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Abstract

A combined experimental/numerical study has been conducted to investigate dynamic fractures
in poly(methyl methacrylate) (PPMA). The results obtained from single-edge-notched-tensile
(SENT) fracture tests support the idea that the evolution of fracture in PMMA is governed by
nucleation, growth and coalescence of penny-shaped micro-cracks. The density of the micro-
cracks and therefore the roughness of the fracture surface increase with the crack velocity. Both
the surface roughness and the size of the process region increase with the crack length for a
given specimen. Microscopy of the virgin material and fractured surfaces showed no consistent
evidence of pre-existing flaws, dust particles or other impurities that would provide nucleation
sites for the micro-cracks. Instead, it was observed that molecular weight significantly affects
the fracture, and therefore must play an important role in the nucleation of micro-cracks. The
crack velocity measurements show rapid initial crack acceleration followed by anearly constant
mean velocity, which was in some cases well above previously reported terminal crack speed.
The mean velocity is found to increase with decreasing initial notch depth. Oscillations in the
crack velocities were also observed and they were more pronounced at higher crack velocities.
To a large extent, the degree of crack velocities oscillations is dependent on the filtering
technique applied to process the raw experimental data. Therefore, no conclusive correlation
between the fracture histories and fracture surfaces was obtained.

Finite Volume (FV) method was developed for the numerical simulations of the
experiments. Global material behaviour was approximated as linear elastic, while a Cohesive
Zone Modd (CzZM) was used for defining the local separation process of the material.
Numerical predictions show good agreement with experimentally observed variations of the
process region and the crack velocity with initial crack length. Oscillations in the crack speed
are aso predicted.



1. Introduction

There is a considerable amount of research work reported on apparent mode | dynamic
fractures in PMMA. The present study will only briefly review the most relevant publications,
and more detailed literature surveys can be found elsewhere, e.g. in [1]. It is generally accepted
that the rapid crack propagation (RCP) in PMMA is a micro-crack dominated fracture process;
i.e. it develops by the nucleation, growth and coalescence of many micro-cracks [1-3]. Thisis
evidenced by the existence of parabolic markings on the fracture surface (also referred to as
conic or hyperbolic markings). These markings originate from the interaction between the
penny shaped micro-cracks and the main crack propagating on different planes, and also due to
the interaction between the micro-cracks themselves. As the crack grows in length, the density
of these markings may increase as well. Thisis due to the increasing intensity of the stress field
with the crack length, asin case of: @) SENT specimen tested under fixed grip conditions before
the reflected stress waves interact with the main crack [4], b) specimens tested using an
electromagnetic pulse [6, 7], etc. Under the increasing stress field more micro-cracks and
further away from the main fracture are initiated leading to an increase in surface roughness and
the size of the process region. Eventualy, at high crack speeds, a periodic morphology
develops as clusters of micro-cracks created far in front of the main fracture coalesce with the
main fracture. These clusters of micro-cracks can also run independently alongside the main
crack or can lead to crack branching [1]. However, there are still several contentious issues
regarding dynamic fracturesin PMMA. Some of these are briefly described below.

Nucleation of the micro-cracks is probably the single most important issue in resolving
crack propagation in PMMA. Many authors speculated that the origins of the micro-cracks are
simply pre-existing flaws or inclusions [1,8-10]. Cotterell [3] reported that voids of
approximately 0.3 pm diameter were observed in the foci of some of the parabolic markings
and were formed inside the crack tip craze. He related the fracture toughness to the density of
parabolic markings. Doyle [11] and Takahashi [12] aso believed that the crack tip crazing is
the governing mechanism for the crack growth in PMMA. Smekal [2] postulated that material
inhomogeneities are responsible for the nucleation of micro-cracks and therefore the markings.
However, as no conclusive evidence of flaws, cavities, voids or foreign particles was found for
the vast majority of parabolic markings, effects of micro-structure were also examined.
Newman and Wolock [13] investigated the effect of molecular weight on the appearance of the
fracture surface and found that failure by ‘separation’ is dominant in higher molecular weights,
while ‘pulling out’” of polymer masses, observed in the form of deep ribs on the fracture
surfaces, took place at lower molecular weights. As the ribs devel oped, the parabolic markings
area became compressed. The markings also become smaller and more concentrated. They
argued that: " The number of defects or inhomogeneities might be expected to increase as the
molecular weight decreases, possibly because of the larger number of chain ends.”

Periodic fracture surface appearances were reported widely [6,7,12,14-20], but their origins
are till not fully resolved. The arrival of the reflected stress wave and corresponding increase
in the stress intensity factor were shown to correspond to the appearance of the periodic ripples
on the fracture surface [6]. Fineberg et a [18], correlated the periodic appearances to
oscillations of crack speed, while Washabaugh and Knauss [20] to the stress intensity factor
variation. In dynamic fractures of brittle polymers in general, three main arguments were put
forward on the correlation between the fracture surface appearances, crack speed and the stress
intensity factor (or crack driving force). Nearly constant mean crack speeds were recorded
while the fracture surface roughness increased with the crack length and the crack speed
[6,7,17,20]. The variations in the crack speed along the crack path were closely matched with



the variation of the appearances on the fracture surface [18,21,22]. Nearly constant crack
speeds were observed while neither the speed nor the crack driving force corresponded to the
variations observed on the fracture surfaces [4,19,23]. Consequently, group ‘1’ authors
favoured the existence of the unique fracture toughness vs. fracture surface relationship, while
group ‘2" authors favoured the unique crack speed vs. fracture surface relationship. Others
reported that fracture toughness also depends on the crack acceleration and not only on the
instantaneous velocity [24,25]. They introduced the unique relationship between the fracture
surface roughness and the product between the fracture toughness and the crack speed. The
majority, however, supported the idea of a unique fracture toughness vs. crack speed
relationship [4,17,26-30].

The theoretical crack speed upper limit is the Rayleigh wave speed Cr [31,32], but in
practice much lower terminal crack speeds between 0.4 to 0.6 Ci have usually been observed.
Under the increasing intensity of the stress field, the crack was found to be reluctant to
accelerate. The surplus of energy delivered to the crack was redirected on shielding the crack
by increasing the size of the process or damage region around it. There is a number of
explanations offered. Based on the mass-spring model, Williams and Ivankovic [19] concluded
that terminal speed is geometry and contact stiffness dependent, and their experimental results
could only be analysed using much lower value for the wave speed than would be expected.
Ivankovic and Williams [4] introduced a thin strip with alow modulus around the crack path to
account for the extension of the process region. This basically reduced the local stress wave
speeds and consequently the energy flux into the crack tip region. Washabaugh and Knauss
[20] performed extensive experimental study of brittle polymers and postulated that the main
reason for low limiting speeds were the multiple micro-cracks ahead of the main crack. When
the formation of those was suppressed by fabricating a strip of vanishing strength material, the
crack speed approached the Rayleigh wave speed. It was concluded that for a single front crack
travelling in low strength material the theoretical limiting speed prediction was satisfactory.
Errorsin experimental measurements caused by wavy crack paths along which the actual crack
travels at the Rayleigh wave speed was offered by Gao [33] as another explanation. It was
pointed out by Washabaugh and Knauss [20] that for the sinusoidal path the amplitude should
be 0.4 of the length to achieve the speed reduction of 50%, and the experimental evidence of
such phenomenon do not exist. The classical work by Y offe [34] on elasto-dynamic analysis of
amoving crack, predicts the crack branching at a crack speed above 0.6 of the transverse wave
speed (in case of PMMA this will give a branching velocity of about 585 m/s using the static
value for Young's modulus E =3 GPa, and 825 m/s with the dynamic modulus E = 6 GPa).
Notice that the Rayleigh wave speed is about 0.9 of the transverse wave speed, and that Y offe’s
prediction overestimates observed branching speeds. The crack speed as a criteriafor branching
on its own is difficult to justify since branching was observed for crack propagating at a
constant speed but under increasing stress intensity factor [4,6,7]. Fineberg et al. [18,21]
suggested that a critical crack velocity of 330130 m/s exists, above which the velocity begins to
oscillate rapidly while the mean crack acceleration drops sharply. They demonstrated a good
correlation between the measured crack speed and the appearances on the fracture surface. The
initial rapid, but steady, acceleration of the crack-front corresponded to a mirror like finish on
the fracture surface. Upon achieving the critical crack velocity the velocity begins to oscillate
about a steady mean value, while the fracture surface first shows a misty, then a hackle like
appearance. In later work, Sharon et al. [35] and Sharon & Fineberg [22] associated the critical
velocity with the onset of micro-branching at the crack-front. They argued that when the crack
velocity exceeded the critical value, the increase in fracture toughness was solely due to the
increase in fracture area.



