asymmetric fracture

tests are carried out on CFRP (Hashemi et al. [32]) and GFRP (Ducept et al. [33])

and the predicted failure loci from both the local (Suo and Hutchinson [26]) and

global (Williams [20]) partitioning were assessed. These two cases are of particular

interest here as they are conflicting in their conclusions. The study by Hashemi

et al. [32] concludes that global partitioning is the most appropriate partitioning

method, while the study by Ducept et al. [33] predicts that the local partitioning

is the most appropriate. In this section, these test cases are repartitioned using

the SACA method along with the analytical methods of Wang and Harvey [28]

and Davidson et al. [27] and the accuracy of each method is assessed.

4.2 Unique Damage Dependency

In this section, a unique function is fitted to the data presented in fig. 3.21. It is

clear that the curve follows an exponential form so the data is fitted initially using an

exponential with two fitting parameters. i.e.:

f = aeb.lnd (4.1)
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and then using four fitting parameters parameters. i.e.:

f = aeb.lnd + ced.lnd (4.2)

The coefficients of each are optimised using matlab curve fitting tool cftool, which

works to minimise the least squares error between the function and the data. The

optimised coefficients are given in table 4.1 along with the corresponding R2 values,

where R2 is defined as:

R2 = 1−

N∑
1

(fdata − ffit)2

N∑
1

(fdata − f̄data)2

(4.3)

where fdata is the normalised mode mix value of each data point and ffit is the corre-

sponding normalised mode mix value predicted by the fitted function, f̄data is the mean

mode partition obtained from the data values and N is the number of data points.

No. fitting parameters a b c d R2 value

2 1.043 -1.963 - - 0.958
4 0.9585 -0.2326 0.0985 -0.018 0.963

Table 4.1: Coefficients of exponential fit using two (eq. 4.1) and four (4.2) fitting
parameters.

The fitted functions using both two and four fitting parameters are presented in fig.

4.1. It is evident from table 4.1 that there is not a significant increase in the R2 value

when four parameters are used compared to two. However, when the fitted functions are

plotted alongside the data in fig. 4.1, it is clear that the two parameter function does

not accurately follow the data at high lnd values. As this is a once off fit, it is decided

to proceed with the more accurate fit, which corresponds to eq. 4.2. Functions with a

higher number of fitting parameters were not tested as it was deemed that four fitting

parameters provided sufficient accuracy.

As the normalised mode partition must have a limiting value of one at zero cohesive zone

length (local partitioning is correct for zero damage (chapter 2)) , the fitting function

can be expressed as:

f =





1, if lnd ≤ 0.26

0.9585e−0.2326lnd + 0.0985e−0.018lnd , otherwise
(4.4)

Based on this fit, the local partitioning is accurate for cohesive zone lengths up to 26%

of the smallest characteristic dimension. The value of lnd = 0.26 is the point at which
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Figure 4.1: Exponential fitting (eqs.4.1, 4.2) of numerical data obtained in chapter 3.

f = 1, as illustrated from the zoomed portion of fig. 4.1. This length is considerably

larger than the size of the K dominant region, which is seen in chapter 2 to be the

order of ≈ 2-5 % of the smallest beam thickness in asymmetric specimens. Becker et al.

[39] and Charalambides et al. [16] also reported that the extent of the K dominant

region to be of the order of 1% of the beam thickness in beam-like geometries subjected

to bending. Parmigiani and Thouless [40] found that the local solution of Suo and

Hutchinson [26] was accurate for cohesive zone lengths which eclipsed the K dominant

region, so the results observed here are in agreement with this finding. However, most

cohesive zone lengths in the current data, which are based on realistic cohesive and

substrate properties, fall well outside of this 30% bracket; this suggests that the local

partitioning will, in general, not be accurate for partitioning fractures in composites and

adhesive joints. The global partitioning of Williams [20] does not, in general, provide

accurate partitioning either, and in most general cases the actual partition lies between

the local and global solutions. In general, the mixed mode partition is dependent on

multiple cohesive zone and substrate properties, all of which are linked through the

normalised cohesive zone length. Taking the unique dependency observed in fig. 4.1, it
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Semi Analytical Cohesive Analysis 4.3. Analytical estimation of cohesive zone length

is proposed that if a reasonable estimate of the numerical cohesive zone length can be

obtained analytically from known substrate and cohesive properties, then an accurate

estimate of the mode mixity can be obtained directly from the empirical curve given by

eq. 4.4, therefore avoiding the need to carry out numerical mixed mode cohesive zone

simulations. The analytical estimation of cohesive zone lengths in slender laminates is

considered in the next section.

4.3 Analytical estimation of cohesive zone length

Yang and Cox [96] presented analytical expressions for pure mode I (lI cz) and pure

mode II (lII cz) cohesive zone lengths in symmetric slender laminates as:

lI cz = M
(
E
′
I

GIC
(tNC)2

) 1
4
h

3
4 (4.5a)

lII cz = M

√(
E
′
II

GIIC
(tSC)2

h
)

(4.5b)

where M is a scaling factor, which is included here to account for cohesive zone shape,

as in [97]; h is half the specimen height and E
′
I and E

′
II are elastic constants, which are

given in [74] for slender orthotropic specimens as:

1

E
′
I

=

√√√√ 1

2E11E22

((E11

E22

) 1
2

+
2(−v21

E22
) + 1

G12

2( 1
E11

)

)

1

E
′
II

=
(1− v12v21)

E11

(4.6)

where E11 and E22 are the Young’s moduli in the x and y directions respectively for

the loading configurations presented in fig. 3.11, G12 is the in plane shear modulus, and

v12, v21 are the in-plane Poisson’s ratios. For plane strain conditions, these values are

replaced by:

E11 =
E11

1− ν13ν31

E22 =
E22

1− ν23ν32

ν12 =
ν12 + ν13ν32

1− ν13ν31

ν21 =
ν21 + ν23ν31

1− ν23ν32

(4.7)
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The accuracy of eq. 4.5a and 4.5b is studied in detail in Harper and Hallett [97] for mid-

plane delaminations under pure mode I and II loadings: it is found that they provide

reasonable accuracy for a coupled bilinear cohesive zone when M = 0.5. To the best of

the present author’s knowledge, the accuracy of the expressions have not yet been tested

for asymmetric geometries, or in their ability to predict cohesive lengths under general

mixed mode conditions. Firstly, to deal with the potential asymmetry of geometry and

loading, it is proposed that the h term in eq. 4.5 be defined as:

h =
h1 + |k|h2

1 + max[h1,h2]
min[h1,h2] |k|

(4.8)

where k is the applied moment ratio as defined in fig. 1.3 for −1 ≤ k ≤ 1. This proposed

definition of h is based on the observation that the estimated cohesive zone length is

dependent only on the thickness of the loaded arm in the AFRMM test case (k = 0),

and is dependent on the minimum arm thickness in the ADCB test case (k = −1). The

mode I and mode II cohesive zone lengths under mixed mode conditions (l
′
I cz, l

′
II cz)

can be estimated by replacing GIC with GI in eq. 4.5a and GIIC with GII in eq. 4.5b,

where GI and GII are the energies dissipated in mode I and mode II respectively. This

results in a mode I and a mode II cohesive zone length defined by:

l
′
I cz = M

(
E
′
I

GI
(tNC)2

) 1
4
h

3
4 (4.9a)

l
′
II cz = M

√(
E
′
II

GII
(tSC)2

h
)

(4.9b)

The largest of these predicted values is then taken to be the cohesive zone length. i.e.:

lcz = max[l
′
I cz, l

′
II cz] (4.10)

In order to obtain values of M for the linear softening and Dugdale cohesive zones, the

measured cohesive zone lengths from the numerical test cases carried out in chapter 3

are plotted against the predicted cohesive zone lengths obtained from eq. 4.10: for each

case, M is found by forcing the slope of the least squares linear fit between the measured

vs. predicted data to be equal to one. This condition results in the following expression

for M :

M =

n∑
i=1

l2czi

n∑
i=1

lczi lcz numi

(4.11)

where lcz is the predicted cohesive zone length, lcz num is the measured cohesive zone

length from numerical simulations and n is the number of data points. The measured
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vs. predicted cohesive zone lengths for the linear softening cohesive zone are plotted

in fig. 4.2(a); M = 0.66 was found to give the optimum prediction. The measured vs.

predicted cohesive zone lengths for the Dugdale cohesive zone are plotted in fig. 4.2(b);

in this case, M = 0.33 was found to give the best prediction. Interestingly, Planas and

Elices [98] previously reported scaling factors of 0.731 for the linear softening cohesive

zone and π/8 for the Dugdale cohesive zone, based on an analytical study of cohesive

zone lengths in infinite bodies. These values are in line with the current predictions for

the scaling factors in slender specimens. Overall, the proposed equations are shown to

give reasonable estimates for both the linear softening (using M = 0.66) and Dugdale

(using M = 0.33) cohesive zones, over a range of cohesive properties, beam height ratios

and moment ratios.

4.4 Implementation of SACA procedure

Once a reasonable estimate of the cohesive zone length is obtained analytically, the

normalised mode mixity, f , can be estimated directly from the unique dependency curve

(eq. 4.4). The value of f can then be substituted directly into eq. 3.17 to obtain an

estimate of the mode mixity (GIIG ). In order to obtain the mixed mode cohesive zone

lengths from eq. 4.9, GI and GII must first be estimated. In the estimation of the

cohesive zone lengths shown in figs. 4.2(a) and 4.2(b), the values of GI and GII were

obtained directly from the numerical results; however, as the mode mixity will not

generally be known prior to the analysis of experimental data, the values of GI and

GII must be found iteratively. To do this, an initial guess of f is made, which gives a

mode mixity value from eq. 3.17. This value of mode mixity is used to partition Gc

to obtain GI and GII . The value of Gc is either known directly from experiments, or

can be estimated from a failure locus, if known. The estimated cohesive zone length is

then used to obtain an improved estimate of f from eq. 4.4, and the process is iterated

until a converged value of cohesive zone length, and hence mode mixity, is obtained (a

tolerance value (tol) of 1e − 5 is used in the current work). This process is outlined in

fig. 4.3. This procedure is implemented as an excel macro and is available to download

from the link below, with instructions included:

• http://adhesion.ucd.ie/caa/CAA_MixedMode.html

The excel macro code is given in appendix C and the user interface is shown in fig.

4.4. The information required are the substrate elastic properties, geometry and loading

conditions, and cohesive properties. Only isotropic or transversely isotropic material
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can be input into the program. This is not deemed to be a significant limitation as

most composite materials can be accurately described by transversely isotropic material

properties. For transversely isotropic material properties, there are only five independent

elastic properties. The five independent properties required by the macro are the Young’s

moduli in the bending and transverse directions (E11, E22), the in-plane shear modulus

(G12), and the in-plane and out of plane poisson’s ratios (ν12, ν23). As it is assumed

that the material is isotropic in the 2-3 plane, the remaining properties can be deduced

from the following relations. i.e.

E33 = E22

ν32 = ν23

ν13 = ν12

G23 =
E22

2(1 + ν23)

(4.12)

and also from the following elastic relation:

νji = νij
Ej
Ei

(4.13)

These remaining values are calcualted within the macro code before the cohesive zone

lengths are calculated from eq. 4.9. It can be specified in the macro whether plane stress

or plane strain conditions prevail. If plane strain is selected, eq. 4.7 is used to calculate

the elastic properties for use in the estimation of the cohesive zone length (eq. 4.9).

The required geometry and loading properties are the beam heights h1 and h2 and

applied moment ratio k, according to fig. 1.4. The cohesive properties required are the

cohesive strength tC , cohesive toughnessGc, and shape parameterM (Linear softening or

Dugdale). It is recommended that the cohesive strength be set to the interlaminar tensile

strength in the case of partitioning composite delamination and the tensile strength of

the adhesive in the case of partitioning fracture in an adhesive joint; these are the

closest measurable physical properties to the cohesive strength in numerical modelling.

The macro program only facilitates the input of one cohesive strength value as this

value is assumed equal in normal and shear (tC = tNC = tSC). This decision is made

on the basis that there is some recent evidence to suggest that the mode II cohesive

strength is very close to the mode I cohesive strength in CFRP delamination [99]. This

also reduces the number of variables required and makes the use of this program more

straightforward. There are a number of options for inputting the cohesive toughness

Gc. If the program is being used to partition fracture tests which have already been

performed, the overall toughness Gc will be known directly from the experiments and
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this should be entered into the macro. However, if the mode mixity is required for a

given loading of a structure for which no fracture test will be performed, an estimate

of the failure locus can be input into the macro. The toughness Gc is then calculated

from the failure locus based on the estimated mode mixity. Either a linear failure locus

corresponding to eq. 3.7 or the BK failure locus [17] can be chosen. The BK failure

locus is given by:

Gc = GIC + (GIIC −GIC)
(GII
G

)m
(4.14)

The critical mode I (GIC) and mode II (GIIC) toughnesses must be specified if either

the linear or BK failure locus is chosen. The fitting power m must also be specified

if the BK option is chosen. A cohesive law shape must also be chosen. Based on the

numerical data presented in chapter 3, only the linear softening (M = 0.66) and Dugdale

(M = 0.33) shapes are available. If the exact shape is unknown, it is believed that these

shape factors will provide an upper and lower bound for the SACA solution for a general

trapezoidal shape.

Once the geometry and loading conditions, substrate properties, and cohesive properties

are inserted into the macro seen in fig. 4.4, the partition button is pressed to run

the macro. Multiple cases can be solved simultaneously by entering the data of each

individual case in consecutive rows, as seen in fig. 4.4. When the procedure is finished,

the macro prints the estimated values of mode partition (GII/G) and cohesive zone

length (lcz) for all cases. Also printed are the values of the normalised mode mix (f),

the analytical mode partitions predicted by the local (GII/G)HS and global (GII/G)W

partitioning theories, and the number of iterations (i) it took to obtain convergence.

The ability of the SACA method to accurately predict cohesive zone lengths and mixed

mode partitions is tested in the following section by carrying out a number of verification

test cases.
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Figure 4.2: Numerically obtained damage length plotted against analytically pre-
dicted damage length for (a) Coupled Linear-Softening Cohesive Zone (M = 0.66) and

(b) Uncoupled Dugdale Cohesive Zone (M = 0.33).
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Figure 4.3: Program flowchart for the proposed semi-analytical cohesive analysis
(SACA).

Figure 4.4: Excel macro layout.
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4.5 Numerical Verification

The proposed SACA approach outlined in fig. 4.3 is tested here for its ability to predict

the numerical damage length and mode partition for general numerical cases using the

coupled linear softening cohesive zone. The AFRMM (fig. 3.11(a)) test case is used

as before but with a number of changes to the substrate and cohesive properties. The

substrate Young’s modulus is set to 75 GPa and the tests are carried out at γ = 0.1, 0.2,

0.5, 2, 5, 10. For each γ ratio, five different cohesive toughnesses are tested corresponding

to 250, 500, 1000, 2000 and 3000 J/m2. A linear failure locus is again assumed, with

GIC = GIIC . In each case the cohesive strength is set to tNC = tSC = 45MPa. This

results in a total of 30 simulations. The test cases are simulated in Abaqus as before

and the mode partition is calculated by applying the mode decomposed J integral (eq.

3.11) along the cohesive surfaces when the simulations reach steady state. The cohesive

lengths are also recorded. Before analysing the prediction of mode partition and cohesive

zone lengths from the SACA approach, it is possible to use the numerical results to check

the validity of the unique empirical curve proposed in eq. 4.4 using the new numerical

data. To do this, the normalised mode mixity is plotted against the normalised cohesive

zone length for each of the new simulations in fig. 4.5. It can be seen that the proposed

empirical curve accurately describes the normalised mode mixity as a function of the

normalised cohesive zone length for the new numerical data, and hence adds further

weight to the argument that the observed dependence between normalised mode mixity

and normalised cohesive zone length is unique.

Once the cohesive zone lengths and mode partitions are recorded from the numerical

solution, the required parameters are independently entered into the SACA analysis

in order to estimate the cohesive zone lengths and mode partitions. The required pa-

rameters are: geometry and loading conditions (h1, h2, k); substrate elastic properties

(E11, E22, G12, v12, v23); cohesive strength (tC) and cohesive zone shape (M). In the

SACA partitioning of this numerical case, Gc is found from the assumed failure locus

at a given mode mixity. The SACA predicted damage lengths are plotted against the

numerically obtained damage lengths in fig. 4.6(a), and the SACA predicted mode parti-

tions are plotted against the numerically obtained mode partitions in fig. 4.6(b). There

is some small scatter in the prediction of the damage length in fig. 4.6(a), though the

general trend is accurately predicted. This suggests there may be scope for improve-

ment of the analytical cohesive zone length estimation. However, the predicted mode

partitions in fig. 4.6(b) are in very good agreement with the numerically obtained mode

partition. This suggests that the mode partition is not overly sensitive to small scatter

in the cohesive length estimation, and that the semi-analytical model is sufficient to
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give a good estimate of the mode partition in the general case. This SACA approach

therefore eliminates the need to numerically model each case individually and makes it

feasible to estimate the mode mix efficiently based on substrate and cohesive properties.

In the following section, this semi-analytical cohesive analysis is applied to a number of

experimental case studies taken from literature.
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4.6 Experimental Case Studies

4.6.1 Introduction

Two case studies from the literature are analysed in this section using the new SACA

procedure. In each case, the required properties and loading conditions are obtained

from the respective papers and the SACA partitioning is performed using the newly de-

veloped excel macro. The predicted failure locus from SACA partitioning is compared to

the failure loci predicted by each of the analytical partitioning theories ([20],[26],[27],[28])

and conclusions are drawn about the applicability of each method for partitioning frac-

tures in composites. These two experimental case studies are of particular interest as

it is believed they will give a lower and upper bound to the SACA solution. In both

original papers, both the partitioning theories of Suo and Hutchinson [26] and Williams

[20] are assessed.

In the case of Hashemi et al. [32] where asymmetric fracture tests were carried out on

CFRP, the global partitioning of Williams [20] was found to produce a failure locus

very close to the expected linear pattern (eq. 3.7), whereas the local partitioning of

Suo and Hutchinson [26] did not perform well in predicting a physical failure locus. It

was argued in this paper that the damage zone likely exceeded the K dominant region

and hence this explained the poor performance of the local solution. It was argued

that in such cases that the global solution of Williams [20] should be used to partition.

However, it has been seen in the previous chapter that once the damage region grows

beyond the K dominant region, the mode partition is not instantly predicted by the

global solution of Williams [20], but instead there is a gradual deviation towards the

global solution which is found to be uniquely controlled by the normalised cohesive zone

length. As this dependency has been measured numerically, it is of interest to see how

’local’ or ’global’ the predicted mode partitions will be, and whether the predicted SACA

partitioning can accurately predict a physical failure locus. A recent study by Harvey

and Wang [35] carried out a similar study on this particular data set. In this study, the

cases were repartitioned using their newly developed Euler and Timoshenko partitioning

theories. It was concluded that the Euler beam theory partitioning of Wang and Harvey

[28](WH) best described the failure in this composite system. This conclusion was made

on the basis that the linear failure locus was indeed correct. The non-singular field

partitioning theory of Davidson et al. [27](D-NSF) was developed by fitting data from

CFRP asymmetric fracture tests so it is expected to perform well in partitioning this

data set also.
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In the second case study, Ducept et al. [33] found that the local partitioning of GFRP

delamination accurately predicted the measured failure locus. In this study, the failure

locus was measured using symmetric mixed mode bend specimens (fig. 1.4) so it was

known to be correct. Ducept et al. [33] found that the global partitioning did not

reproduce the measured failure locus and therefore it was deemed to be an inaccurate

method of partitioning. It is of interest to see if the SACA partitioning can reproduce

the measured failure locus based on the substrate and cohesive properties. It is also

of interest to see how the partitioning theories of Wang and Harvey [28] and Davidson

et al. [27] will perform in partitioning fractures in GFRP composites. Overall, this study

provides an experimental assessment of the general performance and usefulness of each

of the partitioning theories, with a particular focus on the new damage dependent SACA

partitioning approach.

