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Analytic content and the isoperimetric inequality in
higher dimensions

Stephen J. Gardiner, Marius Ghergu and Tomas Sjodin

Abstract

This paper establishes a conjecture of Gustafsson and Khavinson,
which relates the analytic content of a smoothly bounded domain in
R to the classical isoperimetric inequality. The proof is based on a
novel combination of partial balayage with optimal transport theory.

1 Introduction

Let w be a bounded domain in the complex plane C such that dw is the
disjoint union of finitely many simple analytic curves, and let A(w) denote
the collection of continuous functions on @ that are analytic on w. Further,
let ||g|lg denote supg |g| for any bounded function g : S — C. The analytic
content of w is then defined by

Aw) = inf{||Z = ¢ll5 : ¢ € A(w)}-

The inequalities for A(w) given below, which imply the classical isoperimetric
inequality, are due to Alexander [2] and Khavinson [15].

Theorem A. Let A and P denote the area and perimeter of w, respectively.

Then

2A A
— < < —.
P < AMw) < T

An exposition of this circle of ideas may be found in Gamelin and Khavin-
son [10], and a wider survey of related results is provided by Bénéteau and
Khavinson [4]. It was shown in [10] that equality with the upper bound
occurs if and only if w is a disc. Recently, Abanov et al [1] have shown that
equality with the lower bound occurs if and only if w is a disc or an annulus.
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Rewriting A\(w) as inf{”z—@”w i ¢ € A(w)}, it can be seen that a
natural generalization of this quantity to smoothly bounded domains 2 in
Euclidean space R (N > 2) is given by

AQ) = inf{flz — fllg : £ € A(Q)},

where A(Q) denotes the space of harmonic vector fields f = (f1,..., fn) €
C(Q)NCL() and

1flls = SngfH’ where [[f] = \/ff + ..+ f}-

(Thus f satisfies divf = 0 and curlf = 0, where the latter condition means

that of af
J k ;
R R, for all 5. k 1,....N Q.
T O:Ej 0 forall j,ke{l,...N} on.)
If we write
’H:{heCl(ﬁ):Ah:(] on Q},
then

{Vh:heH}CAQ). (1)

Let rq > 0 be chosen so that a ball of radius rq has the same volume as
Q). Gustafsson and Khavinson [12] established the following inequalities for
A(R2) in higher dimensions.

Theorem B. Let Q be a bounded domain in RN (N > 3) with volume V
such that OS2 is the disjoint union of finitely many smooth components with
total surface area P. Then there exists a constant cy > 1 such that

N
?V < AQ) < enrg. (2)

The lower bound in (2) is sharp, since A(£2) = r when 2 is a ball of
radius r (see Theorem 3.1 in [12]). Regarding the upper bound, Gustafsson
and Khavinson conjectured that the constant ¢y may be replaced by 1, in
which case (2) would again contain the classical isoperimetric inequality.
However, the methods of [12] do not yield such a conclusion. The purpose
of this paper is to verify this long-standing conjecture.

Following [12] we define a related domain constant,

AM(Q) = inf{||lz — Vh|g:heH}
= inf{|Vullg:ue C'Q) and Au= N on Q}, (3)
where we have used the observation that a function u in C!(Q) satisfies

Au = N on Q if and only if the function h defined by h(z) = ||z||* /2 — u(z)
belongs to H. For future reference we note that, for such u, it follows from



the harmonicity of the partial derivatives of u that ||Vu/|| is subharmonic on
Q (cf. Theorem 3.4.5 of [3]), and so

[Vullg = [Vullaa (4)

by the maximum principle.
It follows from (1) that

A(2) < A (92).

(Equality holds when € is simply connected.) Gustafsson and Khavinson
actually showed in [12] that A1(Q2) < enyrg for an explicit constant ¢y > 1.
We will establish the following estimate.