Recent advances in computational modelling of dynamic fractures have helped resolving
some of the contentious issues discussed above [4,36-39] (for more details see Section 3). It is
important to notice that the main characteristics of al of these studies are that the fracture
process region and its effect on the overall fracture were accounted for, in a more or less
sophisticated way.

The present work aims to further examine some of the issues discussed above: i) Crack
speed variation during the rapid fracture of PMMA — emphasis here will be on post-processing
the experimental data, i.e. on the effects of filtering of measured raw data on the crack speed
results, ii) The critical and terminal crack velocities, where the first is related to the abrupt end
ininitial crack acceleration and the second to the maximum achieved crack speed during the
test, and iii) Origins of the micro-cracks — extensive microscopy study of the virgin and tested
specimens was be performed in order to find nucleation sites of the micro-cracks. Also,
preliminary results of tests on different molecular weight PMMA samples are presented.
Numerical predictions of the experiments are also conducted in an attempt to further clarify
some of the issues.

2. Experimental investigations

2.1 Techniquesfor crack velocity measurement

Crack velocity measurement techniques vary widely and can be grouped into approximately
two categories. contact or non-contact. The first usually employs a conductive coating that is
attached to the specimen in the region of the prospective crack path. During crack propagation
the conductive coating is broken, and by measuring the output of the instrumentation system,
then post-processing these results, gives the crack tip location as a function of time. A system
such as this must be carefully constructed since the crack velocities are high and the fracture
event short. Typical tests on SENT glassy polymer specimens may have a fracture time of less
than 50 ps. Continuous conductive coatings offer advantages over discrete ‘timing-lines
attached to the sample, but due to the highly non-linear relationship between the resistance of
such a strip and crack length, carefully chosen circuitry must be used in the instrumentation
system. Furthermore, it becomes necessary to differentiate the crack length as a function of time
to obtain the velocity as a function of crack length. This procedure should take into account the
sengitivity of the recording equipment and smoothing or filtering must be used prior to
differentiation. The choice of smoothing algorithmsis considerable and the consegquences of the
smoothing parameters must be assessed properly in order to remove unphysical signals from the
processed data. The second technique usually employs optical methods, the preferred method
being a form of high-speed photography or video. These techniques offer considerable
advantages over contact methods. For example, when using transparent specimens the focal
plane can be orientated in order to capture the entire crack growth. Thus, the crack velocity
may be measured along the whole crack front, in comparison with the velocity measured by the
contact method, which only observes an apparent velocity as the crack front emerges from the
specimen bulk to the surface. This non-continuous method of crack velocity measurement is
limited by the number of discrete images which can be recorded during crack propagation.

2.1.1 Contact technique for crack velocity measurement

Tests have been performed using SENT specimens 20 mm wide, 8 mm thick and 40 mm long
(gauge length). These specimens were cut from a sheet of PMMA with typical molecular
weight of 1 - 2 x 10° g/mol, and with the following mechanical properties: Egaic = 3 GPa, p =



1180 kg/m®, v = 0.34. They were pre-notched using a right-angled ‘V’ cutter to various depths:
0.1, 0.5, 1.0 and 2.0 mm. The specimens were then mounted in a universal-testing machine with
a grip spacing of 40 mm, and extended at a velocity of 2 mm/min until crack initiation and
specimen failure, asillustrated in Figure 1. An electrical resistance method, as used by Fineberg
et al. [18,21], is employed to measure the crack velocity, but using gold as the conductive
medium rather than aluminium. Figure 2 shows schematic of an instrumented specimen with a5
mm wide gold strip approximately 300 A thick deposited onto its surface in the projected crack
path. Thisis then connected to the crack velocity measuring equipment shown in Figure 3. Data

were collected at a frequency of 200 MHz and after processing expressed in terms of
crack-front velocity as a function of crack length.
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Figure 1: Schematic of a specimen loaded in uniaxial tension.
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Figure 2: An instrumented specimen showing the conductive gold coating and the electrical
terminals to be inserted into crack position measuring circuit.
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Figure 3: Circuit employed for crack position measurement. Rsis the specimen resistance
(which changes during crack growth).

The circuit used in the measurement was chosen for a number of reasons. Its simplicity results
in extremely fast response times provided a suitable power supply is chosen. Furthermore, the
position of the specimen in the divider circuit reduces the non-linearity that is associated with
these measurements. The goal of the circuit is to achieve a linear relationship between crack
length and output voltage. This ensures that the sensitivity of the measurement is approximately
constant during crack growth. The resistance of the specimen can be approximated by:
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where Ry is the specimen resistance, R, the initial resistance of the specimen, a the crack
length and &,;, the maximum crack length. The output voltage, Vi (a) , as afunction of crack
length then becomes:
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This relationship is shown in Figure 4 for unity values of resistance, supply voltage, initial
specimen resistance, and for a specimen width of 20 mm. As indicated in Figure 2, the
specimen was additionally instrumented with a second conductive strip applied in an identical
procedure. Prior to testing this strip was used to calibrate the system. A razor blade was used to
notch the calibration strip in discrete steps to simulate crack propagation. For each step the
simulated crack length was measured using an optical microscope and the output voltage from
the circuit was recorded. In this manner a calibration curve — similar in form to that shown in
Figure 4 — was obtained for each specimen. Following the actual fracture event the voltage
output recorded by the transient recorder could be precisely related to the position of the crack
front.

However, an issue of particular interest here are the precise details of the data processing
techniques. In its raw form the data contains erroneous information as a consequence of factors
such as electrical noise and the sensitivity of the voltage measuring equipment. A digital
filtering procedure encapsulated within a commercial signal processing package was used to
smooth the data to remove the unrealistic high frequency components.
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Figure 4: Typica Circuit output voltage plotted as a function of crack length.

A 'time-window' of 0.1 us was chosen to resolve the highest-frequency physical crack speed
oscillations that may occur during the fracture event. It corresponds to an estimated frequency
at which the crack-front moving at a max speed of up to 1000 m/s passed and interacted with
the penny-shaped micro-cracks of an average size of 0.1 mm The choice of the 'smoothing
window' must have some physical basis, since choosing a different value may change the form
of the results.

Results are presented in Figure 5 for specimens with notch depths between 0.1 and 2 mm.
All crack velocity histories show an almost instantaneous acceleration in the first 1 mm of crack
propagation to a mean value, which tended to increase with decreasing notch depth. The
oscillations in the crack speed are substantial at all mean crack speeds. The effect of changing
the smoothing parameters are illustrated in Figures 6, which show a example of under-
smoothed data, and 7, which shows over-smoothed data. This highlights the important effect of
choice of data processing parameters on results, and although a correct smoothing window size
can be argued from simple observations of the fracture surface — there still remains a good deal
of uncertainty in the results. However, all the graphs demonstrate that, apart from the specimen
with 2 mm initial notch depth, cracks accelerated well above 330 m/s reported critical speed.
Also, terminal velocities of up to 800 m/s were recorded (see the results from specimens with
0.1 and 0.2 mmi initial crack length), which is close to the lower bound Rayleigh wave speed of
around 880 m/s (assuming E= 3 GPa). This result will be further investigated using the high
speed photography technique.