4.6.2 Hashemi et al.

The first case study is on the AFRMM delamination tests carried out by Hashemi

et al. [32] on uni-directional carbon fibre epoxy composite. In this original work, it was

found that global partitioning produced the most physical failure locus when applied to

partition the asymmetric test data. It was therefore suggested that global partitioning

should be used to partition fractures in such material systems. Using the data presented

in this paper, it was possible to obtain the beam height ratios and dimensions, and re-

partition the data according to the SACA approach, Wang and Harvey [28] Euler (WH)

and Davidson et al. [27] non singular field (D-NSF) partitioning theories. Typical uni-

directional carbon fibre epoxy elastic properties were assumed as they were not presented

in the paper. The values used were E11 = 120 GPa, E22 = 10 GPa, G12 = 4.6 GPa,

v12 = 0.3, v23 = 0.38. The values of Gc at each height ratio are taken directly from the

experimental measurements presented in the paper. The transverse tensile strength of

the composite system was used as the cohesive strength, and this was assumed equal in

normal and shear. The transverse tensile strength for this composite is 44 MPa [100].

Finally, a value of the shape parameter M must be chosen; Svensson et al. [99] recently

measured mode I and mode II cohesive zone laws in carbon fibre reinforced composite

and found that a trapezoidal law accurately described the stress as a function of opening

displacement. Therefore, both the linear softening (M = 0.66) and Dugdale (M = 0.33)

cases are used here in the SACA analysis as they give an upper and lower bound for

the trapezoidal shape. The predicted partitions according to the SACA approach are

presented in fig. 4.7 for both the linear softening (L) and Dugdale (D) cohesive zones;

these are plotted alongside each of the analytical partitioning theories.
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In all cases, the SACA partitioning predicts that the partition lies between the local

and the global partitioning. For γ < 1, the partitioning is closer to the local solution of

Suo and Hutchinson [26], and as γ becomes large and mode II becomes dominant, the

partitioning approaches the global solution of Williams [20]. In this region of γ > 1, the

SACA partitioning is closest to the analytical solutions of Wang and Harvey [28] and

Davidson et al. [27]. As expected, the linear softening cohesive zone partitioning lies

closer to the global partitioning compared to the Dugdale partitioning; this is due to the

larger cohesive zone length prediction in the linear softening case. The predicted failure

loci based on the linear softening and Dugdale partitioning are presented in fig. 4.8, along

with the predicted failure loci from the Wang and Harvey [28] (WH) and Davidson et al.

[27] (D-NSF) analytical partitioning theories. These are also compared to the local(HS)

and global(W) partitioning of the data, which were presented in the original paper. It is

immediately evident that each of the partitioning theories are compatible with the data

except for HS partitioning. In order to obtain a quantitative assessment of the accuracy

of each of the methods, a linear failure locus is assumed to be correct and the least

square errors (LSE) are calculated for each partitioning method, where LSE is defined

as:

LSE = 100 ∗

√√√√√
N∑
1

(
Gcurve−Gdata

Gdata

)2

N
(4.15)

where N is the number of data points. For the linear failure locus, the reported mode

I and mode II toughness values are used (GIC = 270J/m2, GIIC = 630J/m2). The

LSE values are presented in table 4.9; it is evident that the SACA(L) partitioning

produces the best fit to the assumed linear failure locus. As previously reported, it is

also evident from the LSE values that the local partitioning does not produce overall

accurate partitioning for this material system. Interestingly, fig. 4.7 indicates that the

local partitioning is reasonably accurate for γ < 1 based on the SACA analysis, but not

for γ > 1. While SACA(L) partitioning produces the best fit, SACA(D) partitioning

is also compatible with the experimental results, and also produces a lower LSE than

global partitioning. Both the WH and D-NSF partitioning produce a very similar failure

locus with similar LSE values and are certainly compatible with the results.

It must be stressed that the failure locus is only assumed and therefore the LSE values

are only indicative of the performance of each of the partitioning theories and are in no

way absolute. The W partitioning also has a relatively high LSE value in this analysis.

However, it is argued in Hashemi et al. [32] failure locus produced by W partitioning is

closer to the expected shape. As the failure locus is not known explicitly in this case, the

only concrete conclusions that can be made at this point is that the SACA, W, D-NSF,

and WH partitioning all produce a physical failure locus, whereas the HS partitioning
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does not. However, the ability of the SACA approach to predict a physical failure

locus is promising and provides direct experimental evidence that demonstrates that an

analytically estimated cohesive zone length can be used to predict partitioning based

on the numerically observed unique dependency between local and global partitioning

solutions. In the following chapter, the shortcomings of this particular case study are

addressed by explicitly measuring the failure locus using symmetric specimens.
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Figure 4.7: SACA partitioning (L-linear softening, D-Dugdale) of the AFRMM data
obtained in Hashemi et al. [32]

4.6.3 Ducept et al.

The second case study is based on experimental data of Ducept et al. [33]. In this

paper, ADCB and asymmetric mixed mode bend (AMMB) test cases were carried out

on glass fibre reinforced epoxy composite for a number of different height ratios and

moment ratios respectively. AMMB cases are those in which unequal moments are

applied to asymmetric substrate arms. The asymmetric tests were then partitioned

according to the global and local approaches, and, unlike the previous case study, the

resulting failure loci were compared to the true failure locus, which was measured using

symmetric specimens. It was found that local partitioning accurately predicted the

symmetrically measured failure locus, while the global partitioning did not produce
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Figure 4.8: Predicted failure loci resulting from partitioning of the AFRMM data
obtained in Hashemi et al. [32] compared to assumed linear failure locus.

Partitioning Method Least Squares Error (LSE)

W 15.7%
HS 17.1%

D-NSF 9.2%
WH 7.7%

SACA(L) 5.5%
SACA(D) 9.6%

Figure 4.9: Least square errors associated with partitioning of Hashemi et al. [32].

physically consistent results. It was therefore deemed that local partitioning should be

used to partition for this material system. The ADCB and AMMB data of Ducept et al.

[33] are re-partitioned here using the SACA approach. The glass fibre reinforced epoxy

composite elastic properties are given as E11 = 25.7 GPa, E22 = 6.5 GPa, G12 = 2.5

GPa, v12 = 0.32 and v23 = 0.38. The values of Gc for each test case are reported in the

paper. Again, the transverse tensile strength was used as the cohesive strength, which

was again assumed equal in normal and shear; the transverse tensile strength for this

composite was not directly available, so a value of 48 MPa, which is typical for GFRP

composite, is assumed. As before, both the linear softening (M = 0.66) and Dugdale

(M = 0.33) cohesive zone shapes are used, as they give upper and lower bound results

for various trapezoidal cohesive zone shapes. The predicted SACA partitioning, for both
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linear softening and Dugdale cohesive zones, are presented in fig. 4.10(a) for the ADCB

test cases, and in fig. 4.10(b) for the AMMB test.

It is evident that the SACA partitioning for both the ADCB and AFRMM, for linear

softening and Dugdale cohesive zones, is very close to the local partitioning for this ma-

terial system. The predicted failure loci based on these partitioning results are presented

in fig. 4.11. Also presented in fig. 4.11 are the predicted failure loci according to the

W, HS, D-NSF and WH partitioning theories, and the symmetrically measured failure

locus. The symmetrically measured failure locus is approximated using the BK failure

criterion and is given in Ducept et al. [33] as:

Gc = 246 + (1680− 246)
(GII
G

)1.5
(4.16)

The LSE errors between the predicted failure loci and the measured failure locus are

presented in table 4.2. As outlined in Ducept et al. [33], HS partitioning produces a

failure locus close to the symmetrically measured locus, while it is evident that the

W partitioning is not compatible with the results. Both the W and WH partitioning

predict that the ADCB test remains in pure mode I for all beam height ratios (fig. 3.17).

However, the total toughness of the joint is considerably dependent on the beam height

ratio in the ADCB test and so it is evident that it does not remain a pure mode I test.

Therefore, the partitioning theories of W and WH do not produce physically consistent

results and it is evident from the LSE values in table 4.2 that these should not be

used to partition this material. While D-NSF partitioning performs slightly better than

both W and WH in predicting the measured failure locus, it is still not compatible

with the experimental results (LSE=33.2%). The SACA partitioning, using both the

linear softening and Dugdale cohesive zones, are both compatible with the experimental

results. The local partitioning and SACA(D) perform best when comparing the least

squares error (LSE) (eq. 4.15). However, there are only relatively small differences

between the resulting failure loci between SACA(D) and SACA(L) partitioning in this

case. It is believed that due to the relatively low substrate modulus in this case (25.7

GPa) and the fact that the specimens are loaded in predominantly mode I in all cases, the

resulting cohesive zone lengths are small and hence the predicted SACA partitioning is

in good agreement with local partitioning. This prediction, which again is in agreement

with the experimental results, further demonstrates that the SACA approach can be

used to accurately predict mode partitioning.
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(b) AMMB Partitioning

Figure 4.10: SACA (L-linear softening, D-Dugdale) partitioning for (a) ADCB test
data and (b) AMMB test data obtained from Ducept et al. [33].
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Figure 4.11: Predicted failure loci resulting from local, global and SACA (L-linear
softening, D-Dugdale) partitioning of the ADCB (filled markers) and AMMB (unfilled
markers) data obtained in Ducept et al. [33]. The predicted failure loci are compared

to the symmetrically measured failure locus.

Partitioning Method Least Squares Error (LSE)

W 46.2%
HS 10.9%

D-NSF 33.2%
WH 38.7%

SACA(L) 13.3%
SACA(D) 11.1%

Table 4.2: Least square errors (LSE) associated with partitioning of Ducept et al.
[33].
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4.6.4 Discussion

From two experimental case studies, only the SACA partitioning was consistent with

both sets of experimental data. In the partitioning of CFRP data taken from Hashemi

et al. [32], each of the partitioning theories except the local partitioning of Suo and

Hutchinson [26] could be used to obtain a physical failure locus. As the exact failure

locus was not measured explicitly, no further conclusions could be made about the

performance of the remaining partitioning theories, though SACA(L) performed best

in predicting an assumed linear failure locus, followed by the WH partitioning. In the

second case study, the only partitioning methods which were consistent with the results

were the local partitioning of Suo and Hutchinson [26] and SACA. As the failure locus

was measured explicitly in this case, it is possible to accurately assess the performance

of each of the partitioning approaches. The fact that none of the traditional partitioning

theories (HS, W, D-NSF, WH) can be used to accurately partition both experimental

case studies is in agreement with the findings of chapter 3 where it was observed that the

actual partitioning was dependent on the level of damage which developed at the crack

tip. In the experiments carried out by Ducept et al. [33], the loading was predominantly

mode I which produces smaller cohesive zone lengths. At mode I loading, the toughness

was also relatively low and when this is coupled with the fact that the substrates are

relatively flexible, the predicted cohesive zone lengths are small enough so the SACA

approach predicts that the actual partitioning is close to the local solution, which is in

agreement with the experimental findings. On the other hand, in the asymmetric CFRP

tests carried out by Hashemi et al. [32], the cohesive zone lengths are predicted to grow

when the loading becomes mode II dominant (γ > 1), which moves the partitioning

solution away from the local solution towards the global solution in this region. When

these predicted partitions are applied to partition the data, they produce the best fit

(SACA(L)) to an assumed linear failure locus.

Combining the results from the two experimental case studies, it can be concluded that

the size of the damage zone clearly has an effect on the correct mode partition. For small

damage zones, the correct partitioning solution is close to the local solution of Suo and

Hutchinson [26] and as the damage zone grows in size, the partition of energies moves

away from the local solution of Suo and Hutchinson [26] and towards the global solution

of Williams [20]. These findings are in agreement with the numerical findings outlined

in chapter 3. Secondly it can be concluded that, based on the success of the SACA

approach in predicting the assumed and measured failure loci respectively, the unique

dependence between the mode partition and cohesive zone length observed numerically
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is also reproduced experimentally, and therefore the SACA approach can be used to

accurately predict mixed mode partitions in asymmetric fracture tests.

4.7 Chapter Conclusions

Based on the observed unique dependency between the normalised mode mixity and nor-

malised cohesive zone length in chapter 3, a semi-analytical cohesive analysis (SACA)

is proposed for calculating mixed mode partition. This method utilises the analytical

estimations of cohesive zone length [96] to determine the mode mixity from the unique

dependency curve. Equations are proposed for calculating cohesive zone lengths in

asymmetric geometries under general mixed mode conditions; these are found to give

reasonable estimates when a shape factor, M , of 0.66 is used for the linear softening

cohesive zone, and a shape factor of 0.33 is used for the Dugdale cohesive zone. The

required parameters in the SACA analysis are; substrate elastic properties; beam geom-

etry and loading; cohesive strength and shape factor M . A value of Gc is also required

for the analysis; this can be obtained directly from experiments, or in the absence of this

data, can be estimated directly from an assumed failure locus. The method is found to

work well in predicting mixed mode partitions when compared directly to numerically

measured values in a verification test case using the coupled linear softening cohesive

zone. The proposed unique dependency curve is also found to hold true for this verifi-

cation test case. The SACA procedure, which is the first partitioning theory to take the

damage state at the crack tip into account, is implemented as an excel macro which is

made available to download for general use.

Finally, the proposed SACA method is used to re-partition AFRMM and ADCB/AMMB

test data from previously conflicting studies in the literature [32, 33], along with the ana-

lytical partitioning solutions presented in chapter 1 (i.e. W,HS,D-NSF,WH). Both linear

softening and Dugdale cohesive zone shape factors are used in the SACA partitioning

as they give an upper and lower bound to the trapezoidal law. It was found that the

SACA partitioning (Linear softening and Dugdale) produced results compatible with

both case studies, something which all other analytical partitioning theories (W, HS,

D-NSF, WH) failed to do. The main conclusions drawn from this study are:

• The mixed mode partition is dependent on the level of damage which develops

in experimental tests. Therefore, analytical partitioning theories, none of which

account for damage, cannot be used to partition in the general case.
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• The unique dependency curve observed in chapter 3 captures the experimentally

observed shift from the local(HS) towards the global(W) partitioning as the size

of the damage zone increases.

• The proposed semi-analytical cohesive analysis proves an efficient and accurate

method for predicting mixed mode partitions.

While the general accuracy of the SACA procedure was assessed in the final section of

this chapter, there was one obvious downfall in the analysis of the CFRP data obtained

from Hashemi et al. [32] and that was that the predicted failure loci were only compared

to an assumed failure locus for each method. This only allowed the very un-physical

partitioning of HS to be discarded and meant that one could not make concrete conclu-

sions about the most appropriate partitioning approach from the remaining approaches.

In the following chapter, the failure locus of CFRP composite is measured using sym-

metric specimens loaded with uneven bending moments. This failure locus is then used

as a benchmark to assess the performance of the various partitioning theories including

SACA to determine which is the most appropriate for partitioning asymmetric fractures

in CFRP composite.

126



Chapter 5

Experimental Analysis

5.1 Introduction

In this chapter, the accuracy of each of the analytical partitioning theories (W [20],

HS [26], D-NSF [27], WH [28]), along with the newly developed SACA procedure, are

assessed by carrying out symmetric and asymmetric tests on AS4/8552 (carbon/epoxy)

composite. This assessment is based on the same principle that is used in the previous

chapter when analysing experimental tests taken from the literature. In the case of the

experiments carried out by Ducept et al. [33], the correct failure locus was determined

by testing symmetric specimens in the mixed mode bend test rig. Therefore, when

the asymmetric specimens were tested, they could be compared to the symmetrically

measured failure locus and concrete conclusions could be made about the validity of each

of the partitioning techniques; in this case it was found that only SACA and the local

partitioning of Suo and Hutchinson [26] produced mode partitions that were consistent

with the experimental results. However, in the test cases of Hashemi et al. [32], the true

failure locus was not known explicitly, and it was assumed to follow a linear criterion

(eq. 3.7). Based on this assumed linear criterion, it was found that the partitioning

predicted by each of SACA, W [20], D-NSF [27] and WH [28] produced results which

could be compatible with the experimental results, and only the local HS [26] partitioning

produced results which did not follow a vaguely linear pattern. As SACA was the only

partitioning approach to be compatible with both sets of experimental results, this was

concluded to be the most accurate partitioning procedure.

However, while the evidence in the previous chapter suggests that the SACA procedure

is the only one able to predict accurate partitioning in the general case, this needs further

verification. Specifically, due the unknown nature of the true mixed mode failure locus
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in the tests carried out by Hashemi et al. [32], it was not possible to make concrete

conclusions about the accuracy or applicability of each of the mixed mode partitioning

theories in this case, and attempts to do so were based on an assumed failure locus. This

shortfall is addressed in the current chapter by measuring the true failure locus of CFRP

using symmetric specimens. As in the previous chapter, the symmetrically measured

failure locus is assumed to be a material property that is unaffected by geometry or

loading history.

This chapter presents an experimental study which utilises the symmetric DCB specimen

loaded with uneven bending moments (DCB-UBM) [25]. The symmetric DCB specimens

are loaded at different moment ratios in order to achieve different mode mixities. It has

been seen that the relationship between the mode mixity and moment ratio for symmetric

specimens is independent of details of the crack tip damage zone that develops during

fracture, and this relationship is given correctly by each of the analytical partitioning

theories (fig. 1.4). This result enables the mode mixity to be varied knowingly from pure

mode I to pure mode II and therefore allows for the measurement of the true delamination

failure locus. The initiation toughness, Gc, is recorded at each mode mixity and a best fit

failure locus is fitted to the data. Asymmetric fixed ratio mixed mode fracture(AFRMM)

tests are then carried out at different height ratios and the total initiation toughness,

Gc, is measured in each case. The asymmetric tests are then partitioned according

to the various analytical partitioning theories including the newly developed SACA

procedure and the predicted failure loci are compared to the symmetrically measured

failure locus. This allows the performance of each of the partitioning methods to be

accurately assessed.

5.1.1 Chapter Layout

The layout of the chapter is as follows:

• A description of the DCB-UBM test rig and testing procedure is outlined, and the

background theory is presented. The tests were carried out during a three month

research visit to the Technical University of Denmark (DTU). The test rig used

was developed and built by Sørensen et al. [25] at the Department of Wind Energy

at DTU.

• The testing program is then outlined, accompanied by details of material and

specimen preparations.

• The results of the symmetric tests are presented. This data is fitted with a number

of empirical failure loci from the literature.
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• The results from the asymmetric fracture tests are presented. This data is then

partitioned according the the analytical partitioning theories and the new SACA

procedure.