Theorem 1. Let Q be a bounded domain in RY such that O is the disjoint
union of finitely many smooth components. Then A1(Q) < rq. Further,
equality holds if and only if Q is a ball.

In the light of Theorem B we immediately arrive at the following con-
clusion.

Corollary 2. Let Q be a bounded domain in RN with volume V such that O
is the disjoint union of finitely many smooth components with total surface
area P. Then

— < )\(Q) <rq.
Further, \(Q) = rq if and only if Q is a ball.

The proof of Theorem 1 combines the technique of partial balayage with
results from the theory of optimal transport. Later we will discuss sepa-
rate necessary and sufficient conditions for a function u in C'(Q) to be a
minimizer for A\;(€2) in (3), whenever such minimizers exist.

The purpose of Corollary 2 is to relate analytic content to the isoperi-
metric inequality. We do not claim that it offers a novel or shorter proof
of the latter, since (apart from other more classical proofs) there are al-
ready proofs using optimal transport theory as in McCann and Guillen [16],
and Cabré [7] had previously provided a short proof of it based on more
geometric methods.

2 Proof of Theorem 1

2.1 Tools for the proof

Let m denote Lebesgue measure on RV and O ¢ RY be a bounded domain.
Further, let Go(+,-) denote the Green function of O, and Gou, Gov denote
the potentials of (positive) measures u, v on O, where v < m. The Green



function is normalized so that —AGp~y =+ in the sense of distributions for
any potential Gpy. We define

P = Gov + sup{s : s is subharmonic on O and s < Gou — Gov} on O,

()

whence P < Gop, and recall the following facts (see [14] or [11]).

Theorem C. (a) P = Gon for some measure n on O satisfying n < v.
(b) 1= vls + ulovs, where S = {Gon < Gop}.

We will refer to the measure n in the above theorem as the (partial)
balayage of w1 onto v in O, and denote it by Bu, where v is to be understood
from the context. We note that Gou — Gon is the smallest nonnegative
lower semicontinuous function w on O satisfying —Aw > p — v in the sense
of distributions. Thus, if g3 > u, then the set S(u) associated with pu is
contained in the corresponding set S(p1). It follows that

p > p = B > Bp. (6)

We will also need the following lemma. Let B(x,r) denote the open ball in
RY with centre x and radius 7.

Lemma 3. Let v = Nm|p and Q C Qo C O, where Qq is another open set.
If T is a measure with suppt C €1, then there exists b > 0 such that

suppB(Nm|q + br) C Qp.
Proof. Let € be an open set such that Q C ' and ¥ C Qq, and let
e = 27N dist (99, Q U (RM\ Q).

Let 7* be the sweeping (classical balayage) of 7 onto 99, and define
V@)= | ¢e(z—y)dr*(y) (zeRY),
o
where ¢. is a non-negative rotationally invariant C'°° smoothing kernel on
RN with support B(0,¢) (see, for example, Section 3.3 of [3]). We choose b
sufficiently small that by < N, whence
Since Go(ym) < Got* < GoT, with equality outside {z € O : dist(z, Q) <

e}, we see that

Go(Nm|q +bym) < Py < Go(Nm|q + br),

mlq+br
again with equality outside {z € O : dist(z, ') < ¢}, and so

suppB(Nm|q + b7) C {x € O : dist(z, Q) < e}



We recall the following composite result from the theory of optimal trans-
port, in which the existence and smoothness of the function v are due to
Brenier [5] and Caffarelli [8], respectively. (See also Chapters 3 and 4 of
Villani’s book [18].)

Theorem D. Let D C RY be a bounded open set such that m(0D) = 0.
Then there exists a convex function v : RN — (—o00,00] which is C? on D,

and for which Vv maps D into B(0,rp) and is measure-preserving, in the
sense that m(A) = m((Vv)(A)) for any Borel set A C D.