Present crack speed results are in contradiction with previous workers [18,21] findings
where above a critical crack-tip velocity (330 m/s) the mean crack-tip acceleration rapidly
dropped and crack speed settled at a value much lower than the Rayleigh wave speed. Figure 8
illustrates the fracture surfaces corresponding to the results presented in this section. The
specimen with a 2 mm notch has a smooth mirror-like surface, whilst at smaller notch depths
the visible damage increases until at a notch depth of 0.1 mm the entire surface has a flake-like
structure—indicative of crack branching and micro-cracking beneath the surface. It is also
worth noticing that smaller initial notch depths specimens failed at higher applied loads, and
therefore the increase in available energy correlates well with the observed increase in surface
roughness. Apart from the obvious observation that specimens fractured at higher crack speeds



experienced rougher fracture surfaces, correlations between the crack speed oscillations and
surface roughness details can be quite arbitrary and were not pursued in this work. Fineberg et
al. [18,21] reported very good correlation between highly oscillatory crack speed and fracture
surface profiles, although signal filtering details were not given. Furthermore, they also
employed surface coating technique for speed measurement, and it is somewhat surprising that
surface speed data correlated well with interior fracture surface features, taking into account
variations of fracture surface appearances through the specimen thickness, particularly at higher

speeds (Figure 8).
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Figure 5. Crack velocity data
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Figure 6. Under-smoothed crack velocity data (for clarity only onetest is shown for an
initial notch depth of 0.2 mm

2.1.2 High speed photography

A novel photographic technique that owes its success to the transparent nature of PMMA nature
was used to investigate crack propagation in two dimensions. Unlike the crack velocity



measuring equipment presented above, this technique can monitor and record the evolution of
the whole crack front. An ultra high speed camera (Hadland Imacon 468) capable of imaging at
a rate of 100 million frames per second was fitted with a standard Nikon macro lens and
focused through the specimen onto an imaginary plane in the projected crack path.
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Figure 7. Over-smoothed crack velocity data.

Figure 8. Fracture specimens. In each case the crack has propagated from top to bottom.
Notch sizes are 2mm (left specimen), 1mm, 0.5mm, and 0.1mm (right specimen).
The scale shown on theright isin mm.

The specimen was extended in a universal-testing machine until crack initiation. A signal
generated from a single conductive gold strip deposited onto the notch was used to trigger the
start of the camera recording sequence. A total of eight frames were recorded for each fracture
test and later analysed using standard image processing software. Figure 9 shows eight images



recorded for a fracture initiated from a relatively shallow notch of 0.2 mm. The prospective
facture surface was viewed from an angle of 45 degrees and illuminated by a halogen light.
Initially, when the specimen is intact and there is no fracture the image appears black. Asthe
crack grows, the light is scattered from the fracture surface which is then recorded by the
camera. The first image is recorded immediately upon receiving the trigger signal when the
whole of the gold strip fails. Image 1 clearly shows that the initial crack growth is far from
uniform, and is in fact initiated from one side of the notch and then propagates radially. This
radial crack front is captured in image 1 and in image 2. Images from 3 to 8 record the
subsequent crack front growth and evolution at a framing rate of 250 KHz. The average crack
speed from thistest isaround 715 m/s.

Surface crack velocity measuring techniques quite often indicate an extremely high initial
velocity. This is consistent with the crack initiating from the far side of the specimen, and a
high apparent velocity is recorded when the crack front first emerges on the instrumented side.
To clarify this, velocities are evaluated from Figure 9 for three points along the crack front:
bottom, centre and top, and presented in Figure 10. While the velocity profile of top point
shows rapid initial crack acceleration, the bottom point accelerates much more gradually.
Velocities of al three points along the crack front eventually settle and converge to a nearly
constant value. The details of crack speed oscillations could not be captured by this technique
due to the large sampling rate. The accuracy of instrumented crack velocity measurements is
strongly dependent on the calibration procedures used when processing the data, although the
analysis of the high speed camera images has corroborated the instrumented tests. Figure 11
plots the average crack speed measured on the centreline of the specimen as a function of initial
notch depth. There is a good agreement between these results and those measured
experimentally with the conductive coating (see Figure 5).



Figure 9. High-speed cameraimages capturing the evolution of the fracture surface.
The images are recorded at a frequency of 250 KHz
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Figure 10. Crack speed measured using the high speed camerafor the edges and centre of the
specimen
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Figure 11. Average Crack velocity measured using the high speed camera as a function of
initial notch size

2.2 Microscopy

In the pursuit of direct evidence for the cause and effect of micro-cracking two micrographic
approaches were used. Previous workers had suggested that the initiation of micro-cracks
remote from the principle crack-front occurred at pre-existing defects such as inclusions or
voids. In light of this, virgin un-fractured material was polished to a high degree and viewed
under a scanning electron microscope (SEM). Under all circumstances, no conclusive evidence
of defects or inclusions were found, and only in very few cases occasional dust particle was
observed. For further corroboration, the fracture surface was viewed using a SEM. The focus of
a number of parabolic markings were examined in search for either a void or a particle which



could be a candidate for the micro-crack initiation. Again no evidence of a pre-existing flaw or
inclusion was found. A typical image of a parabolic marking is shown in Figure 12.

To support the idea that surface roughness and damage observed at high crack-front
velocities is a result of micro-cracking and branching, specimens with extensive damage were
sectioned and examined using both the SEM and a conventional microscope. Figure 13 shows a
fracture surface from a specimen with an initial notch of 0.1 mm together with SEM images of a
section taken 3 mm from the specimen edge. In each SEM image the fracture surface is towards
the top of the image. In all cases damage, or micro-cracks whose density tended to increase
with crack length and velocity, are resolved beneath and nearly parallél to the fracture surface.
More detailed microscopy analysis can be found in [40].

Figure 12. SEM image of a parabolic marking, taken using a magnification of 2000 and a
10kV accelerating voltage, approximately 6mm from the notch. Thereisno
evidence of an inclusion or void at the focus of the parabola.

2.3 Effects of molecular weight

A preliminary study on the effects of the molecular weight (MW) on dynamic fracture in
PMMA has also been conducted. SENT specimens have been manufactured from 3 mm thick
plates (product of GoodFellow Cambridge Ltd, UK), having MW of approximately 0.1 x 10°, 2
x 10° and 6 x 10° g/mol respectively. PMMA with molecular weight of 2 x 10° g/mol is a
standard grade which was used throughout this work, while 6 x 10° g/mol is a medical grade
which is not readily available. Other specimen dimensions including the initial notch depths, as
well astesting conditions are the same as those given in Section 2.1.1.

Specimens with the same initia notch depth fractured at approximately the same applied
load regardless of MW. Since prior to crack initiation the specimens with different MW were
subjected to the same stress level, one-to-one comparison of their fracture surfaces is justified.
Again, the fracture surface roughness increased with decreasing initial notch depth for all MWs.
More importantly, there was a marked difference in surface roughness for the three grades for
the same depth of initial notch. Surface roughness decreased with molecular weight. The lowest
molecular weight grade exhibited crack bifurcations for al initial notch sizes, and even
fragmentation for 0.1 mm initial notch depth.



Figure 13. A, B, and C are SEM images(x1000) of sections taken beneath the main fracture
surface (shown below). The images (A-C) indicate the presence of several
micro-cracks remote from the main fracture surface.

These observations suggest that MW substantially affects the fracture of PMMA. As the
average chain length decreases with decreasing molecular weight, the number of chain ends
increases. This, in turn, results in more free volume (micro-voids) in the micro-structure, which



may act as the nucleation sites for the micro-cracks. More detailed study on the role of MW on
the evolution of fracturein PMMA isrequired.

2.4 Discussion

The crack velocity results presented in Section 2.1 demonstrate that crack speed can exceed the
‘magic’ mark of 330 m/s at initiation stages, and that terminal speed was close to the Rayleigh
wave speed of about 880 m/s. Also, higher crack speeds were associated with rougher fracture
surfaces and considerable damage by means of many micro- and indeed macro-cracks
underneath it. Under such highly non-homogeneous and discontinuous conditions, the laws of
continuity are hardly applicable and the theoretical crack speed limit is not necessarily a valid
measure of the crack speed limit. Even if it were, under the circumstances it would be
extremely difficult to determine the material properties (in particular Young's modulus) to
define the Rayleigh wave speed. The fracture region is dominated by high strain rates which
would elevate the Young's modulus. On the other hand, high temperature and micro-cracks in
the fracture region will effectively reduce the local modulus and the wave speeds [4]. It seems
possible that cracks can propagate at velocities even above the local Rayleigh wave speed limit.
Unless the local material behaviour is accurately characterised, and the applicability of the
limiting speed criteria examined, any conclusion about the crack speed limit could be
inappropriate. Fast cracks and corresponding excessive damage are associated with high energy
stored in the specimen prior to fracture. As expected, it was observed that that low crack speeds
and ‘smooth’ fracture surfaces correspond to low applied loads, i.e. small amount of energy
available to drive the fracture.