• Each of the partitioning methods are assessed by comparing the resulting failure

loci to the true failure locus and relevant conclusions are drawn about the most

appropriate partitioning technique.

5.2 DCB-UBM Testing

The experimental study consists of two distinct phases. Firstly, the delamination failure

locus is obtained using symmetric specimens loaded with uneven bending moments on

the DCB-UBM test rig. In the second part of the study, the DCB-UBM test rig is used

to carry out AFRMM tests on geometries with varying γ ratios, where γ = h1/h2 as

before.

5.2.1 A description of DCB-UBM test rig.

The DCB-UBM test setup is shown in fig. 5.1; a schematic of the DCB-UBM test rig

is shown in fig. 5.2[101]. In this test setup, specimens are loaded by a combination

of pure bending moments; the bending moments are induced into the substrate arms

via transverse arms which are attached to the specimen and loaded through a wire and

pulley system. The DCB specimen is inserted into a vertical support, which is fitted

with roller bearings to enable the test specimen to move freely in vertical direction. This

ensures that no net force can be induced in the sample in the vertical direction. The

load blocks, which are attached to the DCB specimen during the manufacturing stage,

are designed to fit exactly into the end fixtures of the transverse loading arms. This

precision fit, which can be seen close up in fig. 5.3, enables the transfer of the applied

moment from the transverse arms to the specimen arms, and also facilitates a quick and

efficient setup and changeover of specimens. Springs are attached from the top beam to

the transverse arms to negate the downward force due to the weight of the transverse

arms during testing as shown in fig. 5.1. A single closed loop of wire goes around the

front and back of the specimen to ensure the specimen is loaded in plane. The wire is

attached to load cells at the top of the test rig and to a travelling fixture (lower beam)

at the bottom of the test rig. The lower beam is attached to a screw driven motor which

acts to lower the beam to increase the tension in the wire. As the wire is continuous

and the pulleys are mounted on low friction bearings, the forces developed in the wire
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will be constant throughout. This force is measured by the two load cells as indicated

in fig. 5.2 and an average of the two readings is taken. In theory, only one load cell is

required; however, monitoring the load at both sides serves as a check that the machine

is operating correctly. Due to the way the wire is wrapped around the pulleys on the

transverse arms, two equal and opposite parallel forces act on the transverse arms, which

results in pure moments being applied. The applied moments M1,M2 are given by

M1 = Pl1

M2 = Pl2
(5.1)

where l1 and l2 are the distances between the pulleys on the transverse arms as indicated

in fig. 5.2. The distance between the pulleys on the transverse arms can then be

changed to achieve different moment ratios and hence mode mixities according to each

of the analytical partitioning theories. As the applied moments are known directly, and

assuming that the substrates remain elastic throughout the test, the calculation of the

applied energy release rate, G, from this test setup can be calculated from the closed

form analytical solution given in chapter 1(eq. 1.1). This is rewritten here as:

G =
6(Pl1)2

B2E11

( 1

h3
1

+
k

h3
2

− (1 + k)2

(h1 + h2)3

)
(5.2)

where k is the applied moment ratio as before (k = M2/M1 = l2/l1), B is the substrate

width, E11 is the Young’s modulus in the bending (x1) direction, and h1, h2 are the

heights of the substrates that the moments M1,M2 are applied to respectively. Each

of the values in eq. 5.2 are known prior to the test except for the load P . Unlike in

standard fracture mechanics test methods where direct loads are applied (e.g. DCB,

FRMM, ELS), the toughness calculation in the DCB-UBM test does not require the

crack length to be known or estimated. This eliminates the need to measure the crack

length during the test and is one of the distinct advantages of the DCB-UBM test method

over other standard fracture test methods.

There are a number of assumptions in this test method and these are investigated in

detail in Sørensen et al. [25]. Firstly, it is assumed in the calculation of ERR in eq. 5.2

that the forces act perpendicular to the transverse arms throughout the test. However,

it is evident that this is not the case due to the rotation of the arms. The error created

by this assumption is minimised by starting with the transverse arms 10◦ off horizontal

position in the direction opposite to the rotation. The test then rotates the arm through

the horizontal position and the test is stopped after a rotation of 20◦ (i.e. when the

transverse arm reaches 10◦ off horizontal in the direction of rotation). Sørensen et al.

[25] calculated the error associated with this assumption and found that it was always
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less that 6% when the rotation was kept to a maximum of 20◦. The 10◦ offset of the

transverse arms at the beginning of the test is evident from figs. 5.1 and 5.3. As

a maximum rotation of 20◦ is allowed during the test, this places considerable size

requirements on the specimens to ensure that complete fracture is achieved within this

rotation. It is for this reason that the samples used in this study are considerably thicker

(≈ 6−10mm) than what is commonly used in standard fracture tests (≈ 3−5mm). Eq.

3.13, which was presented in chapter 3, can be used to estimate the required thickness

for a given material based on an expected toughness value. Due to the rotation of the

arms, there is also slight deflections of the transverse arms in the horizontal direction.

However, any effects of this are effectively negated by having a very large distance

between the upper and lower beams, as seen in fig. 5.1. Another assumption is that

there is no friction in the pulleys or between the pulleys and the wires, which will not

be the case in reality. Sørensen et al. [25] measured the friction by pulling the wire

along it’s direction when it was under different loads during a test. They found that

the frictional load increased proportionally with the applied load but reported that the

increase in moment due to friction was < 3% of the applied moment and so it was also

deemed negligible. Finally, in order to apply eq. 5.2 to calculate the fracture toughness,

it is paramount that the substrates remain elastic throughout the test. This is checked

on an individual basis by unloading the beams and making sure they return to their

original position with no visible permanent deformation. Due to the high strength of

CFRP, it is not believed that yielding will occur during these tests.

5.2.2 DCB-UBM Test Procedure

For each test, the distance between the pulleys is first set depending on the mode mixity

that is required. The relationship between the mode mixity (GII/G) and the pulley

distances (l2/l1) is given by eq. 5.3 for symmetric specimens:

GII
G

=
1

1 + 4
3

(1−l2/l1)2

(1+l2/l1)2

(5.3)

The specimen is inserted between the roller supports so that the angles between the

horizontal surface of the support and each side of the specimen are 90◦; this is checked

using a square angle ruler. The specimen support is then moved vertically so that the

specimen load blocks are equidistant between the upper and lower beams; this minimizes

the error due to the horizontal movement of the transverse arms during testing. Before

the transverse arms are attached, the attached springs are adjusted so that the arms

hang freely in equilibrium at the same height as the specimen load blocks in order to

negate the downward force due to the weight of the transverse arms during the test.
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Figure 5.1: DCB-UBM test rig.
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Figure 5.2: Schematic of DCB-UBM test rig [101].

When the transverse arms are attached, the top and bottom pulleys are then aligned

with the transverse arm pulleys with the aid of a laser beam. At this point, it can

be chosen in what direction the transverse arm will rotate; if an upwards rotation is

required on a given arm, then the upper beam pulley is aligned with the outermost

pulley of the transverse arm and the lower beam pulley with the innermost pulley of

the transverse arm, and vice versa if a downward rotation is required. The wire loop is

then placed around the transverse arm pulleys and pulled tight using the adjustable wire

joiner which completes the loop. In the symmetric tests, the crack tip opening is also

monitored. In these cases, an extensometer is attached to two pins, which are inserted

into the centre of the beams at the crack tip during specimen preparation. The placing

of the pins and extensometer are shown in fig. 5.3(a) and fig. 5.3(b) respectively. The

extensometer openings are processed by a data acquisition system which synchronises

the load cell readings and the the extensometer openings. During the test, a camera is
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also mounted on the frame and focused at the crack tip. Images are taken with a 12

mega pixel camera at a rate of 1 image per second. The samples are sprayed with a

speckled pattern using white water based spray paint to allow digital image correlation

to be carried out after the test. Digital image correlation is intended for use here as a

method of measuring the opening and shearing displacements at the crack tip, with a

view to using these to deduce the mixed mode cohesive laws from the J integral method,

as used by Sørensen and Jacobsen [102]. The data acquisition system is set up to trigger

the camera so that the captured images can be synchronised with the measured load.

The sample is illuminated with two LED lamps as shown in fig. 5.1. The results from

the DIC analysis are presented in appendix E.

To start each test, the electric motor is ramped up to a constant speed, which results

in the lower beam (fig. 5.2) being lowered at a constant speed of ≈ 2.5 mm/min.

This increases the tension in the wire and results in pure moments being applied to

the specimen. During the test, the load from both load cells is recorded and where

applicable, the crack tip opening is recorded. The test is continued until the crack has

reached the clamped area of the specimen, which ensures that at least 160 mm of crack

growth is achieved in all cases. In some cases the test is stopped and unloaded following

20-30 mm of crack growth to allow the digital image correlation (DIC) camera to be

moved from the initial crack tip to the new crack tip; the reasoning behind this was to

see if changes in the traction separation could be measured between the initial crack tip

and a fully developed damage zone, as observed numerically in chapter 3. When the

crack reaches the roller supports, the lower beam is returned to its original position and

the specimen is visually checked to ensure no permanent deformation has occurred.

(a) Placement of pins at the crack tip. (b) Placement of extensometer at the crack tip

Figure 5.3: Setup for monitoring the crack tip opening by mounting extensometer on
pins, which are inserted into the beam centres at the crack tip.
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5.2.3 Measuring Initiation Toughness, Gc

In order to obtain a value of the initiation toughness Gc, the value of load at crack

initiation is required from each test. Crack initiation is measured from the PTFE insert.

It was decided not to pre-crack the specimens before testing as there was no consistent

way of pre-cracking the asymmetric specimens in mode I (due to disagreement between

analytical partitioning theories as to what loading configuration produces mode I in

asymmetric specimens) and it was believed that pre-cracking under mixed mode condi-

tions would introduce varying levels of damage which would influence the re-initiation

values. Therefore, as the aim of this test program is to try aand compare like with like

between the symmetric and asymmetric tests, the initiation toughness Gc is measured

from the insert in all cases. Also, as the PTFE insert is < 12µm in thickness, it is

deemed to be small enough to represent a physical crack. In all cases, fracture initiation

is identified from a deviation in ’linearity’ from a plot of the applied load vs. crosshead

displacement (crosshead displacement is the displacment of the lower beam shown in

fig. 5.2). An example plot of load vs. crosshead displacement is shown in fig. 5.4 for

a mode I test. In all cases, the crosshead displacement is relative for each test as it is

back calculated from the test time and the displacement rate, which is manually ramped

up from zero. Therefore, shifts in the load vs. crosshead displacement curves along the

x axis for different samples of the same batch are not indicative of a difference in the

response of the samples. It is evident from fig. 5.4 that the increase in load is not

directly proportional to crosshead displacement but instead takes a quadratic form. It

is believed this non linear increase in load is caused by the increased tightening in the

wire due to the rotation of the transverse arms towards the horizontal position, which

acts to increase the length of the loop and hence further tightens the wire. In each case,

the region of the curve that follows the quadratic pattern is identified and a quadratic

function is fitted to this section. The maximum load up to the point of deviation from

the quadratic curve is taken as the initiation load Pc. Deviation from the quadratic

pattern is identified by checking for the following condition:

|Pcurve − Ptest| ≥ .02Pc av (5.4)

where Pcurve is the quadratic fitted curve, Ptest is the load from the test, and Pc av is

the average initiation load from all tests at that particular test loading and geometry.

Therefore, when a deviation of 2% of the average initiation load from the fitted quadratic

curve occurs, this is taken as the non-’linear’ initiation point. The maximum load

recorded up to this point is taken as the critical initiation load (Pc). This procedure

for determining the fracture initiation point is referred to hereafter as the MAX/NL
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approach. The value of 2% was chosen as it was found to be small enough to effectively

detect non-’linearity’, but not too small to be affected by noise in the load displacement

curves. This critical load is then converted into an initiation toughness using eq. 5.2.

In the symmetric tests, an extensometer was also mounted on each specimen to monitor

crack tip openings. The extensometer was mounted on two pins, which were placed at

the crack tip during the specimen preparation stage (fig. 5.3). The pins, which have a

diameter of 1mm, were placed at the neutral axis of the beams so that there would be

negligible effect on the stress distribution in the arms during testing and on the second

moment of area of the beams. As with the digital image correlation, the measurement

of the crack tip openings was intended as a method of deducing cohesive zone laws using

the J integral approach, as in [82, 101, 102]. Results from both DIC and extensometer

procedures are presented and discussed in appendix E. Another use for monitoring the

crack tip openings is that they can be used as an alternative method of identifying

fracture initiation, particularly in the mode I dominated tests. An example plot of load

vs. extensometer opening is shown in fig. 5.5 for the same mode I test as is shown in

fig. 5.4. In this case, the fracture initiation load is identified by taking the maximum

load that occurs up to the point of a 10 µm extensometer opening. It was found that

a 10 µm displacement was again small enough to detect fracture initiation but not

small enough to be affected by slight misplacement of the extensometer pins, which may

result in slight opening of the extensometer before fracture initiation. This procedure for

identifying fracture initiation is referred to hereafter as the MAX/CTO(Crack tip open)

approach. The initiation toughness, which is calculated using eq. 5.2, is compared to the

results from the MAX/NL approach for each of the symmetric specimens. Unfortunately,

the MAX/CTO approach could not be applied to the asymmetric specimens as the

asymmetric samples were too thin to mount the extensometer pins without significantly

affecting stress distribution in the beams. The use of smaller extensometer pins was not

considered as they would be more likely to deform under the force of the extensometer

and cause erroneous readings.

Also required in eq. 5.2 is the specimen heights and thickness, and substrate modulus

E11. The total thickness (ht) is measured for each individual sample at three points

using a micrometer and an average value is taken. The individual heights h1 and h2 are

then obtained by multiplying this thickness by the beam height ratio being tested (i.e.

the ratio of plies used above and below the crack starter film). The specimen width is

also measured at three points along the sample using a vernier callipers and an average

value is taken. The value of E11 required in eq. 5.2 is the flexural modulus as opposed

to the direct tensile modulus, as these can differ slightly for composite materials due

to the increased shear flexibility. The flexural modulus is calculated from the strain
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measurements recorded during digital image correlation, and it is found to be 125 GPa;

the calculation of the flexural modulus from DIC is outlined in appendix E.
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Figure 5.4: Example of load vs. crosshead displacement as measured in DCB-UBM
mode I test.

5.3 Material and Specimen Preparation

5.3.1 Composite Material

The material used was a uni-directional AS4/8552 (carbon/epoxy) composite [103]. The

high strength AS4 carbon fibres were shipped in 50 metre rolls with uncured 8552 epoxy

resin already pre-impregnated in a combined prepreg tape. The nominal fibre volume

of the prepreg tape is 57%. Hexply 8552 resin is a 180◦C degree cure, high performance

toughened epoxy resin. It is used in a wide variety of applications due to it’s good

impact resistance and damage tolerance. It also has excellent mechanical properties and

performs well at elevated temperatures. All of these properties combine to make it ideal

for use in primary aircraft structures [103]. The uncured material is stored in a freezer

at −18◦ C, where it has a shelf life of 12 months.
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Figure 5.5: Example of load vs. crack tip opening as measured in the DCB-UBM
mode I test.

5.3.2 Layup and Curing Procedure

To start the layup procedure, the UD tape is rolled out and cut into plies using a

Stanley knife and square ruler. The required size of each ply is determined by the size

and number of specimens required. The plies are then laid on top of each other by

hand with the fibres aligning in the 0◦ direction. For the symmetric specimens, the

total thickness in each case was 9.9mm, with the precrack teflon film placed at the

midplane. As each ply has a nominal cured thickness of .15 mm, this corresponded to

a layup of [033/033], where a PTFE crack starter film was placed after 33 plies. The

crack starter film had a thickness of ≈ 12 µm, which is deemed to be sufficiently thin to

represent a physical crack. The crack starter film was placed so that it would produce

a pre-crack length of 60 mm when the samples were cut. The same layup procedure

was carried out for the asymmetric specimens; however, different overall thicknesses and

beam height ratios were required in these cases. The asymmetric beam height ratios

tested are outlined in table 5.2 of the test program. These beam height ratios correspond

to layup configurations of [022/044] (γ = 0.5), [033/018] (γ = 1.833), [033/011] (γ = 3)

and [033/07] (γ = 4.712), where the crack starter film is again placed to produce a final

pre-crack length of 60 mm in each case. As these samples are considerably thick and
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contain many layers of individual plies, the layup is debulked for 30-45 mins after every

8-10 plies are added during layup to consolidate the plies and remove any air pockets.

A sectioned view of the debulking procedure is illustrated in fig. 5.6. The composite

layup is placed on a base plate and protected by PTFE release films on both sides. The

PTFE release films allow the composite to be easily removed from the debulking unit

and keeps the surfaces of the uncured composite clean. The composite is then covered

by a breathing fabric, which allows the vacuum to reach then entire layup. The layup

is then covered by a bagging film and sealed around all edges using a sealant tape. The

base plate is then attached to a vacuum pump and the bagging film and sealant tape is

checked for leaks. In the absence of any leaks, the vacuum pump is left on to debulk the

composite for 30-45 mins.

Once the final debulking has taken place, the composite is ready for curing. In order

to cure the composite correctly, both heat and pressure are required. The cure cycle is

carried out in a converted press clave, which is illustrated in fig. 5.7. Further details on

the conversion of the press clave can be found in Mohan [104]. The purpose of the press

clave is to keep the aluminium base and top plates together so that they can sustain an

internal pressure of 6-7 bar. Heat is applied through strip heaters, which are placed at

the top and bottom of the hydraulic press. The strip heaters are placed in mild steel

plates, which come into direct contact with the aluminium plates. A layer of insulation

material is placed on the opposite side of the steel plates to ensure there is minimal heat

loss to the press. The temperature is controlled using thermocouples, which are each

connected to programmable temperature control units.

The final composite layup is again placed between two PTFE release films to allow

for easy removal when cured. A layer of edge dam is placed around the edges of the

composite to stop resin from leaking out during curing. Unlike in the debulking stage, a

layer of release ply is placed on either side of the composite outside the PTFE release film.

The release ply, which is a glass fibre cloth coated in PTFE, protects the composite and

helps to provide a consistent surface finish on the top and bottom of the cured composite.

A rubber caul pad is then placed over the release ply on the top surface; the rubber pad

helps to evenly distribute the downward pressure on the laminate, which results in a

more consistent laminate thickness throughout. These layers are finally topped off with

a layer of breathing fabric followed by bagging film. The bagging film is then sealed

with high temperature sealant tape, and this seal is checked, as before, by applying a

vacuum and checking for leaks. This sealant tape is also used along the edges of the

base plate and provides a sealant between the top and bottom aluminium plates.
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Once the layup is ready and the bagging film is sealed, the top plate is placed on top

of the base plate and the complete unit is inserted into the press clave. The hydraulic

press is then lowered onto the top plate and a force of 30 ton pushes the top and bottom

plates together; this effectively creates a sealed chamber inside the aluminium plates

as the high temperature tape forms a sealant. Once the downwards force is applied

from the press, a pressure of 6 bar is connected to the side of the top plate, creating a

pressure chamber; this pressure is required to consolidate the composite during curing.

The vacuum pump is then turned on before the cure cycle begins; this ensures no air

inclusions form in the composite during cure. The cure cycle is then programmed into

the temperature control units and the cycle is started. The cure cycle for this system is

programmed as follows:

• heat up to 110◦ C over a period of 40 minutes.