Lemma 4.7If a measure vy on §2 has bounded density with respect to m, then
Gy € CHQ), and

0Gqy 0Gq = .
= x,y)dvy(z ei=1,...,N). 7
o) = | GR@iE) NG

To see this, we note that standard arguments (cf. Theorem 4.5.3 of [3])
show that Goy € C1(2) and that (7) holds when y € 2. We now fix i and
note (see Widman [19]) that (0Gq/dy;) (x,-) has a continuous extension to
Q for each z € Q. Let yo € 9Q and ¢ > 0, and define

oG =
G = | S e i) (e Ri=12),
Qj yl

where Q1 = Q\B(yo,¢) and Q2 = QN B(yo,e). Then 11 is continuous at yo,
and (by estimates in [19])

dy
dm

2 (y)] < C(Q)e (y € B(yo,e/2) N Q).

Loo(Q)

It follows that

8?;:7(31) — /Q %C;Q (z,y0)dy(z) (¥ — yo)-

1

2.2 Proof of the inequality

Le
‘ b — m({y € B(0,1) : yny > 1/2})
N m(B(0,1)) ’

and let D be a bounded open set such that Q@ C D, m(dD) = 0 and
m(D\Q) < bym(2). We next choose v as in Theorem D. Since Vv is
measure-preserving on D, the Hessian of v, which is positive semi-definite
because v is convex, has determinant equal to 1, and so Av > N by the
arithmetic-geometric means inequality for the eigenvalues of the Hessian
(cf. the argument in Section 1.6 of McCann and Guillen [16]). It will be
enough to show that A;(2) < rp, since rp can be made arbitrarily close to




rq. This inequality trivially holds if Av = N on (2, so we assume from now
on that (Av — N)m|q # 0.
Let R be an open set satisfying Q2 C R and R C D. Since

m(D\R) < m(D\Q) < bym() < bym(D)
and Vv is measure preserving on D, we see that
(Vo) (R)YN{y € B(rp) :y-x >rp/2} #0 (x € 0B(0,1)). (8)
Also, since v is convex, the function
w(z) = sup {v(y) + Vo(y) - (—y) :y € R}  (z € RY)
equals v on R. Clearly w is subharmonic (and indeed convex) on RY.
We now define ¢ = 27 dist(Q, RV\ R) and
w@ = [ ole—puin)  @eRY)

where ¢, is a smoothing kernel, as before. Then wy is also subharmonic (and
convex) on R and w. > w (see Theorem 3.3.3 in [3]). We further define

O={zeRY : w.(zx) <C},

where
C > sup{w.(z) : € R}.

The set O clearly contains R. It is also bounded, since for any = € dB(0, 1)
we see from (8) that there exists y, € R such that Vu(y,) - ¢ > rp/2, and
SO

we (tx)

Y

w(tz) > v(yz) + Vo(ye) - (tx — yz)
= tVo(yz) 7+ v(yz) — VO(Yz) - Yu
> rpt/2+inf{o(y) — Vu(y)-y:y € R} (t>0).

By Sard’s theorem and the smoothness of w., we can choose C' such that
the set O is smoothly bounded and

Qo C O, where Qy = {z € RV : dist(z, Q) < 1}.

Since w, = C on 00, the function C'—w; is the potential Gou of the measure
1= (Awz)m on O. Further, u > Nm|q, since Aw = Av > N on R, and so

Awe(z) = / be(z—)(Dw)()dm(y) > N [ dele—y)dmy) =N (z € Q).
B(e) B(e)

We next apply Theorem C with v = Nm|p. The partial balayage n = B
satisfies n = Nmls + p1|o\s, where S = {Gon < Gou}. Since Gopu > Gon
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and p = (Awz)m > Nm = n on 2, the function Gou — Gon is nonnegative
and superharmonic on €. In fact, since {2 is connected and