Numerical simulations presented in Section 3 will further address the limiting crack speed
issue. In the analysis, a cohesive zone model was used to describe material separation processes
in aglobal collective sense. If the fracture istruly of the cohesive type, then the crack speed can
be unlimited [37,49], as finite size material regions may achieve the separation conditions
amost simultaneously.

Most of the reported crack speed results were obtained via surface technique. These could
be misleading as explained in Section 2.1.2, unless the crack propagation is uniform across the
specimen thickness. This was not the case in the present study as can be seen in Figures 8, 9
and 13. In light of this, and considering the effects of signal processing on the crack speed
results, correlation between the fracture surface features and the crack speed would be
inappropriate.

From the experimental results presented in Sections 2.2 and 2.3, it is clear that inclusions,
impurities or manufacturing imperfections were not responsible for nucleating micro-cracks in
tested PMMA specimens in vast majority of examined cases. The origins of parabolic markings
are thought to be strongly related to molecular weight of the material and hence its
microstructure.



3. Numerical investigations

3.1 Introduction

A finite volume formulation was used to model the dynamic fracture of the PMMA specimens.
The suitability of this method for non-linear and fracture problems arises from the use of a
segregated solution algorithm, which makes the procedure inherently iterative, as described
briefly later and more fully in Demirdzic & Muzaferija[41], Ivankovic et al [42] and Ivankovic
[43]. In addition, memory utilisation is very efficient. The simplicity of the formulation makes
it attractive for highly coupled or so-called multi-physics problems. This might include fluid-
solid interaction problems where the pressure and flow of the fluid is highly dependent on the
deformation of the solid, and vice versa. Dynamic fracture of pressurised polyethylene gas
pipelinesis agood example of this type of problem, as described in Ivankovic et al [44].

In this work, 2D, linear elastic, transient FV discretisation was employed with rectangular
cell topology. Although described in details el sewhere [42], main steps in the discretisation are
included here for completeness and clarity of CZM implementation.

3.2 FV discretisation

The law of conservation of linear momentum for an elastic solid may be conveniently expressed
in vector notation as follows. For an arbitrary volume of material, V, bounded by the surface, S,
the momentum equation states that

%J‘p%dV:J‘tdS+J‘pfde, ®)
\% S \%

where u, t, and f,, are displacement, surface traction and body force vectors, respectively, and p
is the material density. The traction vector on a surface whose outward normal is n may be
expressed in terms of the stress tensor @, as follows

t=olh (4)

Hooke's law may be used to relate the stress and strain tensors, which, in the absence of
thermal effects takes the form

O=2lE+A(trg)d, 5)

where A and y are Lamé's constants and d is the unit second order tensor (the Kronecker delta).
Theinfinitesimal strain tensor may be related to the displacement gradients as follows

:%(gradu +(grad u)T). (6)

To illustrate the method, consider a two-dimensional rectangular control volume, P, surrounded
by neighbouring cells, as shown in Figure 14. It is most convenient to utilize a compass-
labelling scheme, as indicated in the Figure. For plane stress or plane strain problems, the
surface and body forces acting on a typical control volume are shown in Figure 15.
Alternatively, the cell surface may coincide with either an external boundary or a pair of
cohesive surfaces, as described later. In the latter case, the traction on this face is determined
from atraction-displacement constitutive law describing the failure process of the material.
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Figure 15: Surface and body forces acting on a two-dimensional control volume.

The momentum equation in the horizontal direction for this control volume may now be written

as follows. Here, u and v represent the displacement components in the x and y directions

respectively. From egn (3),

J au ., _

E\J;pEdV—Zk:itde +prbxdv (k=ew,n,s). ©)
Inertial forces  gyrfaceforces Body forces



Applying egns (4) to (6), and assuming for now that all four faces of the control volume are
internal, egn (7) becomes

jp—dv H(zym)_mj—‘ﬂd& J y(ﬂ+ﬂ]ds

ady Jx
F 2 &
X er Fxn
Ju ov Ju ov
2u+ A —+)|— dS- ds
H(ﬂ ) oX é’y} Jﬂ[é’y dX]
S S
FXW FXS
+Ipfbxdv. (8)
L/_J
Fo,

Note that egn (8) is exact within the framework of small strain elasticity, in that no
approximation has been introduced so far. To obtain the discrete counterpart of this equation,
both temporal and spatial discretisation must be performed. For the temporal discretisation, a
fully implicit time differencing scheme is chosen., where all dependent variable values are
related to the current time step, t,,,, except for those arising from the time derivative term, which
carry appropriate superscripts m-1 and m-2 for the preceding time steps, where mis time step
counter. Assuming constant material density and variable time increment values, the inertial
force component may be expressed, with first order accuracy, as follows

—p\/[ﬁu] PV(CZU C1£1+u?2 ' ©)

where C; = 1+Att°'d, C,=C -1, and cg—

new

(Atol dat Atnew) (10)

Here, V is the cell volume and At is the time interval between the current step, m, and the
previous step, m-1. Similarly, Atyq isthe time interval between steps m-1 and m-2. Where equal
time increments of magnitude At are used, egn (9) becomes

m_ o, m- 1+ur51 -2

Fxm =V (At ) (11)

For convenience of notation hereafter, explicit superscripts will only be used when referring to
time steps other than the current value, m. The spatial gradients at the cell faces may be
calculated by appropriate use of the central difference formula

F(x.)=f(x
f(x)= ) 4 o (ag?), 12)



where the usua notation applies. For a uniform mesh, this approximation exhibits second order
accuracy. Thisresultsin the following expression for each force component:

er=(2u+A)%(uE—u.:)md%e(vne—vse), (13)
Foy = (2y+/1)5—axﬂzv(up ~uy) MJ_SVZV(V”W ~Vg), (14)
Fin = H o (U =Up) (=) (15)
Fre = uaiys(up ~ug) +u5ixs(vse—vsw) , (16)
and Fo, =0tV . (17)

Vaues at cell faces and vertices such as v, and v, respectively are obtained by linear
interpolation between two straddling computational points. Hence,

Vo = (1= fy)vp + fyvy, (18)
and Ve ~Vee = (1= £,)(Vh =Vs)p + fx (Vh = Vs)E (19)
where fxzﬁ , o fy= [Pn] . (20)

|PE| PN |

Here, |PN| denotes the distance between the computational points P and N. Finally, after
introducing the following notation:

a :(z/ml)%, aN:(zuM)%, (21)
ay = 4 ;*y“n , as:u%ys, 22)
ap = ) ag +{pV%} (K =N,S,EW), (23)

K

0 0= A (e Vee) A (v Ve) (V)

e JW n

U2 (Vg = Vi) + PV +{%(clu;?‘l—u’;“2)}, (24)

%



the momentum equation, (8), for cell P becomes

apUp _zaKUK =b (K =N,S, E,W) . (25)
K

Note that if a steady state or static problem is considered, the expressions within {} bracketsin
eqgns (23) and (24) vanish and are therefore not calculated. It is worth noting here that the
guantities ax in egns (21) to (23) are called the coefficients and b in egn (24) is caled the
source term. Similarly, the momentum equation for cell P in the vertical direction becomes

apVp— Y axV =b  (K=N,SEW), (26)
K
_ S _ . Sw
h =u>_ =W 27
where ag 'ucfxe ay 'udxw (27)
_ S _ S
ay = (2u+A)—n-, as = (2u+1) >3- (28)
N OYn S OYs
C
and ap =Y ay +{ pV=2 K =N,SEW). 29
p ; K {p 03} ( ) (29)
: - % Sw
In th b= U (U~ Uss) = U (U = Uay) + A -
ntnis case H Yo (Upe —Uge) — N (Unw — Us) ox, (Une = Unw)
- (Si(uSe ~Ugy) * Pl V + {ﬂ(clvg“l - vg“z)} . (30)
Xs Cs

3.2.1 Application of initial and boundary conditions

At the start of the calculation, al dependent variables must be set to their initial values
corresponding to time steps m = 0 and m = -1. As indicated above, the coefficients and source
terms in egns (21) to (24) and (27) to (30) are valid for internal cells. Whilst egn (3) is a
hyperbolic partial differential equation, the resulting form of the governing equations is
spatialy elliptic at a given time step. This means that boundary conditions must be specified at
each time step for all cell faces coinciding with the boundary of the solution domain. These
may be classified into two main categories, denoted Dirichlet and Neumann boundary
conditions. In addition, many problems exhibit some kind of symmetry, in which case only one
part of the body may be considered and symmetry boundary conditions may be applied along
the appropriate edges. A Dirichlet boundary condition is where the value of the dependent
variable (in this case a displacement component) is specified at the boundary. If, for example,
both displacement components on the east face of a cell are specified and denoted as ug and v,
as shown in Figure 16, then the variables ug and ve ie egns (13) to (16), and corresponding
equations in the vertical direction, are simply replaced by the specified values ug and vg. Note
that Jdx. is now the distance between points P and B, denoted Jdxg in the Figure.
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Figure 16: Specified boundary conditions on the east face.