• hold at 110◦ C for 60 minutes.

• increase to 180◦ C over a period of 30 minutes.

• hold at 180◦ for 120 minutes.

• cool at rate of 0.1− 1◦ C per minute*.

*There is no cooling system on this press clave so the cooling rate cannot be controlled

accurately. Instead, the heating system is switched off and allowed to cool naturally.

Mohan [104] studied the rate of cooling from this system and found that it decreased

exponentially as the temperature decreased, and found that the maximum rate of cooling

observed was 0.8◦ C/min. The maximum rate of cooling recommended in the material

data sheet is 5◦ C/min [103], so it is well within this range.

The pressure is switched off when the temperature reduces to 60◦ C, as recommended

in the data sheet; this usually takes 3-4 hours from the time the heating system is

switched off. The press clave and vacuum pump are then switched off and the system

is left overnight to allow it to cool to a handling temperature. The cured panel is then

removed from the press clave and is ready to be cut into test specimens.

5.3.3 Specimen Preparation

The specimens are cut to size from the composite panel using a diamond grinding disc.

The final specimen dimensions are shown in fig. 5.8(a) for the symmetric specimen and

in fig. 5.8(b) for the asymmetric specimens. In all cases, the specimens are 300 mm in
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Figure 5.6: Illustration of the layup for composite debulking.
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Figure 5.7: Illustration of the setup for composite curing in converted press clave.

length and 30 mm in width. The symmetric samples are all manufactured to the same

specifications and differ only in how they are loaded; they each have a total height of

9.9 mm and the crack starter film is placed at the mid-plane. The specimen heights

for the asymmetric specimens vary depending on the beam height ratio; the total beam

height in given in table 5.2 for each γ ratio. The attachment and dimensions of the load

blocks are also illustrated in fig. 5.8. The load blocks are attached on two sides of the

symmetric specimens and only on one side for the asymmetric specimens (as k = 0). The

load blocks, which are manufactured from aluminium, are machined to fit exactly into

the transverse arms on the DCB-UBM test rig. They are attached using M5 countersunk

screws with the aid of an epoxy adhesive. Pins of diameter 1mm are also inserted into

the neutral axes of the top and bottom beams of the symmetric specimens, as shown in

fig 5.8(a); these are inserted into 1mm holes, which are drilled to a depth of ≈ 10 mm.

Finally, for samples where images are recorded for digital image correlation, the side of

the sample is lightly sprayed with a white water based paint from an aerosol spray can;
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this produces a very fine speckled pattern, which is required for accurate DIC.

The specific test program is outlined in the following section.
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Figure 5.8: Dimensions for for test specimens.

5.4 Test Program

The test program is specifically split into two tasks. Task 1 involves measuring the

failure locus of UD CFRP using symmetric specimens. Task 2 involves carrying out

AFRMM tests on asymmetric specimens with varying γ ratios.
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5.4.1 Task 1-Symmetric tests

Six tests are carried out on symmetric specimens using different moment ratios. The

moment ratios are chosen to evenly cover the full range of mode mixities going from pure

mode I to pure mode II. The distance between the pulleys on the transverse arms l1, l2

and the corresponding moment ratios are outlined in table 5.1 along with the resulting

mode mixities. A moment ratio of M2/M1 = 0.986 is used instead of M2/M1 = 1 for

the mode II test so that contact between the loaded beams will be avoided, which may

lead to an increase in the recorded load due to friction.

l1 (mm) l2(mm) M2/M1 ht (mm) γ GII/G No. of Repeats

86.5 -86.5 -1.000 9.9 1 0 4
409 -82.5 -0.202 9.9 1 0.2484 3
86.5 0 0.000 9.9 1 0.4286 4
289.5 86.5 0.299 9.9 1 0.7203 4
172.5 86.5 0.501 9.9 1 0.8716 4
139.5 137.5 0.986 9.9 1 1 4

Table 5.1: Task 1: Test program for measuring failure locus using symmetric speci-
mens.

5.4.2 Task 2-Asymmetric tests

In the second task, asymmetric tests are carried out at a constant moment ratio (k = 0)

by varying the γ ratio. The distances between the pulleys are outlined in table 5.2 along

with the corresponding beam height ratios γ. The mode mixities at each of these γ

ratios are outlined in table 5.3 for each of the analytical partitioning theories discussed

in chapter 1.

l1 (mm) l2(mm) M2/M1 ht (mm) h1(mm) h2 (mm) γ No. of Repeats

86.5 0 0 9.9 3.3 6.6 0.50 4
86.5 0 0 7.65 4.95 2.7 1.83 4
86.5 0 0 6.6 4.95 1.65 3.00 4
86.5 0 0 6.0 4.95 1.05 4.71 4

Table 5.2: Task 2: Test program for asymmetric specimens.
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γ M2/M1 GII/GW GII/GHS GII/GD−NSF GII/GWH

0.50 0 0.0769 0.4030 0.2359 0.2308
1.83 0 0.8085 0.4646 0.6242 0.6080
3.00 0 0.9382 0.5003 0.7303 0.7297
4.71 0 0.9784 0.5324 0.7061 0.8149

Table 5.3: Task 2: Predicted mode partitions from Williams [20](W), Suo and
Hutchinson [26](HS),Davidson et al. [27](D-NSF) and Wang and Harvey [28](WH) for

γ ratios outlined in table 5.2.

5.5 Results and Discussion

5.5.1 Measurement of Failure Locus using Symmetric Specimens

The measured force is plotted as a function of crosshead displacement for each of the

symmetric tests in fig. 5.9. Four samples are tested at each moment ratio, with the

exception of M2/M1 = −0.202, where three samples were tested. In cases where the

samples are unloaded shortly after initiation, only the initial load-displacement traces

are shown for clarity. The quadratic functions and the fracture initiation points are also

highlighted. The fracture initiation point is determined using the MAX/NL procedure,

as described in section 5.2.3. The measured initiation force from this method, Pc, is

outlined in table 5.4 for each sample. Also plotted in table 5.4 are the measured total

beam heights (ht = h1 + h2), beam widths (B), and the corresponding initiation tough-

ness values (Gc) calculated using eq. 5.2. The mean initiation toughness values (Gc av)

for each configuration and standard deviations (SD) are also presented in table 5.4. The

standard deviation is given by:

SD =

√√√√√
N∑
1

(Gc −Gc av)2

N
(5.5)

where N is the number of tests for each configuration.

As an aside, standard fracture tests (DCB/FRMM/C-ELS) are also carried out on this

composite system in accordance with the relevant standards [6–8] as a method of com-

parison with the DCB-UBM procedure. The test procedures are outlined in appendix

D. The measured initiation values from these test methods from both the crack starter

film and a precrack (in brackets) are outlined in table 5.4. There is very good agreement

between the measured initiation toughness from the crack starter film in the DCB-UBM

test and the standard fracture tests in both mode I and mixed mode (GII/G = 3/7).
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However, the average initiation toughness from the pre-crack in the C-ELS test is consid-

erably higher than the initiation toughness measured in the corresponding mode II DCB-

UBM test. This might be explained by looking at the corresponding force-displacement

graphs from the DCB-UBM mode II test (fig. 5.9(f)) and the C-ELS test (D.4(a)). It

is evident from fig. 5.9(f) that fracture in the DCB-UBM mode II test initiates from

the crack starter film in a relatively stable manner in each case (no considerable drop in

force at initiation); however, fracture initiates in a very unstable manner in the C-ELS

test, as is evident from the sudden drop in load in fig. D.4(a). It is believed that the

measured initiation toughness from the precrack in the C-ELS test is artificially high,

and may have been due to the presence of a resin rich region at the crack tip in the three

samples tested. By examining the R-curves for the DCB-UBM and C-ELS test in fig.

5.11(f) and D.4(b) respectively, it is evident that the propagation toughness measured

in the C-ELS test is similar to that observed in the DCB-UBM test so there is no reason

to believe that there was any inherent difference in the material tested in each case. It

is also possible that slight differences in the applied moments in the DCB-UBM mode II

test (k=0.986), which was set up as so to avoid friction between the arms, had the effect

of reducing the likelihood of unstable fracture initiation. This is an area that warrants

further investigation as it would be desirable to obtain stable fracture initiation with

similar low levels of scatter in the standard ELS tests as seen in the DCB-UBM mode

II tests.

The initiation toughness values from the pre-cracks in the DCB, FRMM and C-ELS tests

are presented in brackets in table 5.4 alongside initiation toughness values obtained from

the PTFE insert. The main aim of re-testing from a pre-cracked specimen is to examine

possible discrepancies between testing from an insert and from a natural pre-crack. There

is very good agreement between the initiation from the insert and initiation from the

pre-crack in the mode I DCB test. The average initiation toughness from the pre-cracked

tests is slightly lower than the average initiation toughness measured from the insert;

however, this difference is within one standard deviation so is not statistically significant.

This is an important result as it suggests that the crack starter film is sufficiently thin

to represent a physical crack tip. The initiation toughness measured from the pre-crack

in the FRMM test is slightly higher than the initiation toughness measured from the

insert. This behaviour may be explained by considering the R-curve plotted in fig.

D.3(b). It is clear that this increase in toughness between the insert and the pre-crack

is following a general trend of increasing toughness as a function of increasing crack

length. Therefore, the observed increase in toughness from the pre-crack compared to

the insert can be attributed to a likely increase in damage zone size after 5mm of crack

growth. Initiation from the mode II pre-crack occurs in a stable manner in each case
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and so it is not surprising that the recorded toughness is much lower than the unstable

initiation value obtained from the insert. Due to the stable nature of crack initiation

in the pre-cracked test, it is believed that the measured initiation toughness from this

method is more physical than the one obtained from the insert. The value obtained from

the pre-crack is also much closer to the value obtained in the DCB-UBM mode II test.

Overall, there is good general agreement between the standard fracture mechanics tests

and the DCB-UBM tests, which verifies that the DCB-UBM testing from the PTFE

insert is an accurate approach for estimating the true mixed mode failure locus.

The alternative method of identifying fracture initiation using crack tip openings in the

DCB-UBM test is now examined and compared to the MAX/NL procedure. A plot of

the measured force vs. extensometer opening for each DCB-UBM test case is given in

fig. 5.10. In these cases, both the initial loading and reloading are plotted for each

case where applicable. The initiation force is also outlined in these figures, where the

initiation force is defined using the MAX/CTO procedure. The initiation loads and

corresponding toughnesses for each test are presented in table 5.5 and compared to

the values obtain from the MAX/NL initiation points. In all cases, the extensometer

openings are plotted up to the point that the crack visibly reaches the support rollers

during the test in fig 5.10. As the crack advance is proportional to the crack tip opening,

plotting the toughness as a function of the crack tip opening gives a clear indication of

the resistance (R) curve behaviour for each specimen. The measured forces are converted

to toughnesses using eq. 5.2 and are plotted as a function of crack tip openings in fig.

5.11. In cases where there was a clear increase in the fracture resistance during the test

(i.e. GII/G = 0.248, GII/G = 0.4286), this fracture was always accompanied by clearly

visible fibre bridging. Images of the crack tip from the side of the specimen during

testing are presented in fig. 5.12 for each loading configuration. Fibre bridging is clearly

visible from these images in fig. 5.12(b) and 5.12(c), which correspond to GII/G = 0.248

and GII/G = 0.4286 respectively.

The initiation toughnesses from both the MAX/NL and the MAX/CTO method are

shown in fig. 5.13 as a function of mode mixity. Firstly, it can be seen that there

is very good agreement between both approaches across all mode mixities in general,

with the exception of pure mode II loading. In the pure mode II test, the average

initiation toughness is 750 J/m2 from the MAX/NL initiation point compared to 807

J/m2 from the MAX/CTO initiation point. This discrepancy is not surprising given that

the extensometer does not open significantly in mode II throughout the test (≈ 0.25mm

for entire test) and therefore it is very difficult to accurately pick up crack initiation using

the MAX/CTO procedure when crack initiation does not occur in a sudden unstable

manner. Other discrepancies between individual samples occur at GII/G = 0.721 and
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GII/G = 0.872 also correspond to cases where fracture initiation does not occur in

a sudden unstable manner under mode II dominated loading. This is evident from

comparing the initiation points in fig. 5.9 and fig. 5.10. Despite these differences, the

general agreement between both methods for identifying crack initiation gives confidence

in the accuracy of both approaches. It is also noticeable that the standard deviations

in measured toughness increases in mode II dominated loading; this is accompanied by

more unstable fracture initiation compared to the mode I dominated tests, as is evident

in fig. 5.9. This behaviour has been observed previously for composites [93, 105]

Overall, the initiation toughness is considerably dependent on the mode of loading and

there is a 3-4 fold increase in the toughness between pure mode I and pure mode II. The

pure mode I and mode II toughness values are in agreement with experimental results

available in literature on the same composite; Bonhomme et al. [105] found the mode I

initiation toughness to be 250 ± 55 J/m2, and the mode II initiation toughness to be

791 ± 146.9J/m2. The total toughness generally increases as the mode II component

increases, with the exception of one case. Interestingly, when a small component of mode

II is introduced, the overall toughness drops from 210J/m2 at GII/G = 0 to 159.4J/m2

at GII/G = 0.248. This behaviour is unusual in that it goes against the popular belief

that the mode I fracture energy is always the smallest. This belief, however, has been

originally founded on physical considerations of fracture in monolithic materials, where

cracks have been shown to kink under mixed mode loading to stay locally in mode I

[13]. The analysis for composites and adhesive joints is more complex than monolithic

materials, as the crack now has a choice of material to propagate in, or whether to

propagate along an interface. The reason that the initiation toughness is lower than pure

mode I initiation toughness might be explained by considering an image of the crack

tip from the side just after fracture initiation in fig. 5.14; in this case, GII/G = 0.2484.

It is evident from this image that the crack immediately kinks upwards slightly. This

slight kinking is driven by the small amount of mode II loading, which kinks the crack

to keep it locally in mode I in the resin rich region. It is believed that there may be two

explanations why this causes a lower initiation toughness. Firstly, due to the mode of

loading, the tensile stress field which develops at the crack tip will be concentrated at

an upwards angle away from the resin rich zone; this means that the resin rich region,

which occurs between the plies, will not be subjected to the same level of tensile stresses

as under a pure mode I loading. This will result in lower energy being dissipated in this

region due to plasticity and hence will result in a lower initiation toughness. Secondly,

the toughness of the interface between the fibres and the resin may be slightly lower

than the bulk toughness of the resin; therefore, by gently coaxing the crack towards

this interface with a small amount of shear loading, a lower initiation toughness will be
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observed. Dillard et al. [14] highlighted a number of cases where the measured fracture

toughness under mixed mode loading (small mode II component) was less that the pure

mode I toughness in adhesive joints; in all of these cases, kinking of the crack towards

the adhesive substrate interface was observed.

The increase in toughness under higher mode II components in composite materials has

been well documented in literature [16, 93, 106]. The fracture surfaces of AS4/8552

epoxy composite were studied by Bonhomme et al. [107] after being subjected to mode

II fracture; the fracture surfaces were found to contain a hackled pattern. The hackled

pattern, which is described by Johannesson et al. [108], is a series of angled cracks

caused by local principal tensile stresses. In mode II loading of composites and adhesive

joints, these hackled cracks tend to occur at angles of 45◦ to the global crack propagation

direction [107, 109]. In fact, it is the formation of these hackles that make it very difficult

to determine crack lengths in the standard mode II ELS test. This problem has lead

to a modification of the test analysis by Blackman et al. [110] to allow for the effective

crack lengths to be calculated from the specimen compliance. The increase in surface

area can partly explain the increase in toughness observed in mode II loading; however,

Mohan et al. [109] studied the crack paths in mode I and mode II loading of an adhesive

and found the increase in path length in mode II loading could not fully account for the

observed increase in fracture toughness. Mode II and mixed mode failure in composites is

a complex process which involves the interaction of many different failure mechanisms,

such as hackle formation, matrix plasticity, fibre matrix de-bonding, fibre breakage,

fibre pull-out, void formation and coalescence, etc. It is therefore difficult to predict

and explain the effect that different mixed mode loadings will have on the toughness

of a system; and is the reason there is no sound predictive mixed mode failure criteria

for fracture in composites. Numerous mixed mode failure criteria exist in the literature

which attempt to capture the relationship between toughness and mode mixity; however,

these are mainly empirical in nature. A number of these criteria are fitted to the current

experimental data in the following section.
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M2/M1 GII/G SAMPLE (ht) (mm) B (mm) Pc (N) - MAX/NL Gc(J/m
2) Gc av SD Gc SD

-1.000 0.000 A 9.74 29.99 162.0 181.4 210.1 27.6 233.2(220.2) 16.4(19.4)
-1.000 0.000 B 9.87 30 170.0 191.9
-1.000 0.000 C 9.84 29.99 187.8 236.3
-1.000 0.000 D 9.98 29.79 188.3 231.0

-0.202 0.248 A 9.75 29.99 45.7 154.9 159.4 11.6
-0.202 0.248 B 9.85 29.96 45.8 150.8
-0.202 0.248 C 9.9 29.83 49.1 172.6

0.000 0.429 A 9.94 30 320.2 291.7 296.1 11.7 280.3(313.9) 8.1(26.0)
0.000 0.429 B 9.52 30.02 300.0 290.8
0.000 0.429 C 9.79 29.84 322.5 313.5
0.000 0.429 D 9.86 30.03 314.6 288.3

0.299 0.721 A 9.71 30.03 96.4 318.0 357.6 41.6
0.299 0.721 B 9.82 29.93 100.2 334.3
0.299 0.721 C 9.91 29.84 112.4 412.6
0.299 0.721 D 9.91 29.86 105.9 365.5

0.501 0.872 A 9.83 29.99 194.3 490.1 576.0 106.8
0.501 0.872 B 9.82 29.93 198.8 517.5
0.501 0.872 C 9.78 29.8 233.6 728.8
0.501 0.872 D 10.37 29.96 226.5 567.4

0.986 1.000 A 9.80 29.98 241.2 759.3 750.1 17.6 1044.4(654.7) 49.5(43.9)
0.986 1.000 B 10.23 30.02 258.8 767.2
0.986 1.000 C 10.05 29.84 243.7 726.9
0.986 1.000 D 9.87 29.86 240.8 746.9

Table 5.4: Measured initiation force and toughness values for varying moment ra-
tios applied to symmetric DCB specimens. Crack initiation is determined using the
MAX/NL procedure. The values are compared to results obtained using standard frac-
ture tests (in red) (details in appendix D - Nominal values indicate initiation toughness
values measured from PTFE insert and values in brackets indicate initiation toughness

values measured from a pre-crack).
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(b) M2/M1 = −0.202, GII/G = 0.2484
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(c) M2/M1 = 0, GII/G = 0.4286
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(d) M2/M1 = 0.3, GII/G = 0.72
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(e) M2/M1 = 0.5, GII/G = 0.87

0 5 10 15 20 25 30 35 40 45 50
0

50

100

150

200

250

300

Crosshead Displacement, (mm)

Lo
ad

, P
 (N

)

 

 