(=) = [ (v = Nydm >,
Q

it is strictly positive therelay the minimum principle, and so 2 C S. We

note that Gou, Gon € C1(0), by Lemma 4. Since the nonnegative function

Gop — Gon achieves its minimum value 0 on O\ S, we have VGou = VGon

on 9S N O. Also, since Gon < Gou, we have

0 0
IVGon|| = —5-Gon < —=—Gop = |VGopl|  on 90,
on on

where n denotes the outward unit normal to 00O. Thus
IVGonllas < sup {||[VGou(z)[| : z € O} = sup {||Vwe(z)|| : € O} <rp,

because w (and hence also w.) is Lipschitz on R with Lipschitz constant
at most rp. Finally, since Q C S and n = Nm in S, it follows (see (4)) that

A(Q) < [VGonllg < IVGonlls = [VGonllas < b, (9)

as desired.

2.3 The case of equality
The following result strengthens the conclusion of the previous section.

Proposition 5. Let v be as in Theorem D, with D = Q. If (Av— N)mlq #
0, then there is a domain U containing Q and a function u € C*(U) satis-
fying Au= N and ||Vul|| <rq in U.

Proof. We may assume that v(z) = 0 for some zy € Q. Let
Dy = {z e RY : dist(z,Q) < 6x} (k> 0),

where (Jx) k>0 is a strictly decreasing sequence of positive numbers with limit
0 and §p < 1 is chosen small enough so that m(Dp\Q) < bym(Q). For each
k we choose vy as in Theorem D, with D = Dy, and such that vg(zg) = 0.
We next choose open sets Ry such that Q C Ry, and R, C Dy, and define
er = 27 Mdist(Q, RN \ Ry,).

For each k we apply the construction of §2.2 with D = Dy, R = Rp,v =
v, and € = ek. Propositions 3.1 and 3.2 of Brenier [6], applied to the
measures
m |B(O,m)

m|Dk
(keN) and (B (0,10))’

m(Dy,)

show that vy — v uniformly on €.




The functions w and w, in §2.2 will now be denoted, by abuse of notation,
wy, and wy, ¢, respectively. Since |Vwyg|| < rp, < rp, on RY by construction,
we see that |wy, — wye, | < rp,er on RY. Hence (wyc, ) converges uniformly
to v on 2, in view of the fact that vy = wy on Ry, which contains €.

We now choose numbers C}, so that the set

O = {LU eRY: wkﬁk(x) < Ci}

satisfies Dy C Oy, for each k. Since the sequences (]\Uk]]Loo(Dk)) and

(HVka Loo( Dk)) are bounded, we can furthermore arrange that the set
O = U, Oy, is bounded.

Let v, = (Awge,)m|o and v = (Av)m|q. These are non-negative mea-
sures, and the divergence theorem shows that

Owy, ¢
vkl = / Awy e, dm = FWkser do <rp,o(0Q) (keN), (10)
0 ’ oo On

where o denotes surface area measure on 9S2. Since [, hdy, — [ wdy for
any ¢ € C2(f2), we see from (10) and the density of C2(Q) in Cp(£2) that
(vk) is weak™ convergent to 7 on €. Further, v, > Nmlq and v > Nm|q,
as in §2.2.

Since (y — Nm)(2) > 0 by assumption, we can choose a compact set
K C Q such that a > 0, where a = (y — Nm)(K°). It follows that (v, —
Nm)(K°) > a/2 for all sufficiently large k. Let v; denote the sweeping of
(v — Nm)|go onto 0. Then there exists b > 0 such that v} > bo for all
sufficiently large k.

If we first consider partial balayage in O, then

B(Nm|q+bo) = Nm|y (11)

for some domain U containing Q. Further, if we choose b sufficiently small,
then U C Dy, by Lemma 3. By definition

Go(Nm|g + bo) > Go(Nm|y) with equality in O \ U.
Since U C Dy C Oy, C O, this implies that
Go,(Nmlq +bo) > Go, (Nm|y) with equality in Oy \ U.