A Neumann boundary condition is where the gradient of a dependent variable is specified at the
boundary, here corresponding to a prescribed traction. For example, if traction component tg, is
specified on the east face of a cell, as shown in Figure 16, then the expression for F,. in egn
(13) is replaced by Fye = tgx S The values of the displacements ug and vg required for the
calculation of differences upe —Ug, Vje —Vse, 8Nd SO 0N, are obtained by linear extrapolation
from the interior of the solution domain. Finally, consider a problem where a plane of symmetry
exists on the south boundary of the solution domain. Referring to Figure 17, the symmetry
boundary condition may be implemented by noting that us= us = uUp , Vs = -Vp, and vs = 0. These
values are then substituted into the corresponding expressions for the force components on the
south face and the appropriate changes are made to the coefficients and source terms for this
cell.
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Figure 17: Symmetry plane boundary conditions.
3.3 Incorporation of cohesive surfaces

The treatment of the cohesive surfaces follows that of Xu & Needleman [37]. The congtitutive
law for the cohesive surfaces is taken to be a phenomenological relation between the traction
and the displacement jump, A, across the surfaces. As the cohesive surfaces separate, the
magnitude of the traction firstly increases, reaches a maximum, and then decreases to zero as
the surfaces are fully separated. The congtitutive relation for each pair of cohesive surfacesis
taken to be elagtic, so that, prior to complete separation, any dissipative processes are ignored.



It is worth pointing out that in Xu & Needleman’s original treatment [37], the cohesive surface
were alowed to heal once the loading had been removed. In the current work, the surfaces are
considered to be traction-free once the value of A has exceeded a certain critical value. The
associated energy of separation is then added to the total fracture energy of the system. The
normal and tangential traction components across a pair of cohesive surfaces, T, and T,
respectively, are given in terms of a potential function, ¢ asfollows:

Ty = 44 and T :%, (31)
an, an,

where n and t are the norma and tangential vectors, respectively, to a cohesive surface at a
given point, A, =nlA and A, =t[A. The specific form of the potential, ¢ allows for both
normal and tangential decohesion and is given by

oD ) = 0+ exp[—g—:]{(q—l)(l+§—:]—q(1+g_—:]exp[—g—§]} .32

Four scalar parameters, @, 0, &, and & have been introduced in this cohesive surface
characterisation whose physical interpretations will now be examined. Here, ¢, represents the
work of normal separation from the unloaded to the fully separated state in the absence of
shearing. If, on the other hand, the surfaces are separated in a pure shear mode, the work of
separation can be shown to be gg. In al of the smulations to date, a value of q = 1 has been
assumed. The above formulation ensures that, for a given pair of cohesive surfaces, the work
done when moving from one state of separation to another depends only on the initial and final
states, and is independent of the path taken between these two states. Eqns (31) and (32) may
be used to derive expressions for the norma and tangential traction components across the
cohesive surfaces for a given state of separation, as follows:

ST S YO Y (.0 IO V| O .t
== Jn]{dn exp( 53]+(1 q)[én](l exp( 53]]} -

7
and T, = —?n[z%j%(hg—:]exp(—g—:]exp[—%] (34

It is useful to examine the traction-displacement relation under purely normal separation
conditions, where (4,/&) = 0. Under these conditions, eqn (33) becomes

— % An An
T, =2 Texp| - |, 35
n ENES p( 5 ] (35)
which has a stationary value at (4,/4&,) = 1, of magnitude
O :%n , (36)

where e = exp(1), and so egn (35) can be written in the form



__Tn :ﬁexp[l—ﬁ] , (37)

amax 5[1 5n

as shown in Figure 18. Eqn (34) may be used to provide a useful definition of the length
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Figure 18: Normal traction across a pair of cohesive surfacesin the absence of shear loading.
parameter d, in terms of the separation energy ¢, and the cohesive strength g, under purely
normal separation conditions. Similarly, under purely shear conditions, egn (34) can be written
in the following form, as shown in Figure 19.

Il Y N

- 2 Jtexp(z o,tz]' (39)
_2q 1

where Trmax = N (39)

As before, egn (39) provides a useful definition for the length parameter, ¢ . Finally, note that
@ is eguivalent to the mode | fracture toughness of the material. In the simulations carried out
below, the values of &, and & were taken to be equal to each other, and the shear strength was
chosen so that the work of normal and shear separation were equal (q = 1). Thisimplies that

Trmax =V2€ Opmay - (40)

3.3.1 Incorporation of cohesive surfacesinto finite volume formulation

Consider the situation where two standard elastic cells are to be joined together by a pair of
cohesive surfaces, as shown in Figure 20. One way to implement this is to insert a pair of
additional computational points between the original continuum cells. The desired behaviour of



the model is as follows. A normal and shear traction should be applied to the adjacent
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Figure 19: Shear traction across a pair of cohesive surfacesin the absence of normal loading.

elagtic cells whose magnitude is dependent on the relative separation of these additional
computational points, in accordance with the congtitutive relation discussed above.
Conceptualy, it might be imagined that these points lie at the centre of special cohesive layer
cells of zero thickness.
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Figure 20: Insertion of cohesive layer cells between standard elastic cells.
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Figure 21: System of forces acting on alayer cell whose east face is a cohesive surface.
Consider first the horizontal cohesive force acting on the east face of the layer cell, P, in Figure
21. Inthis case,

Fe = | -T,0S. (41)
S

From egns (33) and (36),



= S0y, exp(l—Aue)[l—q[l—exp(—A\z,e)J}, 42)

where A, :[H] oA, {m] —— :[H] @
‘ Sn old ‘ o old ‘ Sn
Here, the subscript ‘old’ indicates that these quantities are computed using the (known) values
of the dependent variables from the previous iteration. In this way, the non-linear, coupled
equation (42) has been reduced to a simple linear approximation involving only the (unknown)
horizontal displacement components of the cohesive layer cells. Eqn (42) may be rewritten as
follows:

Fxe = Ac(Ug —Up), (44)

where A =‘i?maXseexp(l—Aue)[l—q[l—exp(—Aie)}]. (45)

n
Enforcing equilibrium of horizontal forces for thislayer cell yields
Fye = Foaw - (46)
The west face of this layer is an ordinary, internal, face and F,, follows from an earlier

discussion. Egns (14) and (44) may then be substituted into egn (46) and rearranged in a form
similar to egns (25) and (26),

apUp _zaKUK =b (K = E,W) , (47)
K
where ag = A = + i
£ . ay =(2ut ) , (48)
OXy
ap = ZaK (K = E,W), (49)
K
and b= AW (v —v,). (50)
OYw

Again, referring to Figure 21, the vertical cohesive force on the east face of the layer cell is
given by

Fye = | -Tds. (51)
S

From egns (34) and (36),
Fye = _Tte%
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= S0 [zgnjqdve (1+ ) exp(1-8y, )exp(-2 ),

where Ay, and A, are givenin egn (43), and

d =(—VE 'VP] .
Ve d

Eqgn (52) may be rewritten as follows:

Fye = Be(VE —Vp),

0, o) 2
where Be :T"WSE(ZE”] g1+ Aue)exp(l—Aue)exp(—Ave) .
Equating forces in the vertical direction,
Fye = Fyw>

leads to equations of a similar form, as follows:

aPVP _ZaKVK =b (K = E,W) y
K

where ar =B,, = i
E = Be ay 'UJXW

ap=Yac (K=EW),
K

- Sw
and b=-u—""(u,,—Uu .
:ua-yw( w ~ Usw)

3.4 Solution of the resulting system of equations

(52)

(53)

(54)

(55

(56)

(57)

(58)

(59)

(60)

For two-dimensional problems involving N control volumes, therefore, the finite volume
method results in two sets of N coupled equations in the form of egns (25) and (26). These
equations are then solved using the following segregated iterative procedure. Firstly, al
dependent variables are assigned their initial values and the boundary conditions corresponding
to the first time step are applied. The sets of equations for each dependent variable are
linearized (if necessary) and temporarily decoupled by assuming that the coefficients and
source terms are known (calculated using values from the previous iteration or time step). This

resultsin a system of N linear algebraic equations of the form
Ap=b

(61)



for each dependent variable, where A isan N xN matrix, the vector ¢ contains the values of
the dependent variable u or v at the computational points, and b is the source vector. The above
discretization procedure ensures that the coefficient matrix, A, has several desirable properties.
Firstly, it is sparse with a maximum of five non-zero elements per row for the continuum cells,
and three non-zero elements per row for the cohesive layer cells. In addition, it is symmetric
and diagonally dominant (from egns (23), (29), (49) and (59)), which makes egn (61) easily
solvable by a number of iterative methods. In this case, a very efficient conjugate gradient
method with incomplete Cholesky preconditioning is employed, which retains the sparsity of
the coefficient matrix and converges rapidly. To enhance the rate of convergence till further, a
technique known as multi-grid acceleration may be used. Thisis most useful for static analysis
of large models, but is not required for transient problems such as dynamic fracture simulation.
Each set of equations is solved in turn until a converged solution is obtained. Here, it is useful
to introduce a quantity known as the residual vector, defined as follows:

rK=p-Ad", (62)

where the superscript, k, refers to the iteration number. In a convergent method, the norm of
this vector, |rk |- O when k - o In addition, it is necessary that the equilibrium conditions,
such as those in egns (46) and (56), are satisfied for each cohesive layer cell within specified
tolerances.

3.5 Description of models used

The primary aim of this investigation was to simulate the experimental tests described in
Section 2 using a model whose dimensions were the same as those of the PMMA specimens, 40
mm high by 20 mm wide by 8 mm thick. Firstly, however, it was necessary to perform some
initial tests to gain insight into the behaviour of the model. In order to capture most of the
essential features of the full size model and yet take advantage of shorter execution times, a
smaller model was used whose height was the same as the test specimens, but whose width was
only 3mm. This value was selected as the experimental results indicate that the maximum crack
velocity is approached after 3 mm of crack growth in most cases. The finite volume grids used
for both the large and the small models are very similar and are shown schematically in Figure
22. A coarser grid is adequate at the top and bottom of the models and the cell height decreases
towards the central region where the crack propagation takes place. Here, eighty rows of cells
whose height is 6.67 um is used to capture the asymptotic stress fields near the crack tip and to
accurately resolve the damage caused by secondary microcrack formation. Cells of uniform
width are used to avoid the necessity of adaptive remeshing at the tip of the moving crack. The
full-size model contains ten times more continuum cells than the smaller model. The former
employs three thousand cells across whose width is 6.67 um, whilst the latter employs three
hundred cells across whose width is 10 pm. Plane strain conditions are assumed. As described
more fully below, single or multiple sets of cohesive surfaces are inserted horizontally and
vertically between the continuum cells along which the crack is alowed to propagate.
Triangular meshes, such as those used by Xu & Needleman [37] alow the cohesive surfaces to
be inserted at alternative angles, and this has been shown to have an influence on the dynamic
behaviour of the crack.

As pointed out by Broberg [32], the phenomenon of crack branching is not well
understood. Several hypotheses may be proposed to explain its occurrence, including the
maximum asymptotic hoop stress and the maximum asymptotic principal stress theories.



However, it appears that the most likely explanation may be found by looking at the variation
of the asymptotic stress ratio o /g, where the crack is assumed to be propagating in the
x-direction. To illustrate this point, Broberg [32] has evaluated this ratio for a material with
dightly different elastic properties to those assumed in this case. Here, the value of this ratio
rises from 1.06 for crack velocities of 0.27 Cg, to 1.12 for 0.57 Cg, to 1.70 for 0.7 Cg, where Cg
is the Rayleigh wave velocity for the material. For mode | crack propagation it is necessary to
add a constant value, known as the T-stress, to the asymptotic value of ¢;. The T-stressis equal
to the value of oy on the crack faces immediately behind the crack tip, and for an SENT
specimen the T-stress is typically negative for crack lengths less than about 0.6 of the specimen
width. Thus, as the crack propagates, the actual value of oy will eventually exceed that of o,
and microbranching will occur along a vertical cohesive surface.

Cell Heights
20 rows of 800 um

5 rows of 400 pm ———

Srows of 200 pm ——
5 rows of 100 pm — _

5 rows of 50 um / 40 mm
(180 cells high)
5 rows of 25 um

5 rows of 13 pum

80 rows of 6.7 um
5 rows of 13 pum

etc. w

(Uniform cell width across the model)

Figure 22: Spatial discretisation used in small (w=3 mm), and full-size (w=20 mm) models.

3.5 Simulation results

3.5.1 Overview

From the above discussion, it is clear that the model is characterized by several parameters. In
addition to the specification of the grid geometry and the initial and boundary conditions, the
distribution of the cohesive surfaces and the values of their constitutive parameters must be
considered. In order to investigate the influence of these parameters on model behaviour, four
sets of simulations were performed. Firstly, a single set of cohesive surfaces was inserted along
the plane of the initial notch in the small model, as shown in Figure 23. The notch length was
held at 0.1 mm and the cohesive parameters were varied. Secondly cohesive layer cells were



inserted between every second continuum cell in the cohesive region of this small model, as
shown in Figure 27. Here, the cohesive parameters were held fixed and the notch length was
varied. Thirdly, for this configuration, the notch length was again held fixed, and the cohesive
parameters were varied. Of interest here was to compare the performance of the first set above,
where only one set of cohesive surfaces were inserted, to the case where hundreds of cohesive
surfaces were distributed throughout the cohesive region. Finally, the model of the full-size
laboratory specimen was analysed. Here, the cohesive surfaces were distributed throughout the
cohesive region, the cohesive parameters were held fixed and the notch lengths were varied.

The laboratory tests were performed under essentially static loading conditions, and so the
behaviour of the model both prior and subsequent to the onset of unstable crack growth is of
interest. The former phase may be simulated using a non-linear stetic analysis, whilst the latter,
rapid crack propagation, phase reguires a non-linear transient analysis to be carried out. Results
of interest from the static analysis include the applied stress at the onset of unstable crack
growth and the length of the damage region (craze) formed in the material ahead of the initial
notch under these conditions. Results of particular interest from the transient analysis include
the variation of crack front velocity and the accumulated damage as a function of the crack
length.

Finally, it is worth noting some of the material properties of PMMA to guide the selection
of parameter values. Although properties vary with molecular weight, Williams [45] indicates
that the plane strain fracture toughness lies in the range 0.7 to 1.6 MPam”?. It is also noted that
some stable crack growth is usually observed before the onset of rapid crack propagation and
that the craze stress is of the order of 80 MPa at 20 °C and low rates of loading. The value of
Young's modulus is 3.24 GPa under static loading conditions and rises to 6 GPa under high
strain rate conditions. The value of fracture resistance ranges from 220 Jm? at low rate fracture
initiation to 510 Jm? at instability. Here, avalue of 352 Jm? will be used as atypical figure.