A
B
C
D
Quadratic Fit
Fracture Initiation

(f) M2/M1 = 0.986, GII/G = 1

Figure 5.9: Load vs. crosshead displacement for symmetric DCB specimens loaded
with uneven bending moments. Fracture initiation is determined from the MAX/NL

procedure.
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(b) M2/M1 = −0.202, GII/G = 0.2484
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(c) M2/M1 = 0, GII/G = 0.4286
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(d) M2/M1 = 0.3, GII/G = 0.72
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(e) M2/M1 = 0.5, GII/G = 0.87
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(f) M2/M1 = 0.986, GII/G = 1

Figure 5.10: Load vs. crack tip opening displacement for symmetric DCB specimens
loaded with uneven bending moments. Fracture initiation load is taken as the maximum

load which occurs up to the point of 10 µm crack tip opening.
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M2/M1 GII/G SAMPLE Pc (N) Gc(J/m
2) Gc av SD Gc av (NL) SD (NL)

-1.000 0.000 A 166.5 191.5 217.5 23.7 210.1 27.6
-1.000 0.000 B 175.1 203.5
-1.000 0.000 C 187.8 236.3
-1.000 0.000 D 191.4 238.7

-0.202 0.248 A 45.3 152.0 169.9 16.0 159.4 11.6
-0.202 0.248 B 50.4 183.0
-0.202 0.248 C 49.4 174.7

0.000 0.429 A 320.2 291.7 295.9 11.8 296.1 11.7
0.000 0.429 B 299.7 290.2
0.000 0.429 C 322.5 313.5
0.000 0.429 D 314.6 288.3

0.299 0.721 A 96.7 320.5 375.2 66.8 357.6 41.6
0.299 0.721 B 100.3 335.0
0.299 0.721 C 119.8 468.8
0.299 0.721 D 107.5 376.6

0.501 0.872 A 194.3 490.1 580.7 116.9 576.0 106.8
0.501 0.872 B 198.8 515.9
0.501 0.872 C 236.9 749.2
0.501 0.872 D 226.5 567.4

0.986 1.000 A 242.6 768.2 806.5 59.7 750.1 17.6
0.986 1.000 B 264.9 804.0
0.986 1.000 C 269.9 891.7
0.986 1.000 D 243.4 762.0

Table 5.5: Measured initiation force and toughness values for varying moment ra-
tios applied to symmetric DCB specimens. Crack initiation is determined from the
MAX/CTO procedure. The average initiation toughness and standard deviations from
this method are compared to the results obtained from the MAX/NL method(red) .
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(b) M2/M1 = −0.202, GII/G = 0.2484
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(c) M2/M1 = 0, GII/G = 0.4286
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(d) M2/M1 = 0.3, GII/G = 0.72
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(f) M2/M1 = 0.986, GII/G = 1

Figure 5.11: Fracture toughness as a function of crack tip opening displacement for
symmetric DCB specimens loaded with uneven bending moments.
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(a) M2/M1 = −1, GII/G = 0 (b) M2/M1 = −0.202, GII/G = 0.2484

(c) M2/M1 = 0, GII/G = 0.4286 (d) M2/M1 = 0.3, GII/G = 0.72

(e) M2/M1 = 0.5, GII/G = 0.87 (f) M2/M1 = 0.986, GII/G = 1

Figure 5.12: Pictures of symmetric samples during testing at varying moment ratios.
Extensive fibre-bridging is evident in cases (b) and (c).
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Figure 5.13: Plot of initiation fracture toughness as a function of mode mixity ob-
tained from both non-’linear’ (NL) and crack tip opening (CTO) initiation points.

Figure 5.14: Image of crack path taken at GII/G = 0.2484 just after crack initiation;
it is evident that the crack deviates upwards, possibly towards the fibre matrix interface.
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5.5.2 Mixed mode failure criterion

A number of mixed mode failure criteria exist in literature which attempt to describe the

toughness as a function of mode mixity. Each of these criteria have a number of fitting

parameters which can be obtained by carrying out a least squares fit to the experimental

data. The failure criteria are fitted here to the experimental data presented in fig. 5.13.

The data presented in fig. 5.13 contains intitiaion reaults from both the MAX/NL

and MAX/CTO procedures; however, as the MAX/CTO method cannot be applied in

the asymmetric tests due to the extensometer not being attached, only the MAX/NL

initiation values are considered when fitting a failure locus; this is in the interest of

keeping the methods consistent between the symmetric and asymmetric tests so that

strong conclusions can be drawn. A number of mixed mode failure criteria are fitted in

the following section.

The failure criteria considered in this section are the linear criterion [15], power law

criterion [19], Benzeggagh-Kennane (BK) criterion [17], and the modified Benzeggagh-

Kennane criterion [18]. These failure criteria are outlined in table 5.7 with the fitting

parameters indicated. These parameters are found by minimising the least squares error

between each failure criterion and the experimental data using Microsoft excel solver.

The least squares error (LSE) is given by eq. 4.15. The results from fitting each of these

failure criteria are given in table 5.8 and the resulting failure loci are plotted in fig. 5.15

along with the experimental data.

It is evident from fig. 5.15 that none of the failure criteria from literature accurately

capture the shape of the experimentally measured mixed mode failure locus. The shape

of the failure locus is unusual in that it shows a decrease in the initiation toughness Gc for

a small amount of mode II loading (i.e. at GII/G = 0.2484). This is not unprecedented,

however; Dillard et al. [14] presents numerous examples where this is the case. Only

the power law is capable of capturing this decrease in toughness for an increasing mode

II component; however, it is unable to recover quickly enough to predict the correct

mode mixity at GII/G = 0.4286. The linear law does not perform well in predicting

the failure locus for this composite system and produces the largest least squares error

by a considerable margin. Both the BK law and the modified BK law produce a very

similar failure locus with similar least square errors; these errors are in line with the

errors produced by the power law fit. Overall, none of these failure criteria predict

the measured failure locus with sufficient accuracy; therefore, in order to capture each

measured point of the failure locus correctly, a piecewise linear function is fitted between

the average initiation toughnesses at each mode mixity. The piecewise linear function is

156



Experimental Analysis 5.5. Results and Discussion

given by eq. 5.6.

Gc =
( Gi+1

c av −Gic av
GII/Gi+1 −GII/Gi

)
(GII/G−GII/Gi) +Gic av

for GII/G
i ≤ GII/G ≤ GII/Gi+1

(5.6)

where the average initiation toughness Gic av is given at each corresponding mode mixity

GII/G
i in table 5.6; these coefficients are taken directly as the average toughness values

presented in table 5.4. The piecewise linear function effectively halves the least squares

i GII/G
i Gic av

1 0 210.1
2 0.2484 159.4
3 0.4286 296.1
4 0.7203 357.6
5 0.8716 576.0
6 1 750.1

Table 5.6: Coefficients for the piecewise linear fit presented in fig. 5.15 and eq. 5.6.

error compared to the power law, BK and BK modified failure criteria (9.6% compared

to 19.4%,17.9% and 18.27% respectively). Therefore, this piecewise linear function is

used as the benchmark failure locus when analysing the performance of partitioning

methods for asymmetric specimens.

Failure Critierion Equation Fitting Parameters

Linear [15] GI
GIC

+ GII
GIIC

= 1 None

Power Law [19]
(
GI
GIC

)α
+
(
GII
GIIC

)β
= 1 α, β

Benzeggagh-Kenane [17] Gc = GIC + (GIIC −GIC)
(
GI
G

)m
m

Modified BK [18] Gc = 1
GI/G

GIIC+(GIIC−GIC )

(
GI
G

)χ+
GII/G

GIC+(GIIC−GIC )

(
GII
G

)η χ, η

Table 5.7: Mixed Mode Failure Criteria.

Failure Critierion Fitted Parameters Least Squares Error (LSE)

Linear [15] - 35.7%
Power Law [19] α = 3.2, β = 0.09 19.4 %

Benzeggagh-Kenane [17] m=3.67 17.9%
Modified BK [18] χ = 0.007, η = 2.04 18.27 %
Piecewise Linear - 9.25%

Table 5.8: Results of fitting mixed mode failure criteria to experimental data.
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Figure 5.15: A comparison of linear, power law, BK, BK modified, and piecewise
linear failure criteria fitted to mixed mode delamination experiments.

158



Experimental Analysis 5.5. Results and Discussion

5.5.3 Asymmetric Fixed Ratio Mixed Mode Fracture Tests

The asymmetric geometries tested have been outlined previously in table 5.2; four beam

height ratios are tested corresponding to γ = 0.5, 1.833, 3, 4.712. Four specimens are

tested at each beam height ratio. The force vs. crosshead displacement plots for each

of these tests are presented in fig. 5.16. Also presented in these plots are the quadratic

fitting functions and fracture initiation points. The fracture initiation points are de-

termined, as before, by taking the maximum load up to the point of a 2 % deviation

in load from the fitted quadratic function (eq. 5.4). The critical initiation loads and

corresponding initiation toughnesses are presented in table 5.9, along with the measured

total specimen thickness (ht = h1 + h2) and width (B) for each sample. The toughness

is calculated as before by using eq. 5.2 for each case. The average initiation toughness

Gc av and standard deviation (SD) is also presented in table 5.9 for each beam height

ratio.

The fracture toughness, G, is plotted as a function of crosshead displacement for each

case in fig. 5.17. It is evident from this plot the fracture resistance of the specimens

increases steadily after fracture initiation. A side-view of each test configuration during

testing is presented in fig. 5.18. As with the symmetric specimens, this increase in

fracture toughness is accompanied with notable fibre bridging, which is evident from fig.

5.18. Due to the mode of loading in each case, cracks are inclined to start in adjacent

plies which promotes significant fibre bridging. These results from the asymmetric tests

are discussed in the context of mode partitioning, which is presented in the following

section.

5.5.4 Mode Partitioning of Asymmetric Tests

The mode partitioning solutions from each of the analytical partitioning theories (W[20],

HS[26],D-NSF[27] and WH [28]) are presented in table 5.3 for each of the asymmetric

beam height ratios tested. The SACA-L(Linear Softening) and SACA-D(Dugdale) parti-

tioning solutions are also calculated for the current specimen material properties, geome-

tries and loadings. As the toughness, Gc, is measured experimentally in each case, the

remaining material properties required for SACA partitioning are the substrate elastic

properties (E11, E22, ν12, ν23, G12), cohesive strength (tC), and cohesive shape parameter

(M). The values used for each of the required properties are outlined in table 5.10. The

Young’s modulus in the fibre direction is calculated directly from strain measurements

in the DIC analysis; this is outlined in section E.1.1. The Young’s modulus in the

transverse direction is taken from the material data sheet [103]. The Poisson’s ratios
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(d) γ = 4.712

Figure 5.16: Load vs. crosshead displacement for asymmetric fixed ratio mixed mode
(AFRMM) specimens.

and shear modulus are taken from literature for typical UD carbon epoxy composite

[111, 112]. The cohesive strength is again taken as the interlaminar tensile strength,

which is 60MPa for this material (Daniel Ng, Hexcel. Personal Communication). Fi-

nally, both the linear softening (L) and Dugdale (D) cohesive zone shape parameters are

used as it is believed they will give an upper and lower bound to the SACA solution. A

print out of the excel input and output for the SACA procedure is given in fig. 5.19(a)

for SACA(L) and fig. 5.19(b) for SACA(D). The predicted mode partitions from each

partitioning method are given together in table 5.11 and plotted in fig. 5.20 for each γ

ratio tested.

It is evident from fig. 5.20 that the trend of the predicted SACA mode partitions for the

current CFRP(AS4/8552) material is very similar to those presented in chapter 4 for

the CFRP material (T300/6376) tested by Hashemi et al. [32]. Those SACA predicted

mode partitions were presented in fig. 4.7. As before, the predicted mode partitions for

mode I dominated fractures (γ < 1) are predicted to be very close to the local solution of
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γ(h1/h2) SAMPLE (ht) (mm) B (mm) Pc (N) Gc(J/m
2) Gc av SD

0.500 A 9.70 29.84 151.2 262.3 294.8 24.6
0.500 B 10.16 29.76 170.4 291.9
0.500 C 9.88 29.86 171.8 320.3
0.500 D 9.76 29.84 164.3 304.6

1.833 A 7.43 29.78 357.2 339.2 350.6 14.6
1.833 B 7.48 29.79 359.6 336.8
1.833 C 7.86 29.71 401.2 362.8
1.833 D 7.48 29.70 373.0 363.7

3.000 A 6.59 29.81 447.3 387.5 396.5 37.2
3.000 B 6.64 29.79 470.4 418.7
3.000 C 6.63 29.82 428.3 348.1
3.000 D 6.83 29.78 498.1 431.6

4.714 A 5.96 29.80 524.5 410.3 469.3 79.2
4.714 B 5.74 29.81 592.1 585.9
4.714 C 5.98 29.73 547.5 445.9
4.714 D 6.20 29.69 570.1 435.1

Table 5.9: Measured initiation force and toughness values for varying moment ratios
applied to ssymmetric DCB specimens. Crack initiation is determined by taking the

maximum force recorded up to the point of non-’linearity’ according to eq. 5.4.

Suo and Hutchinson [26]; however, for mode II dominated fractures, the mode partition

is predicted to deviate away from the local solution of Suo and Hutchinson [26] and

tend towards the global solution of Williams [20]. The predicted solutions in this mode

II dominated region lie half way between the local (HS) and global (W) solutions and

lie very close to the predictions of Davidson et al. [27](D-NSF) and Wang and Harvey

[28](WH). As before, the smaller damage zone lengths predicted by the Dugdale cohesive

zone means that it always lies closer to the local solution compared to the linear softening

cohesive zone solution.

Description Property Value Source

Young’s Modulus (Fibre Direction) E11 125 GPa Section E.1.1
Young’s Modulus (Transverse Direction) E22 10 GPa Data Sheet[103]
In plane Poisson’s ratio ν12 0.3 Kriz and Stinchcomb [111]
Out of plane Poisson’s ratio ν23 0.38 Kriz and Stinchcomb [111]
Shear Modulus G12 4.6 Gpa Zhou et al. [112]
Cohesive Strength tC 60 MPa Daniel Ng, Hexcel. PC
Cohesive Shape Parameter M 0.66(L)/0.33(D) Chapter 4

Table 5.10: The material properties used in the SACA partitioning of UD AS4/8552
(carbon/epoxy) composite.

The predicted failure locus from each partitioning method is plotted individually in fig.

5.21 on top of the symmetrically measured failure locus. The predicted failure loci are

plotted together in fig. 5.22 for direct comparison. Lines are drawn to connect both

the upper and lower error bounds of each symmetric test in fig. 5.21; these upper and
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10 12 14 16 18 20 22 24 26
0

100

200

300

400

500

600

700

Crosshead Displacement, (mm)

Fr
ac

tu
re

 T
ou

gh
ne

ss
, G

 (J
/m

2 )

 

 

A
B
C
D
Fracture Initiation

(c) γ = 3

16 18 20 22 24 26 28
0

100

200

300

400

500

600

700

Crosshead Displacement, (mm)

Fr
ac

tu
re

 T
ou

gh
ne

ss
, G

 (J
/m

2 )

 

 

A
B
C
D
Fracture Initiation

(d) γ = 4.712

Figure 5.17: Fracture toughness vs. crosshead displacement for asymmetric fixed
ratio mixed mode (AFRMM) specimens.

γ M2/M1 GII/GW GII/GHS GII/GD−NSF GII/GWH GII/GSACA(L) GII/GSACA(D)

0.50 0 0.0769 0.4030 0.2359 0.2308 0.3734 0.3955
1.83 0 0.8085 0.4646 0.6242 0.6080 0.5372 0.4933
3.00 0 0.9382 0.5003 0.7303 0.7297 0.6742 0.5843
4.71 0 0.9784 0.5324 0.7061 0.8149 0.8075 0.6904

Table 5.11: Task 2: Predicted mode partitions from Williams [20](W), Suo
and Hutchinson [26](HS),Davidson et al. [27](D-NSF),Wang and Harvey [28](WH),

SACA(L) and SACA(D) for γ ratios outlined in table 5.2.

lower bounds form a region that the asymmetric tests must overlap with if partitioned

correctly. If the asymmetric tests overlap with this region when partitioned, then the

partitioning theory is compatible with the experimental results; if they do not overlap

with this region, then the partitioning theory is not compatible with the experimental

results. To quantitatively compare the performance of each of the partitioning theories,

the least squares error (LSE) between the predicted failure loci and the symmetrically

measured failure locus is calculated using eq. 4.15 as before. The symmetrically mea-

sured failure locus is described by a piece-wise linear fit between the measured toughness
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(a) γ = 0.5 (b) γ = 1.833

(c) γ = 3 (d) γ = 4.712

Figure 5.18: Images of the side of AFRMM test specimens during testing.

values at each tested mode ratio (eq. 5.6). The LSE values are presented in fig. 5.21

and table 5.12 for each method. In must be noted that in the assessment of each of the

partitioning theories using this approach, it is assumed that the measured symmetric

failure locus is unique and correct.

The predicted failure locus from the global(W) partitioning is shown in fig. 5.21(a); it is

evident that this partitioning theory does not produce a failure locus that is compatible

with the experimental results. The mode I dominated test (γ < 1) is shifted too far

towards mode I, and conversely, the mode II dominated tests (γ > 1) are shifted too

far towards mode II. The least square error between the asymmetric and symmetric

failure locus is 50.33% for global(W) partitioning. The predicted failure locus from

local(HS) partitioning is shown in 5.21(b); again, this partitioning theory produces a

failure locus that is incompatible with the symmetrically measured failure locus. In

this case, only one point is predicted to lie correctly on the true failure locus; this point

corresponds to the mode I dominated test (γ = 0.5). The least squares error between the
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(a) SACA partitioning of UD CFRP using linear softening cohesive zone shape parameter (L) (M=0.66).
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(b) SACA partitioning of UD CFRP using Dugdale cohesive shape parameter (D) (M=0.33).

Figure 5.19: Input and output from SACA excel macro using both linear softening
(L) and Dugdale (D) cohesive zone shape parameters.

asymmetric and symmetric failure locus predicted by the local partitioning is 20.73%.

Both the partitioning theories of Davidson et al. [27] and Wang and Harvey [28] predict

very similar failure loci from the asymmetric tests; these are plotted in fig. 5.21(c) and

5.21(d) respectively. In the mode II dominated region, both partitioning theories predict

a failure locus that is in very good agreement with the true failure locus; however, in

the mode I dominated test, the predicted partitions by both theories are not compatible

with the experimentally measured failure locus. The least squares errors between the

predicted failure locus and the true failure locus are 25.87% and 22.85% for D-NSF and

WH partitioning respectively. The predicted failure loci from SACA(L) and SACA(D)

partitioning are shown in fig. 5.21(e) and fig. 5.21(f) respectively. The predicted failure

locus from SACA(L) partitioning is in very good agreement with the experimentally

measured failure locus across all beam height ratios. The least squares error for the

SACA(L) partitioning is 10.37%. The predicted failure locus from SACA(D) partitioning

does not produce as good a fit to the symmetric failure locus as SACA(L) partitioning;

however, the error margins from both the symmetric and asymmetric failure loci just

about overlap, and so the results are still compatible. The least squares error for the

SACA(L) partitioning is 16.76%.