Thus (11) remains valid if we henceforth consider partial balayage in Oy.
Now let n; be the measure 1 constructed as in §2.2. Since

W = Nmlo + (3 — Nm)|ke,
we see from (6) that
M = B((Awk e )mlo,) = B((Awg.g, )mla) = B(yk)

B(Nmla + (. = Nm)|ke) = B(Nm|q + ;)

>
> B(Nm|q +bo) = Nm|y,



By choosing a suitable subsequence of (d;) we can arrange that (Go, k)
converges locally uniformly on U to a function u in C!(U) satisfying Au = N
in U, and then (VGp, 1) also converges locally uniformly on U to Vu. From
the final inequality in (9) we see that ||Vu|| < limg_7p, = rq on U, so
the proposition is proved.

We can now easily address the case of equality in Theorem 1. We first
assume that A\ (Q2) = rq and choose v as in Theorem D, with D = Q. We
claim that Av = N on (). Indeed, if this were not the case, then there would
exist u, U as in the above proposition. Since rq < ||Vu||q, the subharmonic
function ||Vu|| would then achieve its maximum inside U, forcing it to be
constant. Thus |[Hess(u)||* = A(|Vul[?) = 0, contradicting the fact that
Au = N on U. Hence Av = N on €. Since the Hessian of v has determinant
equal to 1, all its eigenvalues are 1, and so it is the identity matrix. Thus
Vu is a translation, and 2 is a ball (of radius rq).

Conversely, if Q is a ball of radius r, then (as we noted in the introduc-
tion) A\ (2) = A(R2) = 7.

3 Minimizers for \(Q)

In general we do not know whether there exist minimizers u for the definition
of A\1(2) in (3). However, we can give separate necessary and sufficient
conditions for a function u in C'(Q) to be a minimizer when such minimizers
exist. We begin with a necessary condition.

Proposition 6. Suppose that u € C1(Q) and Au = N in Q. If |[Vullg =
A1(Q), then ||Vul| is constant on 02 (whence ||Vul|| = A1(2) on 09, by (4)).

Proof. Let A\; = A1(2). Suppose that u € C(Q) satisfies Au = N and
[Vullg = Ai(£2), and that there exists yo € 0§ such that ||[Vu(yo)| < Ai1.
Then we can choose an open ball By centred at yg such that

a = | Vul| g g < M- (12)

We choose € to be a domain with C? boundary such that Q C Qy C QU By
and Qo\ﬁ 75 @
of

Let f = —Gq(Nm), let g be a continuous extension of —— to
T lo0nan,

0 and 0 < £ < A\y. Proposition 4 of Sakai [17] tells us that there is a finite
sum g of point masses (of variable sign) in Qp\Q satisfying

‘anGQO,u—I—g' <& on 0.



Since

Gaop € CH(Qo\suppp),

0
VGoypt = (—anGQO,u> n on 08,
Vf = a—fn on 01},
on
there exists k > 0 such that
|\Vf—VGaqu| <e on U, (13)

where

Ug = {x € Q: dist(z, 00N IN) < k}.
Now let 6 > 0 and
us = (1 —=8)u+6(f — Goou) on Q.
Clearly us € C1(Q), Aus = N on Q and
Vus|| < (1 =06) [Vul| +6[[Vf = VGaypul|-
Hence, by (13),
|Vusl] < (1 —0)||Vu| +de < (1 =8 \ +de <X on U,. (14)
Also,
[Vusl| < a+3[Vf—VGaypullgng on BoNe (15)

and, in view of (12), the right hand side above can be made less than A; by
choosing § to be sufficiently small. Combining (14) and (15), we obtain a
contradiction to the hypothesis that u achieves the minimum value in (3).
Hence ||Vul| = A1 on 09, as claimed.