3.5.2 Single cohesive plane with variation of cohesive parameters

The small 3mm by 40 mm model was used in this case. Pairs of cohesive layer cells were
inserted along the plane of the initial notch, as shown in Figure 23. Also shown are the
boundary conditions which were applied to the model. The bottom edge was fixed, such that no
horizontal or vertical displacement was allowed. The left hand edge was considered to be
traction-free and the right hand edge was assumed to be a symmetry plane. This was to increase
the degree of constraint in the model so that the body would behave more like a 3mm wide slice
at the notched edge of the 20 mm wide laboratory specimen. A vertical displacement of 5 um
per step was applied to the upper face whilst keeping the horizontal displacement fixed. A
constant notch size of 0.1 mm was used for this series of tests. Nine tests were performed in this
case. Firstly, a cohesive strength of 60 MPa was assumed, with separation energy of 352 J/n.
Eqgn (36) then indicates that the required value of the parameter &, is 2.2 x10~® m. The work of
shear separation was taken to be equal to that of normal separation (q = 1), the parameter &, was
taken to be equal to d,, and eqn (40) implies that a shear strength value of 140 MPa should be
used. Y oung’s modulus was taken to be 3.24 GPa, Poisson’s ratio was taken to be 0.35, and the
density of the material was taken to be
1190 kg/m?. In the second and third tests, the cohesive strength was held at 60 MPa and the
separation energy was reduced to 176 J/m? and 88 J/n?, respectively. In the next three tests, the
cohesive strength was reduced to 50 MPa and the previous three values of separation energy
were used. The final three tests used a cohesive strength of 40 MPa in combination with the
previous separation energies.



The results of this series of tests are shown in Table 1, where the craze length and the
applied stress at the grips are noted. It is worth commenting on the definition of the craze length
at this point. Typically, as the applied displacement is increased at the top edge of the mode,
the cohesive traction at the tip of the notch increases, and eventually reaches its peak value and
enters the decohesive side of the characteristic curve shown in Figure 18. As the specimen
loading continues to increase, the traction across the cohesive cells at the origina crack tip
further reduces. The traction across the cohesive cellsimmediately in front of these continues to
rise until it too peaks and starts to reduce. In this context, the craze length is defined as follows.
Start at the original crack tip and count the number of cells in the forward direction that are in
the decohesive state but have not yet fully pulled apart. The craze length

Displacement or velocity specified
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Figure 23: Small model containing single cohesive plane.

is then the number of these cells multiplied by their length. It is also worth noting that the
experimentally observed value of applied fracture stress in the case of the 0.1 mm notched
specimens was approximately 43 MPa. The wide variation in craze length for each set of three
test results indicates that the effective stiffness of the models is changing substantialy as the
cohesive parameters are adjusted. In fact, it will become apparent that the effective stiffness has
an enormous influence on both the static and dynamic behaviour of the models investigated.
Thiswill be further discussed in alater section.

Finaly, the path-independent static J-integral was evaluated around three contours, such as
that indicated in Figure 23. Thisintegral is defined as follows,

J :HWdy —Tﬂds}, (63)
1704

r



where T and u are the traction and displacement vectors, respectively, along the contour I, and
W is the elagtic strain energy. It can be shown that the value of the Jintegral is equa to the
energy flux into the crack tip region for plane problems. Encouragingly, it was found that the
value of the integral and the separation energy computed for the pair of cohesive cells at the
initial crack tip were in excellent agreement throughout the static loading phase of the analysis.

The onset of unstable crack growth was accompanied by a convergence failure of the static
analysis. A transient analysis was then performed whose initial conditions were taken from the
previous static analysis. The only change to the boundary conditions was the application of a
normal velocity to the top edge of the model, whose value of 2 mm/min was the same as that
used in the experimental tests. The time step value was set to ensure that each cohesive cell
accurately followed the specified traction-displacement constitutive law as the crack propagated
through the specimen. The results of the transient tests are shown in Figures 24, 25, and 26,
where the crack velocity is plotted as a function of crack length.

Ormax @ Ocpplied Craze Length
60 MPa 352 Jm? 40 MPa 0.16 mm
60 MPa 176 Jm? 32 MPa 0.03 mm
60 MPa 88 Jm? 24 MPa 0.03 mm
50 MPa 352 Jm? 37 MPa 0.25 mm
50 MPa 176 Jm? 30 MPa 0.11 mm
50 MPa 88 Jm? 24 MPa 0.05 mm
40 MPa 352 Jm? 32 MPa 0.42 mm
40 MPa 176 Jnm? 27 MPa 0.19 mm
40 MPa 88 Jm? 22 MPa 0.08 mm

Table 1: Static results for small model with single cohesive plane.
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Figure 24: Crack speed variation for small model containing single cohesive plane.

Here, e = 40 MPaand ¢, isvaried.
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Figure 25: Crack speed variation for small model containing single cohesive plane.

Here, 0na = 50 MPaand ¢ isvaried.
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A couple of observations are necessary at this point. Firstly, theoretical analysis indicates
that the maximum attainable crack velocity is the Rayleigh wave velocity, Cg, for mode | crack
propagation in elastic materials (Barenblatt & Cherepanov [46], Freund [31], Broberg [32,47],
and Craggs [48]). In this case, for the specified material properties, the Rayleigh wave velocity
is about 930 m/s. The crack velocity results presented in Figures 24 to 26 all show rapid crack
acceleration in the initial stages of crack growth. The speed then shortly exceeds the Rayleigh
wave speed before settling to an oscillatory profile around a nearly constant mean value below
Cr. Itisinteresting to note that the simulations involving the lowest value of separation energy,
88 Jin?, for all three cohesive strengths considered, predict terminal crack speeds very close to
the value of Cg, varying between 900 and 920 my/s. In contrast, the speeds recorded for the
toughest cohesive surface, represented by ¢ = 352 Jm?, show a strong dependence on the
cohesive strength, with terminal speeds close to Cr for the highest cohesive strength of 60 MPa
whilst dropping as low as 700 m/sfor g = 40 MPa.

3.5.3 Multiple cohesive planes with varying notch lengths

In this case, the same small model was used, but now, instead of a single cohesive plane along
the centre of the model, many horizontal and vertical cohesive surfaces were inserted, as shown
in Figure 27. In this way, the central region of the model, spanning 80 continuum cells high by
300 cells across became a cohesive region, where every block of two by two continuum cells
were completely surrounded by cohesive layer cells. Here, the cohesive characteristics were
held constant, with Jp» = 60 MPa and ¢ = 352 Jm?, and the initial notch length was varied
from 0.1 mm to 1.0 mm. The results of these three tests are presented in Table 2, where, as
before, the craze length and the applied stress at the grips are noted.
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Notch Length Opplied Craze Length
0.1 mm 25 MPa 20 microns
0.5mm 17 MPa 20 microns
1.0mm 13 MPa 20 microns

Table 2: Static results for small model with multiple cohesive planes.

Of immediate interest here are the results for the 0.1 mm notch. Comparing this result with
that displayed on the first line of Table 1, it can be seen that, everything else being equal, the
insertion of 39 horizontal cohesive planes has reduced the applied stress at instability from 40
MPato 25 MPa. Again, this highly undesirable effect can be attributed to a reduction in model
stiffness due to the presence of the ascending part of the cohesive characteristic, as will be
discussed in due course. Another striking feature of the results in Table 2 is the dramatic
reduction in craze length at the point of fracture instability. For each notch length, the crack
stably advances by one cell, so that the cohesive surfaces at the tip of the notch are fully
separated during the static analysis, and the second and third pairs of cohesive cells ahead of
the notch become decohesive. The craze length in each case is therefore 20 microns. Finaly,



referring again to the resultsin Table 2, it can be seen that increasing the notch length resultsin
asubstantial decrease in the predicted fracture strength of the specimens, as expected.

It is a'so worth mentioning the role of the J-integral as a predictor of crack advancement in
this case. Because there are both horizontal and vertical cohesive surfaces at the tip of the
crack, the energy flux to the crack tip is shared between three sets of cohesive surfaces. For
example, when the model was loaded until the horizontal cohesive cells at the tip of the notch
had peaked, (the normal traction across these cells was equal to dh. ), the separation energy
associated with this amount of extension was 93 J/m?. The computed J-integral value was 125
Jm?, indicating that the balance of 32 Jm? was shared between the vertical cohesive cells
which also intersected the crack tip. After further loading, the craze formation takes place,
which essentially introduces a process region ahead of the original tip. Considerably greater
numbers of cohesive cells then play a role in the characterization of the crack tip region,
whereupon the original assumptions involved in the derivation of the J-integral are violated and
it ceases to be aworthwhile parameter.