Only the SACA partitioning approach succeeds in predicting the true measured failure

locus for this test program. This serves as experimental evidence that a damage based

approach must be used in order to obtain accurate mode partitioning solutions. Exper-

imentally, the correct mixed mode partition has been confirmed to lie between the local

(HS) and global (W) partitioning solutions, and to lie closer to the local(HS) partition-

ing in mode I dominated fracture; only SACA predicts this behaviour, which had been
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Figure 5.20: SACA partitioning (L-Linear softening, D-Dugdale) of asymmetric tests.

observed numerically in chapter 3. In the analysis of results from Hashemi et al. [32] in

the previous chapter, no concrete conclusions could be made about the validity of each of

the partitioning theories, as each of W, D-NSF, WH and SACA partitioning produced

plausible failure loci; only HS partitioning seemed to produce an un-physical failure

locus. This shortfall is addressed in the current test program by explicitly measuring

the mixed mode failure locus using symmetric specimens. The in-ability of each of the

analytical partitioning theories to correctly predict the correct failure locus is further

evidence that a new damage dependent partitioning theory is required. The ability of

the SACA approach to correctly predict the symmetrically measured failure locus, for

both the current experiments and those presented in Ducept et al. [33], confirms that the

numerically observed relationship between damage zone length and mode mixity holds

true and can be used to obtain accurate mixed mode partitions in real life experiments.
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(c) D-NSF
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Figure 5.21: Predicted failure loci based on various partitioning techniques compared
to true failure failure, which is measured using symmetric specimens.
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Figure 5.22: Predicted failure loci resulting from various partitioning of the Asym-
metric tests.

Partitioning Method Least Squares Error (LSE)

W 50.33%
HS 20.73%

D-NSF 25.87%
WH 22.85%

SACA(L) 10.37%
SACA(D) 16.76%

Table 5.12: Least square errors associated with each partitioning technique.
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5.6 Chapter Conclusions

This chapter outlines an experimental study in which the mixed mode failure locus of

AS4/8552 (carbon/epoxy) is measured using symmetric specimens, and then various

partitioning theories are assessed in their ability to produce this failure locus when

applied to partition fracture energies obtained in asymmetric tests on the same material.

The first part of this chapter deals with the measurement of the mixed mode failure

locus using symmetric specimens. A DCB-UBM (double cantilever beam loaded with

uneven bending moments) test rig is used to obtain this. The moment ratio is varied

to obtain different mode mixities in order to cover the full failure locus ranging from

pure mode I to pure mode II; six different moment ratios are tested corresponding to

GII/G = 0; 0.248; 0.4286; 0.72; 0.8716; 1. The fracture initiation is measured in each case

using two procedures; by taking the maximum load up to a deviation from ’linearity’ in

the load displacement curve (MAX/NL), and by taking the maximum load up to a 10

µm crack tip opening (MAX/CTO). The fracture initiation values from both of these

methods are found to be in very good agreement for each mode ratio, with the exception

of pure mode II, where the initiation values were slightly higher for the MAX/CTO

method. This discrepancy could be attributed to the fact that the extensometer does

not open significantly due to mode I fracture initiation, and hence the fracture initiation

may not have been captured correctly. However, the general agreement between the

measured fracture initiation values from both methods indicates that fracture initiation

is picked up in a consistent manner. The measured failure locus was verified at three

points corresponding to mode I, mixed mode (GII/G = 3/7) and mode II using standard

DCB, FRMM, and C-ELS tests respectively. It was found that there was, in general,

very good agreement between the measured toughness values from the DCB-UBM and

the standard tests, which backs up the assumption that the true mixed mode failure

locus can be accurately obtained using the DCB-UBM test method.

The measured failure locus shows a general increase in toughness as the mode II com-

ponent is increased; however, there is an exception to this trend when a small amount

of mode II loading is introduced (GII/G = 0.248). In this case, the measured initia-

tion toughness is seen to drop from the pure mode I value of 210 J/m2 to 159 J/m2

at GII/G = 0.248. It was discussed that this drop in toughness may be attributed to

either:

• A reduction in the stress concentration in the resin rich region due to the principal

tensile stresses being concentrated away from this region; this would lead to a

reduced level of plasticity, and hence toughness, upon fracture initiation.
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• A lower interface toughness between the matrix and the fibres. It is observed from

an image that the crack initially kinks towards the fibre matrix interface at crack

initiation. It is possible that fracture initiated here first due to the way the stress

field is angled at this mixed mode loading.

This observed drop in toughness at a low mode II component has been reported pre-

viously by Dillard et al. [14] for fractures in adhesive joints. However, this behaviour

in composites requires further investigation. A number of mixed mode failure criteria

from the literature are fitted to the experimental data; the failure criteria tested are

the linear failure law [15], power law [19], Benzeggagh-Kenane law [17], and modified

Benzeggagh-Kenane law [18]. Out of each of these theories, only the power law can pick

up the initial drop in toughness for increasing mode II component; however, it is unable

to accurately predict the measured toughness at GII/G = 0.43. Therefore, none of the

mixed mode failure criteria found in literature could accurately describe the measured

data for this material. For the purpose of comparing the asymmetric tests, a piece-wise

linear failure locus is therefore assumed.

In the second part of this chapter, asymmetric fracture tests are carried out on the

DCB-UBM test rig. In each case, the applied moment ratio is zero. Four different

beam height ratios (γ = h1/h2) are tested, corresponding to γ = 0.5; 1.833; 3; 4.712.

The fracture initiation point in these tests are determined only using the MAX/NL

procedure, as no extensometer was attached to the samples in this case. After crack

initiation in each case, it is found that the measured toughness increases as a function

of crack length. On inspection of the side of the sample during testing, it is evident that

a secondary interlaminar crack always forms in the loaded beam, adjacent to the main

interlaminar crack. This secondary crack eventually become the main crack, creating

significant fibre bridging in the process. This behaviour is observed in the symmetric

specimens at GII/G = 0.248 and GII/G = 0.43, where significant increasing R curve

behaviour is also observed.

The measured initiation fracture toughness is partitioned according to the analytical

partitioning theories; these are Williams [20](W), Suo and Hutchinson [26](HS), David-

son et al. [27](D-NSF), Wang and Harvey [28] (WH), and the newly developed SACA

partitioning. Both the linear softening (L) and Dugdale (D) cohesive zone shapes are

used in SACA partitioning. It is found that only SACA(L) and SACA(D) partitioning

of the asymmetric tests produce a failure locus that is compatible with the symmet-

rically measured failure locus. SACA(L) performs the best, however, which suggests

that the correct cohesive law is given by a linear softening shape. Both the D-NSF and

WH partitioning produce consistent results in the mode II dominated cases; however,
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they do not predict the correct mode partition for the mode I dominated case, which

is predicted to be close to the local solution of Suo and Hutchinson [26]. The local

partitioning only predicts this point correctly, as the correct mode partition evidently

moves away from the local solution towards the global solution in the mode II domi-

nated cases, as is predicted by the numerics. The global solution of Williams [20] does

not perform well in predicting the correct failure locus either; in the mode I dominated

case, it predicts it is almost pure mode I (92%), whereas the measured toughness is

close to the local solution, which is only 60% mode I; in the mode II dominated cases,

the global solution also predicts that they are too close to mode II, where the correct

solution evidently falls in between the prediction of the local and global solution. The

ability of the SACA partitioning to accurately predict the mode partitioning based on

the substrate and cohesive zone properties is further evidence that the mode partition

is indeed dependent on damage in reality, and the numerical simulations can accurately

capture this dependence.
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Chapter 6

Conclusions and Future Work

6.1 Introduction

This chapter outlines a summary of the main conclusions and contributions arising from

the thesis, and outlines some recommendations for future work in the area.

6.2 Summary and Conclusions

The first chapter of this thesis presents an overview of mixed mode fracture in laminated

composite materials. Current analytical theories for decomposing energy release rates in

beam like geometries are reviewed, along with their applications to experimental data in

the literature. The main theories discussed are the local solution of Suo and Hutchinson

[26], the global solution of Williams [20], the non-singular field solution developed by

Davidson et al. [27] and the Euler beam theory solution of Wang and Harvey [28]. It

is shown that there is considerable disagreement between each of these theories when

a crack is located off-centre between beams. Various experimental studies were carried

out in the literature to assess the performance of each of these theories [27, 32, 33, 35];

however, the conflicting results from each of these studies suggest that there is no one-

size-fits-all procedure available for obtaining accurate partitions.

The second chapter of this thesis examines various methods of obtaining numerical

partitions in beam like geometries. In particular, the virtual crack closure technique

(VCCT), interaction domain integral (IDI) and mode decomposed J (MDJ) integral are

all examined. The mixed mode partitioning of the asymmetric fixed ratio mixed mode

(AFRMM) test is investigated as a function of beam height ratio and compared to the
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analytical solutions of Williams [20], Suo and Hutchinson [26], Wang and Harvey [28] and

Davidson et al. [27]. Elastic properties are used in all cases and no crack propagation

or damage is modelled. Overall, it is found that each of the partitioning techniques

(VCCT, IDI, MDJ) predict the correct ERR to a high degree of accuracy (< .06% error).

Each numerical partitioning technique also predicts the same mixed mode partition

up to the third significant digit. Most interestingly, this predicted partition is very

close to the analytical prediction of Suo and Hutchinson [26], and it is evident that the

other analytical solutions of Williams [20], Wang and Harvey [28] and Davidson et al.

[27](D-NSF) should not be used to predict mode partitions in ideally elastic beam-like

geometries. It is no surprise that the local solution of Suo and Hutchinson [26] performs

so well in predicting the elastic mixed mode partitions as the assumptions made in the

analytical analysis are matched in the numerical simulations. This main assumption is

the presence of singular stress fields at the crack tip, which is allowed to develop in the

numerical simulations in the absence of any damage law or cohesive zone.

In the third chapter of this thesis, damage is introduced into the models using a cohesive

zone model. Fracture is modelled by inserting cohesive elements along the expected

fracture plane. Upon loading, the cohesive elements initiate and a fracture process zone

develops and propagates. Initially, a number of partitioning techniques were tested for

accuracy and/or appropriateness against the benchmark of the FRMM test. Partitioning

using the crack tip element (CTE) was found to produce a different partition than the

known analytical partition. This was attributed to the fact that all of the elements in

a developing damage region undergo a different loading history, and while globally the

mode partition is correct, there is no requirement that locally this has to be the case.

Integration along the cohesive surfaces (JΓcoh) was initially found to give an incorrect

mixed mode partition during damage development, but this could be explained by the

fact that it does not account for all of the applied energy. At the point of crack initiation,

it was found to give the analytical mode partition. The mode decomposed J integral

(JΓext) predicted the correct partition for all stages of loading in the FRMM test and

was deemed to be the most robust method of partitioning.

In the second part of this chapter, the mode partition is studied as a function of varying

cohesive properties in both AFRMM and ADCB test geometries. The mode partitions

are obtained by integrating along the cohesive surfaces when the simulation reaches

steady state. Two different cohesive zone formulations are used in the study; a coupled

linear softening cohesive zone formulation, which is readily available in Abaqus [42],

and an uncoupled Dugdale (constant traction) formulation developed by Yang et al.

[67]. Due to thermodynamic inconsistencies in the coupled cohesive zone, it is required

to keep the pure mode strengths, and toughnesses, equal under mixed mode loading
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conditions. The uncoupled cohesive zone does not suffer from such problems, and a

number of cases are tested where GIC 6= GIIC . A number of conclusions are drawn from

this study:

• When the fracture process zone is small, the local partitioning solution is also

recovered from the cohesive zone solution. This is in agreement with results pre-

sented in Parmigiani and Thouless [40].

• As the cohesive zone size grows, the partition deviates away from the local solution,

and in all cases moves towards the global solution, which seems to form the upper

bound.

• The cohesive zone properties are chosen to represent values which would typically

be expected in composites and adhesive joints, and it is found that in most cases the

numerical partition lies between the local and global solutions, suggesting limited

applicability of both the local and global approaches in their current form.

Based on these numerical findings, it is proposed that the cohesive length relative to the

size of the K dominant region is the controlling factor in determining the mode mixity

between local and global solutions. A mixed mode parameter, f , is introduced which

uniquely describes how global f = 0 or local f = 1 a particular solution is. When the

normalised cohesive length for all cases are plotted against this mixed mode parameter,

a unique dependency is observed which is independent of test geometry (AFRMM or

ADCB), cohesive properties, cohesive zone type (coupled linear softening or uncoupled

Dugdale), and whether GIC < GIIC or GIC > GIIC .

In chapter 4 of this thesis, a semi-analytical cohesive analysis (SACA) is proposed for

calculating mixed mode partitions based on this observed unique dependency. An expo-

nential function of the form f = aeblnd+cedlnd is found to accurately describe the observed

unique dependency, and the various parameters are found by obtaining a least squares

fit to the data. The SACA approach utilises analytical estimations of cohesive zone

length [96] to determine the mode mixity from the unique dependency curve. Equations

are proposed for calculating cohesive zone lengths in asymmetric geometries under gen-

eral mixed mode conditions; these are found to give reasonable estimates when a shape

factor, M , of 0.66 is used for the linear softening cohesive zone, and a shape factor

of 0.33 is used for the Dugdale cohesive zone. The required parameters in the SACA

analysis are; substrate elastic properties; beam geometry and loading; cohesive strength

and shape factor M . A value of Gc is also required for the analysis; this can be obtained

directly from experiments, or in the absence of this data, can be estimated directly from

an assumed failure locus. The method is found to work well in predicting mixed mode
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partitions when compared directly to numerically measured values in a verification test

case using the coupled linear softening cohesive zone. The proposed unique dependency

curve is also found to hold true for this verification test case.

In the final part of this chapter, the proposed SACA method is used to re-partition

AFRMM and ADCB/AMMB test data from previously contrasting reports in the liter-

ature [32, 33]. Both linear softening and Dugdale cohesive zone shape factors are used

as they give an upper and lower bound to the trapezoidal law. It is found that the

SACA partitioning (Linear softening and Dugdale) could be used to explain the results

from both cases, based on the estimated cohesive length scale parameter. Two main

conclusions can be drawn from this:

• The cohesive zone approach captures the experimentally observed shift from the

local towards the global partitioning as the level of damage increases.

• The proposed semi-analytical cohesive analysis proves an efficient and accurate

method for predicting mixed mode partitions.

Chapter 5 of this thesis outlines an experimental study in which the mixed mode failure

locus of AS4/8552 (carbon/epoxy) is measured using symmetric specimens, and then

various partitioning theories are assessed in their ability to produce this failure locus

when applied to partition fracture energies obtained in asymmetric tests on the same

material. The measured initiation fracture toughness is partitioned according to the an-

alytical partitioning theories; these are Williams [20](W), Suo and Hutchinson [26](HS),

Davidson et al. [27](D-NSF), Wang and Harvey [28] (WH), and the newly developed

SACA partitioning. Both the linear softening (L) and Dugdale cohesive zone shapes are

used in SACA partitioning. It is found that only SACA(L) and SACA(D) partitioning

of the asymmetric tests produce a failure locus that is compatible with the symmet-

rically measured failure locus. SACA(L) performs the best, however, which suggests

that the correct cohesive law is given by a linear softening shape. Both the D-NSF and

WH partitioning produce consistent results in the mode II dominated cases; however,

they do not predict the correct mode partition for the mode I dominated case, which is

predicted to be close to the local solution of Suo and Hutchinson [26]. This is the only

case that local partitioning accurately predicts, as the correct mode partition evidently

moves away from the local solution towards the global solution in the mode II domi-

nated cases. The global solution of Williams [20] does not perform well in predicting the

correct failure locus either; in the mode I dominated case, it predicts it is almost pure

mode I (92%), whereas the measured toughness is close to the local solution, which is

only 60% mode I; in the mode II dominated cases, the global solution also predicts that
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they are too close to mode II, where the correct solution evidently falls in between the

local and global solution. The ability of the SACA partitioning to accurately predict

the mode partitioning based on the substrate and cohesive zone properties is further

evidence that the mode partition is indeed dependent on damage in reality, and the

numerical simulations can accurately capture this dependence.

6.3 Future Recommendations

This sections outlines a number of areas where there is considerable scope for future

work.

6.3.1 Accurate measurement of cohesive zone laws

It was attempted to directly measure the cohesive zone laws during fracture testing

using both DIC and with an extensometer placed at the crack tip. However, sufficient

accuracy was not obtained and there was no consistency achieved between the DIC and

extensometer measurements in the mode I case. It is believed that there is scope to

carry out these experiments in-situ on a smaller scale under the microscope, so that

the fracture processes can be monitored in much more detail. DIC can then be used to

extract much more accurate crack tip opening and shearing displacements, which could

be obtained very close to the crack tip. Along with obtaining accurate cohesive zone

laws, the particular failure mechanisms under the various modes of loading could be

studied in much greater detail as they develop under the microscope; this information

could lead to the development of a physically based predictive failure criteria.

6.3.2 Micro-mechanical modelling of mixed mode fracture process zones

Currently, there is no predictive mixed mode failure criteria for failure in laminated

composite materials. This is partly down to the fact that often these failures occur

as a mixture of many different failure mechanisms, and it is not straightforward to

predict the contributions of each. Alongside experimental observations, it is believed

that micro-mechanical models of the composite structure at the micro scale could be

used to identify the various damage mechanisms which occur under different loadings,

and therefore predict the toughness at a given global mode of loading. These models

could be used to attain a deeper understanding as to what happens at the micro level

that contributes to the changes in fracture toughness observed in experimental tests

under different loadings.
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6.3.3 Measurement of physical damage zone size

The damage zone size has been shown to be a critical parameter in determining the

mode mixity in the current work. An important area of future work would be to try to

directly measure the damage zone size in fracture samples to see if there is a direct cor-

relation between the damage zone lengths measured in experiments and those predicted

by numerical simulations. Possible techniques for estimating damage zone size could

include X-ray CT scanning, scanning electron microscopy(SEM) and fractography.

6.3.4 Uniqueness of mixed mode failure locus.

Finally, it is assumed throughout this work that the mixed mode failure locus is unique.

i.e. a single mode partition corresponds only to a single toughness value. This idea is

deeply rooted in linear elastic fracture mechanics, where the crack behaves in an elastic

manner and therefore exhibits path independence. However, more work needs to be

carried out on actual fracture process zones to see if the final toughness is dependent on

the loading path, or only on the final applied mode ratio, as assumed currently. This

could also be investigated using the micro mechanical models in conjunction with in-situ

experiments.

176



Appendix A

Limitations of Cohesive Zones

derived from General Potential

Functions

An example potential function is given below in eq. A.1

G

GIIC
=

(δ∗/δ0 + ξ)n − ξn
(1 + ξ)n − ξn

(
π/2 + θ

π

)
; for 0 ≥ δ∗/δ0 ≤ 1 (A.1)

where G is the ERR, GIIC is the critical mode II ERR, δ0 is the critical displacement,

which is set to 2 mm, δ∗ is the current effective displacement given by:

δ∗ =
√
δ2
N + δ2

S (A.2)

where δN and δS are the normal and shear displacements in the cohesive zone. ξ and n

are shape factors and are set to 0.1 and 0.2 respectively. θ adds a dependence on the

ratio of displacements and is given by:

θ = tan−1 δS
δN

(A.3)

The potential function of eq. A.1 is adapted from Sørensen and Kirkegaard [82] but

with the last term in brackets added to give the function a dependence on the mode of
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loading. Three different test loadings are carried out corresponding to:

A :θ = π/4 (Constant displacement ratio)

B :θ = (
π

2
)− (

d∗

d0
)(
π

4
) (Initially pure mode II)

C :θ = (
d∗

d0
)(
π

4
) (Initially pure mode I)

(A.4)

In case A, the displacement ratio remains constant throughout the loading; in case B, the

loading starts out in pure mode II and mode I loading is gradually introduced; in case

C, the loading starts out in pure mode I and mode II loading is gradually introduced.