The converse to the above proposition is false, as we will now explain.
Let us recall that A;(B(0,1)) = 1. We claim that, when N > 3, there are
functions u € C1(B(0, 1)) satisfying Au = N on B(0,1) and ||Vu|| = ¢ on
0B(0,1), yet A\1(B(0,1)) # c. For example, if we define

N N-1
u(x) = m <; $f —ﬂf%v> )

then Au= N on B(0,1) and ||Vu|| = N/(N —2) on 0B(0,1).

Similarly, if N = 2 and E = {(z,y) : 42% + y? < 1}, then the function
u(z,y) = 222 — y? satisfies Au = 2 on F and ||Vu| = 2 on OE. However, as
we will see later, the actual value of A\;(E) is 2/3.

Next we give a sufficient condition for a function u € C'(Q) to be a
minimizer for the definition of A\ (£2) in (3).

10



Proposition 7. Let u € C*(Q), where Au = N on Q. If |[Vul| is constant
on 0 and Vu-n > 0 on 09, then \i(Q2) = ||Vu|lg. Further, any two
functions satisfying these hypotheses differ only by a constant.

Proof. Suppose that ||Vu|| = ¢ and Vu-n > 0 on 9Q. Let v € C1(Q),
where Av = N on €, and define w = v — u. Then w € H. We choose a
point y € 0N at which w achieves its maximum value. If w is non-constant,
then the Hopf boundary point lemma (see Section 6.4.2 of Evans [9]) tells
us that Vw(y) - ny, > 0 and so Vw(y) is actually a positive multiple of n,.
Since Vu -n > 0 on 0f2, we now see that

IVllg = Vo)l > [Vu(y)] = c.

It follows that ¢ = A\1(2), as required.
Finally, the preceding argument shows that any two functions satisfying
the hypotheses differ only by a constant.

A further useful sufficient condition for a function w to be a minimizer
in (3) applies when w is locally convex.

Theorem 8. Let u € C’l(ﬁ), where u is locally conver on Q0 and satisfies
Au = N there. If |Vul|| = ¢ on 09, then

(i) M(Q) = ¢;

(ii) Vu : Q — B(0,A1(2)) is surjective.

Proof. Let v = ||Vu|[?2. Then Av = 2|[Hess(u)||* > 0 on Q. In fact,
Av > 0 on a dense open subset of €2, for otherwise Vu would be constant
on a nonempty open set, contradicting the hypothesis that Au = N. Let
Q. = {z € Q: ||Vu(x)| < c— e}, where ¢ > 0 is sufficiently small that
Q. # (0. Clearly Q. C Q. Further, by the Hopf boundary point lemma,
ov/on > 0 on 09, so n = Vu/||Vv| on 09Q.. Since Hess(u) is positive
semidefinite on (2,

N N
Vv 2 d*u  Ou Ou
. f— . fr— > Q
Vu-n=Vu V| IVl Zi: Z: 0x;0x; Ox; 0x; 0 ond

Given any x € 09, we choose B(y,r) C RV\Q such that 0B(y,r)NQ = {z}
and then z. € 99, satisfying ||z. — y|| = dist(y, Q) to see that

— X

(Vu-n)(x) = i -Vu(z) = lim i

———— - Vu(ze) >0,
ly — || =0 [y — x| )

so part (i) follows from Proposition 7. We note, for future reference, that
AL(Qe) = M () —e. (16)

We will now show, further, that Vu -n > 0 on 092.. We write x =
(2',zy) € R¥~1 x R and choose our co-ordinate system so that 0 € 9€.,

11



that the normal ng is in the direction of (0,...,0,1), and that the Hessian
of the function z’ — wu(2’,0) at 0’ is a diagonal matrix. We know from
the proof of part (i) that (0u/0xn)(0) > 0. Now suppose, for the sake of
contradiction, that (Ou/0xn)(0) = 0. Since v is constant on 9. we see
that

ov ou ,  0%u )
oz, (0) =0, whence o2, (0)8—%2(0) =0 (=1,.,N-1).