In all cases the final displacement ratio is equal with δS/δN = 1. The potential function

of eq. A.1 is plotted in fig. A.1 showing the three different loading paths A, B and C.

Using the chain rule, the normal and shear tractions (tN , tS) are obtained by partially

differentiating the potential function as follows:

tN (θ, δ∗) =
∂G

∂δN
= cos θ

∂G

∂δ∗
− sin θ

δ∗
∂G

∂θ

tS(θ, δ∗) =
∂G

∂δS
= sin θ

∂G

∂δ∗
+

cos θ

δ∗
∂G

∂θ

(A.5)

When expanded, the normal and shear tractions are given by:

tN (θ, δ∗) = cos θ
GIICn

δ0

(π/2 + θ

π

)(δ∗/δ0 + ξ)n−1

(1 + ξ)n − ξn −
sin θ

δ∗
GIIC
π

(δ∗/δ0 + ξ)n − ξn
(1 + ξ)n − ξn (A.6)

tS(θ, δ∗) = sin θ
GIICn

δ0

(π/2 + θ

π

)(δ∗/δ0 + ξ)n−1

(1 + ξ)n − ξn +
cos θ

δ∗
GIIC
π

(δ∗/δ0 + ξ)n − ξn
(1 + ξ)n − ξn (A.7)

These normal and shear traction functions are plotted graphically in fig. A.2(a) and

fig. A.3(a) respectively, and the individual traction-displacement curves for loadings A,

B and C for both normal and shear openings are shown in fig. A.2(b) and fig. A.3(b)

respectively as a function of the respective opening and shear displacements. Integration

of these normal traction-normal opening and shear traction-shear opening curves up to

the critical displacement yields the mode I and mode II ERR for the given loading cycle.

i.e.

GI =

∫ δ0

0
tN (θ, δ∗)dδN ; θ = A,B,C

GII =

∫ δ0

0
tS(θ, δ∗)dδS ; θ = A,B,C

(A.8)

To calculate these integrals, δ∗ is incremented from 0 to δ0 in steps of .01 mm and at

each step, δ∗ is decomposed into δN , δT using the definition of θ given in eq. A.4. This

gives a value of tN and tS corresponding to the respective displacements δN ,δS for each
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loading case (i.e. Curves in fig. A.2(a) and fig. A.3(a)). The integration of these curves

is performed numerically using the trapezoidal rule; this is carried out in Matlab and

the results are presented in table A.1.

Figure A.1: Potential surface given by eq. A.1

(a) Normal traction function given by eq. A.6
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(b) Normal traction vs. normal displacement

Figure A.2: Normal traction

It is clear from the results in table A.1 that the total ERR G is equal in all cases, as is

required by the potential function for loading cases that end up at the same displacement

ratio at final failure. However, the energies dissipated in mode I and mode II vary

significantly depending on the path taken to arrive at the final displacement. This

example confirms eq. 3.1 and therefore this potential cohesive zone is not consistent
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(a) Shear traction function given by eq. A.7
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(b) Shear traction vs. shear displacement

Figure A.3: Shear traction

Loading GI (J/m2) GII (J/m2) G (J/m2) GII/G

A 123.9 626.0 750.0 0.8347
B -78.6 828.6 750.0 1.1048
C 348.3 401.7 750.0 0.5356

Table A.1: Mode I ERR GI , mode II ERR GII , total ERR G and mode partition
GII/G from the potential function outlined by eq. A.1 for the various loadings outlined

in eq. A.4

with the definition of the failure locus defined in chapter 1. Also, loading B exhibits

another downside of the general potential function in that a negative energy contribution

is predicted by the normal traction-displacement curve (fig. A.2).
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Appendix B

Limitations of Coupled

Linear-Softening Cohesive Zone

B.0.5 Introduction

It has been highlighted in chapter 3 that the current abaqus CZM suffers from inaccu-

rate energy dissipation when the pure mode I toughness (GIC) and the pure mode II

toughness (GIIC) are set to different values. There is also inaccuracy when the cohesive

strengths (tNC , tSC) and the initial penalty stiffnesses (kyy, kxx) are unequal. The co-

hesive zone model is illustrated graphically in fig. 3.1. The individual effects of each of

these properties are investigated in this section. These issues have also been highlighted

in previous publications [86, 87, 94]. Turon et al. [87] proposed a modification to this

cohesive zone formulation but this requires the normal and shear cohesive strengths to

be set at a certain ratio to ensure correct energy dissipation under changing mode mixity

[91, 94].

B.0.6 Case Setup

The AFRMM model is utilised in this analysis with γ = 1. Again, this case is of

particular interest because the mode partition is known to be exact. The model setup

is shown in fig. 3.11(a). As before, a quadratic initiation criterion (eq. 3.2) and linear

failure locus (eq. 3.7) are used. The cohesive and substrate properties used in the

current case studies are outlined in table B.1

In case A, the strengths, toughnesses and penalty stiffnesses are set to be equal and

simulations with three beam stiffnesses are carried out. In case B, the mode II toughness
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Case GIC (J/m2) GIIC (J/m2) tNC (MPa) tSC (MPa) kyy (Pa/m) kxx (Pa/m) Beam Stiffness (GPa)

A1/A2/A3 200 200 45 45 1.00E+15 1.00E+15 50/500/1000
B1/B2/B3 200 400 45 45 1.00E+15 1.00E+15 50/500/1000
C1/C2/C3 200 200 30 60 1.00E+15 1.00E+15 50/500/1000

D3 200 200 60 30 1.00E+15 1.00E+15 1000
E3 200 200 45 45 1.00E+13 1.00E+17 1000

Table B.1: Cohesive Zone properties used for the investigation of energy dissipation.

is set greater than the mode I toughness, with all remaining properties remaining equal.

In case C, the shear cohesive strength is set higher than the normal cohesive strength,

with all other properties remaining equal. In case D, the normal cohesive strength is set

higher than the shear cohesive strength, with all other properties remaining equal. In

case E, the shear penalty stiffness is set higher than the normal penalty stiffness, with

all other properties remaining equal. For cases A, B and C, three cases are carried out to

examine the effect of substrate stiffness on the result, with cases 1, 2 and 3 corresponding

to beam stiffnesses of 50 GPa, 500 GPa and 1000 GPa respectively. A larger substrate

stiffness results in a larger cohesive zone length so it is believed that this will increase

the local variation of mode mixity in a cohesive element from initiation to failure, and

hence increase the error.

B.0.7 Results and Discussion

For each of the cases outlined in table B.1, the mode decomposed J integral (eq. 3.11)

is applied to the cohesive surfaces once steady state crack propagation is reached. This

yields values for GI and GII , which are plotted against each other for each case in fig.

B.1. For cases A, B and C, the beam stiffness is varied to examine the effect of increasing

the size of the damage zone. The larger data points indicate larger beam stiffness.

For case A (GIC = GIIC , tNC = tSC , kxx = kyy), all of the data points lie along the

specified failure locus. Therefore, the correct amount of energy is dissipated by the CZM.

Also the increase in beam stiffness, and hence the extent of damage, has no effect on

the accuracy of the energy dissipated. For case B (GIC < GIIC , tNC = tSC , kxx = kyy),

there is more energy dissipated than is specified for that given mixed mode ratio. The

error increases as the size of the damage region increases. This is an interesting point

as it gives a major clue as to why such inaccuracy exists in this CZM. It is seen in

chapter 3 that under the current AFRMM mixed mode loading (k = 0), the cohesive

zone tends to initiate in pure mode II when the damage region is fully developed. When

the cohesive zone initiates, it uses its current mode mix to estimate displacement at

failure (δf fig. 3.1) based on the required energy dissipation. The displacement at

failure is needed in order to be able to soften the tractions linearly with increasing
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Figure B.1: Plot of CZM energy dissipation

effective displacement. However when the mode mix changes, the current CZM re-

estimates δf based on the updated mode mix and does not consider the energy already

dissipated by the cohesive element (i.e. it assumes it has always been operating at the

current mode mix). This can lead to an incorrect amount of energy being dissipated.

A similar pattern is seen in case C (GIC = GIIC , tNC < tSC , kxx = kyy) where the

shear cohesive strength, tSC , is set higher than the normal cohesive traction, tNC . In

this case, initiation occurs at a higher traction in mode II and as the mode mix starts

to change, δf will increase in order to dissipate the correct energy at the current mode

mix. However it does not realise it has already dissipated a larger amount of energy at

a higher traction and so more energy is again dissipated than is specified. The opposite

effect is seen in case D (GIC = GIIC , tNC > tSC , kxx = kyy) where the shear cohesive

strength, tSC , is set lower than the normal cohesive strength, tNC . In this case the critical

displacement, δf , will start to decrease as the mode mix changes. This will result in

less energy being dissipated than is specified. Figure B.2 plots the effective traction

separation curves for each of the cases discussed. The most worrying case by far is case

E (GIC = GIIC , tNC = tSC , kxx > kyy) in which the initial stiffnesses of the cohesive

zone are set to be different. It is now required to discuss the governing equations to

explain the poor accuracy in energy dissipation and erratic traction separation behaviour
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seen in case E.
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Figure B.2: Effective traction separation curves.

After the initiation traction of the cohesive element has been reached, the effective

traction (teff =
√
t2N + t2S) is softened linearly with increasing effective displacement

(δeff =
√
δ2
N + δ2

S), according to equation 3.6, where the damage variable D is in-

cremented linearly with increasing effective displacement, starting at zero at damage

initiation and reaching a value of one at the critical displacement, δf according to eq.

3.5. By substituting expressions for the un-damaged tractions (t̄N , t̄S) given by the pre-

damage stiffness matrix in eq. 3.4 (i.e. t̄N = kyyδN ; t̄S = kxxδS) directly into eq. 3.6,

the effective traction, teff can be rewritten as a function of the effective displacement

δeff as follows:

teff = (1−D)

√
(xkyy)2 + (kxx)2

1 + x2
δeff (B.1)

where x = δN/δS . It is clear from eq. B.2 that there will only be a linear relationship

between the effective traction and effective displacement if the ratio of normal to shear

displacement in the cohesive element remains constant from initiation to failure. It has

been observed that this is not the case for large damage regions as the mode mix changes

considerably from initiation to failure. Equation B.2 coupled with a changing ratio of

δN/δS can therefore explain the erratic behaviour of the traction separation curve and

hence the large error in energy dissipation observed in case E3. It should be noted that
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if kxx = kyy = K, eq. B.2 reduced to:

teff = (1−D)Kδeff (B.2)

and hence there is no issue with a changing mode mix (assuming there is no change in the

predicted δf as seen in cases B-D). As the penalty stiffnesses are only only a numerical

artefact, it is not a problem to set them to be equal. However, it is very important to

be aware of the possible errors which may be created of they are set differently in the

current formulation; something which is not mentioned in the abaqus documentation

[42].

B.0.8 Conclusion

Issues with the current cohesive zone model have been highlighted in this section. It has

been shown that the model suffers from incorrect energy dissipation when the parameters

of toughness, strength and stiffness are not chosen to be equal in the mode I and mode II

directions. It has also been shown that the changing mode mix leads to incorrect energy

dissipation in this cohesive zone element. Abaqus documentation [42] only mentions

the assumption of a constant mode mix and it does not warn against the use of these

elements under conditions of a changing mode mix. It is clear that though the current

cohesive zone model allows the mode mix ratio to change, it does not correctly account

for it in its overall energy estimation.
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Excel Macro: Semi-Analytical

Cohesive Analysis

Sub Partition ()

j = 11

m = Cells(7, 11)

Do While Cells(j, 1).Value <> "" ’Loop through All Cells

f = 0.5 ’Initial guess for f

’Read in Values

’Geometry

h1 = Cells(j, 1).Value / 1000

h2 = Cells(j, 2).Value / 1000

g = h2 / h1

hc = WorksheetFunction.Min(h1 , h2) ’Smallest Characteristic

Length

bc = WorksheetFunction.Max(h1 , h2)

k = Cells(j, 3).Value

h = (h1 + Abs(k) * h2) / (1 + (bc / hc) * Abs(k))

’Substrate elastic properties

E11 = Cells(j, 4).Value * 1000000000#

E22 = Cells(j, 5).Value * 1000000000#

E33 = E22

G12 = Cells(j, 6).Value * 1000000000#

v12 = Cells(j, 7).Value

v21 = v12 * (E22 / E11)

v23 = Cells(j, 8).Value

’Cohesive Properties

S = Cells(j, 9).Value * 1000000#

GIC = Cells(j, 10).Value
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GIIC = Cells(j, 11).Value

Gc = Cells(j, 12).Value

v31 = v12 * (E33 / E11)

v21 = v12 * (E22 / E11)

v13 = v12

v32 = v23

’Calculate plane strain elastic properties

E11o = E11 / (1 - v13 * v31)

E22o = E22 / (1 - v23 * v32)

v21o = (v21 + v23 * v31) / (1 - v23 * v32)

’Determine whether plane stress or plane strain option is

chosen

’Plane Stress Option

If Cells(7, 4).Value = 1 Then

b11 = 1 / E11

b22 = 1 / E22

b21 = -v21 / E22

b66 = 1 / G12

’Plane Strain Option

ElseIf Cells(7, 4).Value = 2 Then

b11 = 1 / E11o

b22 = 1 / E22o

b21 = -v21o / E22o

b66 = 1 / G12

End If

’Calculate effective mode I and mode II elastic constants

EI = 1 / ((Sqr(b11 * b22 / 2)) * Sqr(Sqr(b22 / b11) + (2 *

b21 + b66) / (2 * b11)))

EII = E11 / (1 - v13 * v31)

’Calcuation of Mode Mix

For i = 1 To 1000

GIGw = GIGwn(f, g, k) ’Calculate GI/G from global analytical

solution (Williams)

GIGhs = GIGhsn(f, g, k) ’Calculate GI/G from local

analytical solution (Hutchinson & Suo)

GIG(i) = (1 - f) * GIGw + (f) * GIGhs ’Calculate mode mix

based on the value of the normalised mode mixity.

If i >= 1 Then ’Enter only if at least one loop hs

occurred previosly

If (Abs(GIG(i) - GIG(i - 1))) <= 1e-05 Then ’Check if

the solution is converged

Cells(j, 18).Value = i ’Print number of loops if

convergence is reached

187



Appendix C. SACA Excel Macro

Exit For

End If

End If

If i = 1000 Then ’Check if too many iterations have occurred

Cells(j, 18).Value = "Not Converged"

Exit For

End If

If Cells(j, 12).Value = "" Then ’Check if Gc value has been

entered

’If no Gc value is enetered , calculate GI and GII according

to Failure Locus

’If linear failure locus is chosen

If Cells(6, 10).Value = 1 Then

If GIG(i) < 1 Then

GIICg = 1 / ((GIG(i) / ((1 - GIG(i)) * (GIC))) + (1 / GIIC))

GICg = GIC * (1 - (GIICg / GIIC))

Else

GICg = 1 / (((1 - GIG(i)) / ((GIG(i)) * (GIIC))) + (1 / GIC))

GIICg = GIIC * (1 - (GICg / GIC))

End If

’If BK failure locus is chosen

ElseIf Cells(6, 10).Value = 2 Then

Gbk = GIC + (GIIC - GIC) * ((1 - GIG(i)) ^ m)

GICg = GIG(i) * Gbk

GIICg = Gbk - GICg

End If

Else

GICg = GIG(i) * Gc

GIICg = (1 - GIG(i)) * Gc

End If

’Calculate Cohesive Zone lengths

lchI = (((EI * (GICg)) / (S ^ 2)) ^ (1 / 4)) * (h ^ (3 / 4))

’Calculate mode I cohesive zone length

lchII = Sqr((EII * (GIICg) / (S ^ 2)) * h) ’Calculate mode

II cohesive zone length

If Cells(3, 9).Value = 1 Then ’Check if linear softening or

Dugdale cohesive zone shape is chosen

lcz = 0.66 * WorksheetFunction.Max(lchI , lchII) ’For linear

softening cohesive zone shape

ElseIf Cells(3, 9).Value = 2 Then

lcz = (1 / 3) * WorksheetFunction.Max(lchI , lchII) ’For

Dugdale cohesive zone shape

End If
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lnd = lcz / hc ’Calculate the normalised cohesive zone length

f = 0.9585 * Exp ( -0.2326 * lnd) + 0.0985 * Exp ( -0.018 * lnd)

’Calculate normalised mode mixity based on unique curve

If f >= 1# Then

f = 1# ’If f>1, return f=1. This means singular zone is so

small that local solution is correct

End If

Next i ’Repeat step

’Print values when the loop is exited

Cells(j, 13).Value = 1 - GIG(i) ’Print estimated mode mix

GII/G

Cells(j, 14).Value = lcz * 1000 ’Print estimated cohesive

zone length

Cells(j, 15).Value = f ’Print normalised mode mix

Cells(j, 16).Value = 1 - GIGw ’Print analytical mode mix

(Global)

Cells(j, 17).Value = 1 - GIGhs ’Print analytical mode mix

(Local)

j = j + 1

Loop

End Sub

Function GIGwn(f, g, k) ’Function to calculate global mode mix

(Williams)

X3 = (1 + g) ^ 3 - 1

X4 = (((1 + g) / g) ^ 3 - 1)

lam1w = g ^ 3

lam2w = 1

GIw = (X3 + (lam2w ^ 2) * X4 + 2 * lam2w) * (( lam1w / (lam1w +

lam2w)) ^ 2) * (1 - k / lam1w) ^ 2

GIIw = (X3 + (lam1w ^ 2) * X4 - 2 * lam1w) * (( lam2w / (lam1w +

lam2w)) ^ 2) * (1 + k / lam2w) ^ 2

GIGwn = GIw / (GIw + GIIw)

End Function

Function GIGhsn(f, g, k) ’Function to calculate local mode mix

(Hutchinson Suo)

X3 = (1 + g) ^ 3 - 1

X4 = (((1 + g) / g) ^ 3 - 1)

If g >= 1 Then

P = 0.75 * (1 - 0.2 * ((g - 1) / g))

lam1hs = (g ^ 2) * (3 + 3 * g + g ^ 2) / (Sqr(3 * P) * ((1 + g)

^ 2) + g)

lam2hs = (g ^ 2) * P * (3 + 3 * g + g ^ 2) / (Sqr(3 * P) * ((1 +

g) ^ 2) - P * g)
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Else

P = 0.75 * (1 - 0.2 * (1 - g))

lam1hs = (g ^ 2) * P * (3 + 3 * g + g ^ 2) / (Sqr(3 * P) * ((1 +

g) ^ 2) - P * g)

lam2hs = (g ^ 2) * (3 + 3 * g + g ^ 2) / (Sqr(3 * P) * ((1 + g)

^ 2) + g)

End If

GIhs = (X3 + (lam2hs ^ 2) * X4 + 2 * lam2hs) * (( lam1hs /

(lam1hs + lam2hs)) ^ 2) * (1 - k / lam1hs) ^ 2

GIIhs = (X3 + (lam1hs ^ 2) * X4 - 2 * lam1hs) * (( lam2hs /

(lam1hs + lam2hs)) ^ 2) * (1 + k / lam2hs) ^ 2

GIGhsn = GIhs / (GIhs + GIIhs)

End Function
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Standard fracture mechanics test

methods

D.0.9 Introduction

In this appendix, the results of standard fracture mechanics tests carried out on UD

AS4/8552 composite (same material used in chapter 5) are presented. The main aim of

this study is to verify, at three modes of loading (GII/G = 0, 3/7, 1), that the toughness

values measured using the DCB-UBM test rig are correct. The standard tests carried

out are the DCB, FRMM and the calibrated ELS (C-ELS). DCB, FRMM and C-ELS

produce equivalent modes of loading to the DCB-UBM when k=-1, k=0 and k=1 re-

spectively. Good agreement between the measured toughness values from these methods

which produce same mode of loading is therefore expected. In this study, specimens are

tested both from the crack starter film (as in chapter 5) and from a ≈ 5mm precrack;

this may allow possible artefacts of initiating from a crack starter film to be identified.

D.0.10 Specimen Preparation

Composite plates were manufactured in UCD following the exact procedure outlined in

chapter 5. The mode I specimens were manufactured to be 3.0 mm in total thickness

[010/010], 20mm wide, 150 mm long and with an initial crack length of 50 mm; the mode

II and mixed mode specimens were each manufactured to be 3.9 mm in total thickness

[013/013], 25 mm wide, 190 mm long and with an initial crack length of 55 mm. A

PTFE crack starter film with a thickness of ≈ 12 µm was inserted at the mid-plane

during layup to create the initial crack starter defect in each case. Aluminium load

blocks were attached to the end of the specimens using rubber toughened cyanoacrylate
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adhesive; prior to bonding of the load blocks, the composite surfaces were roughened

using light grit blasting and then cleaned with methanol. Water based correction fluid

was painted onto the sides of the specimens and then marked at intervals to facilitate

tracking of crack growth using a travelling microscope during testing.

D.0.11 Test Procedures

DCB, FRMM, and C-ELS fracture tests were carried out according to ISO 15024:2001

[7], Blackman et al. [6] and ISO 15114:2014 [8] respectively. Each test configuration can

be seen in figure D.1. A screw driven Tinus-Olsen 50k tensile test machine was used for

all tests. After crack propagation of ≈ 5mm in DCB and FRMM tests, the samples are

unloaded and re-tested from a more physical crack. Due to unstable initiation in the

C-ELS test, the crack rapidly propagated ≈ 30mm in each case before being arrested;

these samples were unloaded fully at this point and re-tested. A 1 kN load cell and a

displacement rate of 1 mm/min was used for DCB, FRMM and ELS tests. During each

test, the load-displacement trace was recorded and the corresponding crack lengths were

monitored using a travelling microscope and recorded at approximately 5 mm intervals.

Five specimens were tested in the DCB test, and three for each the FRMM and C-

ELS tests. The fracture toughness for DCB, FRMM and C-ELS were calculated using

eqs. (D.1) to (D.3) respectively. In each case, the initiation values were obtained using

the MAX/C0−5% point, as defined in [7].
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(a) DCB

(b) FRMM

(c) C-ELS

Figure D.1: Standard Fracture Test Methods.
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DCB =⇒ GIC =
3Pδ

2B(a+ |∆I |)
.
F

N
(D.1)

FRMM =⇒ G = GI +GII (D.2a)

GI =
3P 2(a+ ∆I)

2

B2Eh3
.
F

N
(D.2b)

GII =
9P 2(a+ ∆II)

2)2

4B2Eh3
.
F

N
(D.2c)

C-ELS =⇒ GIIC =
9P 2(ae)

2

4B2Eh3
.
F

N
(D.3)

where P is the load, δ is the crosshead displacement, B is the specimen width, h is

the substrate thickness, E is the substrate flexural or tensile modulus, a is the crack

length, and ae is an effective crack length. F ,N ,∆I and ∆II are correction factors for

large displacement, load block effects and root rotation of the crack tip respectively;

expressions for estimating these can be found in the corresponding test standards [7],[6]

and [8]

D.0.12 Results

The results from the DCB test are presented in fig. D.2 and table D.1; the results from

the FRMM test are presented in fig. D.3 and table D.2 and the results from the C-ELS

test are presented in fig. D.4 and table D.3.

Mode I test Gc (J/m2) SD

DCB (insert) 233.2 16.4
DCB (pre-crack) 220.2 19.4

DCB-UBM (k=-1) (insert) 210.1 27.6

Table D.1: Average initiation toughness values (Gc) and standard deviation (SD)
for mode I DCB tests from PTFE insert and from pre-crack compared with initiation

values obtained in the DCB-UBM mode I test (Chapter 5).

Mixed mode test Gc (J/m2) SD

FRMM (insert) 280.3 8.1
FRMM (pre-crack) 313.9 26.0

DCB-UBM (k=0) (insert) 296.1 11.7

Table D.2: Average initiation toughness values (Gc) and standard deviation (SD) for
FRMM tests from PTFE insert and from pre-crack compared with initiation values

obtained in the DCB-UBM (k=0) test (Chapter 5).
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Mode II test Gc (J/m2) SD

C-ELS (insert) 1044.4 49.5
C-ELS (pre-crack) 654.7 43.9

DCB-UBM (k=1) (insert) 750.1 17.6

Table D.3: Average initiation toughness values (Gc) and standard deviation (SD)
for C-ELS tests from PTFE insert and from pre-crack compared with initiation values

obtained in the DCB-UBM (k=1) test (Chapter 5).
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197



Appendix D. Standard fracture mechanics test methods

0 0.002 0.004 0.006 0.008 0.01 0.012 0.014 0.016 0.018
0

50

100

150

200

250

300

Crosshead Displacement, b (m)

Lo
ad

, P
 (N

)

 

 

A (loading from insert)
A (loading from preïcrack)
B
C
Initiation from insert
Initiation from preïcrack

(a) Force vs. crosshead displacement

50 55 60 65 70 75 80 85 90 95 100 105
0

200

400

600

800

1000

1200

Crack length, a (mm)

To
ug

hn
es

s, 
G

 (J
/m

2 )

 

 

A
B
C
Initiation from insert
Initiation from preïcrack
Propagation points

(b) Toughness vs. crack length

Figure D.4: Mode II C-ELS test
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Measurement of Cohesive Laws

using DIC

E.1 Measurement of Cohesive Laws

It was intended to measure the mixed mode cohesive laws by monitoring the applied

energy release rate G, where G is equated to the J integral as calculated by eq. 5.2, as

a function of the crack tip opening δN and shearing δS displacements. If it is assumed

that the cohesive laws are path independent and all go through the same loading history,

the respective cohesive law in opening and shear can then be obtained by differentiating

the applied ERR vs. crack tip opening curves. i.e.:

tN (θ, δ∗) =
∂G

∂δN

tS(θ, δ∗) =
∂G

∂δS

(E.1)

This method has been used to successfully obtain cohesive laws of adhesive joints and

composites [76, 99, 101]. Sørensen and Jacobsen [101] used an extensometer and two

LVDT’s (linear variable displacement transducer) to monitor the crack tip opening and

shearing displacement respectively; in the test cases carried out here, the samples were

not thick enough to mount LVDT’s, so shearing displacements could not be determined

in this way. However, in the pure mode I case where no shear displacements occur, the

extensometer opening can be used alone to determine the mode I cohesive zone law. An

explanation of the mounting procedure for the extensometer is given in section 5.3.3. A

plot of the results from the extensometer opening vs. applied ERR, G, is given for each

mode I symmetric test case in fig. 5.11(a).
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Svensson et al. [99] used digital image correlation(DIC) to quantify both the crack

tip openings and shearing displacements. The openings for one mode I test are also

measured virtually here using digital image correlation (DIC). DIC is a full field method

where images are captured of a particular pattern on a specimen throughout testing.

The specimen can be subdivided in to square facets (or elements) that can be tracked

based on the recognised pattern. As the specimen is deformed, the movement of the

facets can be continually related back to the original state, which allows the deformation

gradient, and hence strain, to be calculated for each facet. An example of the pattern

sprayed onto a tested specimen is shown in fig. E.1. The optimum facet size for this

particular pattern was found to be 30 pixels by 30 pixels, which corresponded to a size

of 370µm× 370µm. If a smaller facet size is chosen, there will not be sufficient contrast

within each facet to make it uniquely recognisable, and hence the images during the

test can not be correlated; if a larger facet size is chosen, the resolution of the facets

will not be high enough to accurately pick up strain gradients. An image of the facet

mesh for the current configuration is shown in fig. E.2. The digital image correlation is

carried out using ARAMIS software. The opening is tracked virtually by monitoring the

displacement between the two symmetric points on the beams as shown in fig. E.3; the

two symmetric points are chosen to be directly in line with the extensometer pins, which

were placed in the neutral axis of each of the beams at the crack tip on opposite side of

the specimen (fig 5.3(a)). As the camera images are triggered from the data acquisition

unit, the crack tip openings can be correlated with the applied load, as seen on the left

of fig. E.3.

The measured openings vs. applied loads are plotted for the physical extensometer and

the DIC measurements in fig. E.4 for sample A (mode I). Along with the measurement

from two points in line with the physical extensometer (DIC (Crack tip)), a number of

other DIC measurements are shown in this plot; firstly, the sensitivity of placement of

the virtual extensometer is tested by monitoring the displacement a distance of 1.2 mm

behind (DIC +1.2 mm) and ahead (DIC -1.2 mm) of the crack tip; secondly, the sensitiv-

ity to the distance between measuring points is tested by monitoring the displacements

of two points that were only 2.5 mm apart (DIC (Crack Tip, 2.5 mm apart)), as opposed

to the original placement of points at the centre of the beams, which are 5 mm apart.

This final test serves as a check to see if there is any considerable strain in the transverse

direction which may lead to overestimated crack tip opening measurements.

It is evident from fig. E.4 that there is considerable disagreement between the physi-

cal extensometer measurement and the DIC measurements of crack tip openings. The

physical extensometer records negative opening displacements up to crack initiation,

whereas the DIC measurements indicate a gradual opening up to ≈ 18µm before crack
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initiation. The negative openings recorded by the physical extensometer suggests that

it was placed inaccurately ahead of the crack tip, where compressive normal stresses

are known to develop (figs. E.3,3.12); this was checked visually after testing and the

extensometer pins appeared to be placed directly in line with the crack tip to a high

degree of accuracy. The placement of the virtual DIC extensometer deliberately ahead

of and behind the crack tip by a distance of 1.2mm is seen to influence the recorded

opening vs. load displacement curves; however, the effect of pin placement seen here

is not sensitive enough to explain the discrepancy between the physical and DIC crack

tip opening measurements. Also, it is seen that there is negligible effect of carrying out

the DIC measurement at two closer points, which confirms the assumption that there

is negligible transverse strains and that the recorded openings are primarily down to

crack tip openings. One possible explanation for the discrepancy is that there was an

uneven load applied to both sides through the transverse arms; however, there was no

visible twisting of the specimens observed throughout testing which would support this

argument. If it is assumed for a moment that the DIC openings are accurate, the result-

ing cohesive law can be measured by differentiating the applied ERR G vs. crack tip

opening according to eq. E.1. To facilitate accurate differentiation, an idealised function

is fitted to the curve, and is illustrated in fig. E.5(a). The idealised curve was found to

fit a quadratic opening pattern, and the function is given by:

G(δN ) =





3.231× 1011δ2
N + 4.279× 106δN + 8.160, if 0 ≤ δN ≤ 1.786× 10−5m

187.7J/m2, if δN ≥ 1.786× 10−5m

(E.2)

Differentiation of this function leads to the mode I cohesive law, which is described by

the equation below and plotted graphically in fig. E.5(b)

t(δN ) =





6.462× 1011δN + 4.279× 106, if 0 ≤ δN ≤ 1.786× 10−5m

0, if δN ≥ 1.786× 10−5m
(E.3)

The cohesive law shown in fig. E.5(b) is unusual in that it predicts that the cohesive

stress rises steadily as a function of opening displacement; the highest predicted cohesive

strength is also very low and is only one quarter of the transverse tensile strength for

this material. While there may be some physical arguments for an increasing cohesive

strength, it does not seem physical that the cohesive strength should only be a fraction

of the transverse tensile strength. This unusually low cohesive strength suggest that the

crack tip opening displacements are over-estimated. Given the discrepancy between the

physical extensometer and DIC measurements, it was not clear if either of these methods

201



Appendix E. Measurement of Cohesive Laws E.1. Measurement of Cohesive Laws

were accurate enough for the measurement of cohesive laws. Unfortunately, there was

not time to further investigate the reasons for these discrepancies, and so it was decided

not to rely on either method for obtaining physical cohesive zone laws. Though Sørensen

[76] and Sørensen and Jacobsen [101] used this method for cohesive law measurement

in adhesive joints and GFRP laminates respectively, the critical opening displacements

in these cases were the order of mm, as opposed to µm in the current CFRP tests.

It is believed that if accurate crack tip opening and shearing displacements are to be

achieved in CFRP, then micro-mechanical tests would need to be carried out under the

microscope, and high resolution images then analysed with DIC.

Figure E.1: DIC pattern obtained with water based spray paint. Facet is shown as
red square, and corresponds to 30 pixels x 30 pixels (370µm× 370µm)

Figure E.2: Facet mesh based on 370µm × 370µm facet size for mode I test. Image
corresponds to mode I test shown in fig. E.3.
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Figure E.3: Applied load vs. crack tip opening measured using DIC measurement is
shown in the left image; corresponding strain distribution in the transverse xx direction,
as calculated from DIC, is shown in the right image. Image orientation and loading is

equivalent to fig .5.12(a).
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Figure E.5: Direct measurement of mode I cohesive zone law.
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E.1.1 Calculation of bending flexural modulus

Although DIC was not ultimately used to obtain the cohesive laws, accurate readings of

the specimen strain field were obtained. As pure moments were applied to the beams,

the stress distribution in the beams could be accurately approximated by:

σ =
My

I
(E.4)

where σ is the bending stress in the beam, M is the applied moment, y is the distance

from the neutral axis to the point the stress is being estimated, and I is the second

moment of area of the beam, given by:

I =
Bh3

12
(E.5)

where B is the beam thickness, and h is the beam height. As the stress and strain are

then known at a material point, the bending modulus, E, can be calculated from the

well known 1D Hookes law:

E =
σ

ε
(E.6)

The measured strain distribution in the bending direction (yy) during steady state crack

propagation in the mode I test (sample A) is shown in fig. E.6. The measured strain as

a function of the position is shown in the left of the figure, where the path starts at the

left edge of the left beam and finishes at the right edge of the left beam. It is evident

from both plots of strain, that the strain distribution is constant along the beam, and it

is linear, as expected due to the pure moment applied. In order to estimate the flexural

modulus (E), the approximated stress at the outermost edge is divided by the measured

strain at the outermost edge according to eq. E.6.

The average applied moment throughout steady state propagation (from 0.5 mm to 9.5

mm in fig. 5.11(a)) was 15.65 N/m, which corresponds to an outer stress of −125.2MPa

using eq. E.4. The average outer strain recorded throughout propagation was −0.1%,

as seen in fig. E.6; the estimated modulus is then given by:

E =
σ

ε
=

125.2MPa

.0001
= 125.2GPa (E.7)

As expected, this modulus is slightly lower than the tensile modulus (141 GPa) quoted

in the material data sheet [103].
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Appendix E. Measurement of Cohesive Laws E.1. Measurement of Cohesive Laws

Figure E.6: Strain distribution from DIC measurements in mode I test during steady
state fracture.
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Appendix F

Publications arising from this

Thesis

Journal Papers

• M. Conroy, A.J Kinloch, J.G. Williams and A. Ivankovic, Mixed Mode Parti-

tioning of Beam Like Geometries: A Damage Dependent Solution. Engineering

Fracture Mechanics, July 2015, In Press

Pending Journal Papers

• M. Conroy, B.F. Sørensen and A. Ivankovic, Combined Numerical and Experi-

mental Investigation of Mode Mixity in Beam Like Geometries. In Preparation

• M. Conroy and A. Ivankovic, An investigation into the performance of widely

used cohesive zone formulations when subjected to variable mixed mode loading.

In Preparation

Conference Proceedings

• M. Conroy and A. Ivankovic, Mode Mixity in Beam Like Geometries: A Semi-

Analytical Cohesive Analysis. Proceedings of the 38th annual meeting of the Ad-

hesion Society, Savannah, GA, February 20-25, 2015

• M. Conroy, B.F. Sørensen and A. Ivankovic, Combined Numerical and Exper-

imental Investigation of Mode Mixity in Beam Like Geometries. Proceedings of

the 37th annual meeting of the Adhesion Society, San Diego, CA, February 23-26,

2014
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• M. Conroy and A. Ivankovic, Mixed Mode Partitioning of Cohesive Zones. Pro-

ceedings of the 12th International Adhesion Conference, York, UK, Sept 4-6, 2013

• M. Conroy, A. Ivankovic, A. Karac and J.G. Williams, Mode Mixity in Beam

Like Geometries: Global Partitioning with Cohesive Zones. Proceedings of the 36th

annual meeting of the Adhesion Society, Daytona Beach, FL, March 3-6, 2013

• B. Blackman, M. Conroy, A. Ivankovic, A. Karac, A.J. Kinloch and J.G. Williams,

Mode Mixity in Beam Like Geometries: Linear Elastic Cases and Local Partition-

ing. 15th European Conference on Composite Materials, Venice, Italy, June 24-28,

2012

Conference and Seminar Presentations

• Mixed Mode Partitioning of Beam Like Geometries: A Damage Dependent Solu-

tion.

– Joint symposium of Irish Mechanics Society and Irish Society for Scientific

and Engineering Computation: Advances in Mechanics, Galway, Ireland, De-

cember 8-9, 2014

– 7th International Conference on Fracture of Polymers, Composites and Ad-

hesives, Les Diablerets, Switzerland, September 14-18, 2014

• Combined Numerical/Experimental Investigation of Mode Mixity in Beam Like

Geometries.

– Irish Polymers and Materials Conference, Dublin, Ireland, April 30, 2014

– Joint symposium of Irish Mechanics Society and Irish Society for Scientific

and Engineering Computation: Advances in Mechanics, Dublin, Ireland, De-

cember 5, 2013

• Mixed Mode Partitioning of Cohesive Zones.

– 12th International Adhesion Conference, York, UK, September 6, 2013

• Mode Mixity in Beam Like Geometries: Global Partitioning with Cohesive Zones.

– 17th International Conference on Composite Structures, Porto, Portugal,

June 19, 2013

– 36th annual meeting of the Adhesion Society, Daytona Beach, FL, March 4,

2013

• Aspects of Mixed-Mode Adhesive Failure.
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[105] J. Bonhomme, J. Viña, A. Argüelles, I. Viña, and V. Mollón. Influence of the

Matrix Toughness in Carbon-Epoxy Composites Subjected to Delamination under

Modes I, II, and Mixed I/II. Mechanics of Advanced Materials and Structures, 20

(8):679–686, June 2012.

[106] A.J. Kinloch, Y. Wang, J.G. Williams, and P. Yayla. The mixed-mode delami-

nation of fibre composite materials. Composites Science and Technology, 47(3):

225–237, January 1993.
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