We reorder the first N — 1 coordinates so that, for some m € {1, ..., N},

ou 9%u
= 1< < —1 — = <1< N-1 1
8a:i(0) 0 1<i<m ) and 8x?(0) 0 (m<i< ), (17)
and define
2 2
av = L80) and bi=-2" (0) A<i<N-1).

e Oz,01y

By (17) the Hessian of the function (z,,...,xnx) — u(0,...,0, 2y, ...,xN) at
(0,...,0) has the form

0 0 0 b
0 0 0 bm+1
0 0 0  byna
bm bm+1 c .. bN_l a’N

Hence b; = 0 when m < i < N — 1, because this submatrix of Hess(u) is
also positive semidefinite. By (17) and the Hopf boundary point lemma, we
now arrive at the contradiction

N

ov ou 0%u
0< %(0) = 2; 3o, (O)axiam (0) = 0.
Thus
Vu-n>0 on 09 (e>0). (18)

We will now establish (ii). Let y € 9B(0,1) and define
u(x) =u(z) —ty-x  (reQ0<t<A(Q)).
Then Vu; = Vu — ty and Aug = N in .. Let
A={t €[0,\(£:)) : there exists x € Q. such that Vu,(z) = 0}.

It follows from (18) that u cannot attain the value ming_wu on 99, s0 0 € A.
We will now show that A is both open and closed relative to [0, A;(£2.)). To

12



see that A is closed, let (t*)) be a sequence in A that converges to some
t €0, \1(€%)). There exist points *) in Q. such that Vau,u (z*)) = 0 and,
by choosing a subsequence, we may arrange that (x(k)) converges to some
point z € Q.. Clearly Vu;(z) =0, so x ¢ 99, because

IVuel| > [Vul] =t =2(Q) —e =t =X1(Qc) =t >0 on 99,

by (16). Hence A is closed. To see that A is open, let t € A, choose = € Q
such that Vu(z) = 0, and define

Q' ={2€Q.:|Vu(2)|]| <a}, where a= gfllf | V||

Then o > 0 and x € €'. We can apply the result of the previous paragraph to
ut to see that Vug-n >0 on 9. When |s| is sufficiently small, the function
U1 s thus also has a strictly positive normal derivative on 9§, and so attains
the value ming; u¢ 4y at some point ) € /. Since Vut+s(x(s)) =0, we see
that the set A is also open relative to [0, A\1(£2)).

Hence A = [0,\1(€2)). It follows that, for any z € B(0, A1(Q2)), there
exists x € €. such that Vu(z) = 2z, and so Vu : Q. — B(0,\(€)) is
surjective. Finally, we let ¢ — 0+ and note from (16) that A1 (Q:) — A1(9).

Example. Consider the ellipsoid

N
E:{mGRN:Za?m2<1},

i=1

where a; >0 (i = 1,..., N). The function

N N
u(z) = ——x— Z a; 3
2% =1 @i i

is clearly convex, satisfies Au = N on E and ||Vu(z)|| = N/ SN | a; on 9E.

Thus
N

AM(E) = .
1(E) ay+ag+---+an

Finally, we remark that minimizers need not be locally convex functions.
For example, if N > 3 and 2 = B(0, R)\B(0,r), where R > r > 0, then the
function

R+
(N — 2)(RI=N 4 p1=N)
satisfies Au = N on Q and Vu = ¢n on 95, where
RN o TN
~ RN-1 4, N-T

1 _
u@) = 5ol + lz*~Y (z € Q)

C
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Thus A\ (2) = ¢, by Proposition 7. However, along the xy-axis, Hess(u) is
a diagonal matrix in which the first N — 1 diagonal entries are valued

R—i—?“ -N

1‘_Rl—J\f_i_rl—J\fo?

so u is not locally convex near the inner boundary. (An analogous example
when N = 2 may be obtained by replacing ||z||?>=" /(N —2) with log(1/||z|)
in the formula for u(x) above.)
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