Having reached the point of instability, a transient analysis was performed on the three
models, as before, to capture the crack propagation phase. Now, the presence of vertical
cohesive surfaces allows attempted and successful crack branching to occur at right angles to
the plane of the original notch. Of particular interest in this small model is the variation of crack
velocity as it propagates through the material. In all simulations involving multiple distributed
cohesive surfaces, the forward extent of the crack is determined at each time step and thisis
taken to be the crack length. The crack velocity is then defined to be the time rate of change of
this quantity. This definition has the same physical basis as the experimental crack velocity
measurement system described earlier. The graphs of crack velocity as a function of crack
length are shown in Figures 28, 29, and 30. What is immediately striking about these resultsis
the occurrence of high frequency oscillations in the crack velocity, as was observed
experimentally. The results for the smallest, 0.1 mm notch are the most dramatic of the three,
exhibiting an underlying periodic variation in velocity superimposed with high frequency
oscillations. In general, for the three sets of velocity results, the mean value was obtained by
numerically smoothing the raw data. As described earlier, a time window was selected across
which the mean value was cal culated, and the smoothed data is shown in Figure 31. This graph
isin qualitative agreement with the experimental results. The specimen containing the shortest
notch, 0.1 mm, is subjected to the highest axial stress and contains considerably more strain
energy than the other two specimens. The crack quickly accelerates to a speed of about 400 m/s
after 0.1 mm of growth and then oscillates between this and about 550 mv/s. The model
containing the 0.5 mm notch exhibits a markedly different behaviour. The rate of initial
acceleration is much reduced and the terminal speed of 400 m/s is approached after about 0.7
mm of crack growth. The third specimen containing the 1.0 mm notch is subjected to the least
axial stress (afactor of two smaller than the first specimen), and the rate of initial acceleration
is considerably smaller than the second specimen. A terminal speed of about 375 nVsis reached
after 1 mm of crack growth.
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Figure 28: Raw crack speed data for small specimen containing 0.1 mm notch.
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Figure 29: Raw crack speed data for small specimen containing 0.5 mm notch.
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Figure 30: Raw crack speed data for small specimen containing 1.0 mm notch.
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3.5.4 Multiple cohesive planes with variation of cohesive parameters

This third series of tests employed the same cohesive surface distribution as the second set
above. Here, the notch length was held at 0.1 mm and cohesive parameters were varied.
Intuitively, the model behaviour might be expected to be somewhat similar to the first set of
tests above, where a single cohesive plane was considered. However, the influence of the
multiple cohesive planes proved to have a very considerable effect on the mean crack
velocities. In this case, the separation energy was held at 352 Jm? and the cohesive strength
and the length parameter, &, were varied according to egn (36). Cohesive strengths of 81 MPa,
162 MPa, 324 MPa, 648 MPa, and 1296 MPa were used to obtain as wide a comparison as
possible, even though the latter values are an order of magnitude higher than the cohesive
strength of PMMA.. Here, asin Table 1, the increase in applied stress at the onset of unstable
fracture was proportional to the increase in cohesive strength and the figures are not included
here. What is of more interest is the transient behaviour of these models. The smoothed crack
velocities for the three lower cohesive strengths are shown in Figure 32. Note that for the same
notch length and the same fracture resistance, different propagation characteristics are
predicted. The initial acceleration rates and the terminal crack velocities in particular are all
different, the latter ranging from about 450 nm/s to 850 m/s. Here it may also be noted that the
graphs for the highest cohesive strengths were both very similar to that of the 324 MPa curve
and are omitted for clarity. Theinitial rate of acceleration for the highest cohesive strengths was
dlightly higher than the 324 MPa curve and initially reached a velocity of about 850 m/s, and
then fell dightly as the crack length increased. Figure 32 illustrates the care that must be taken
when interpreting simulation results. On the face of it, these graphs predict higher crack speeds
for materials exhibiting higher cohesive strengths. However, this somewhat contradicts the
observations in Figures 24 to 26, where a single cohesive plane is used.
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Figure 32: Crack speed variation caused by varying the cohesive strength whilst keeping
the notch length fixed at 0.1 mm and the separation energy fixed at 352 J/n.
(8) Imex =81 MPa. (b) gex =162 MPa.  (C) Trex = 324 MPa.



In this case, for example, if the same separation energy of 352 J/m? is assumed, increasing the
cohesive strength from 40 MPato 60 M Pa, an increase of 50%, causes the terminal crack speed
to increase from about 750 m/s to 900 m/s. However, where separation energy of 88 Jm? is
assumed, the same increase in cohesive strength produces no difference in terminal crack
velocity. Taking this argument further, it would be expected that, for a separation energy of 352
Jm?, increasing the cohesive strength further than 60 MPawould push the velocity closer to the
Rayleigh wave speed, at least in the early stages of crack growth where successful branching
has not yet taken place. Yet, in the multiple cohesive plane model of Figure 32, a cohesive
strength of 81 MPa exhibits a terminal speed, not of 930 m/s, but of 400 m/s! Herein lies the
fundamental problem associated with this type of model. By inserting hundreds or even
thousands of cohesive surfaces into the model whose cohesive characteristics contain both an
ascending and a descending part, the effective compliance of the model is changed, and unless
the slope of the ascending part is effectively infinite, the stiffness of the model will always be
reduced. Since Young's modulus plays a fundamental role in determining the elastic wave
speeds in the material, including the Rayleigh wave speed, the stiffness and number of cohesive
planes inserted into an elastic model will ultimately determine the crack speeds obtained. This
discussion is continued below where these results are examined more closely.

3.5.5 Full-size model with multiple cohesive surfaces and varying notch lengths

The fourth and final set of results deals with the large model shown in Figure 33. The model
geometry was the same size as the laboratory experiment, 20 mm wide by 40 mm high. The
model contained 540,000 continuum cells into which 473,840 cohesive layer cells were
inserted in aregion 0.5 mm high and extending across the entire width of the model. The initial
notch lay along the centreline of this region and the experimental results show that damage due
to lateral branching, at least in the medium molecular weight specimens, is confined to this
area. In an attempt to minimise the reduction in model stiffness caused by the insertion of the
cohesive planes, a rather high value of 324 MPa was chosen for the cohesive strength (this
value is equal to E/10 as in [37]), and a redlistic value of 352 Jm® was chosen for the
separation energy. Two notch lengths were considered, 0.1 mm and 0.5 mm. Of primary
interest here is the degree of lateral branching and sub-surface damage which occurred in each
case. As described earlier, the laboratory tests showed a strong correlation between initial notch
size, surface roughness and specimen damage. The specimen containing the 0.1 mm notch
exhibited the highest crack velocities and suffered extensive microcrack formation both
perpendicular and in parallel to the main fracture surface in the latter stages of crack growth.
Figure 34 shows the high frequency crack velocity oscillations for the model containing the 0.1
mm notch. The smoothed velocity curves for both the 0.1 mm and 0.5 mm notched specimens
are shown in Figure 35. The former model exhibits a terminal speed which fluctuates between
800 m/s and 900 m/s, which agrees reasonably well with the experimental measurements.
However, the terminal speed for the latter model lies in the range 750 m/s to 850 m/s, which is
higher than the observed value of between 450 m/s and 700 m/s.

Figure 36 shows the global energy balance for the dynamic fracture of the specimen
containing the 0.1 mm notch. The external work done by the forces at the upper edge of the
specimen during the static analysis was converted almost entirely into elastic strain energy in
the continuum cells, with only a tiny fraction stored as separation energy in the cohesive cells.
As the crack propagated, the strain energy was released and converted into kinetic energy and
fracture energy. Extensive micro-branching was observed in the latter stages of crack growth,
as described below, which resulted in a strongly non-linear increase in fracture area as a
function of crack length. In fact, although the model contained 3,000 cells across, a total of



11,300 pairs of cohesive cells were fully separated when the crack bisected the model. The
short time duration of the event (36 [1s) ensured that the external work did not increase further
during the crack propagation phase. Furthermore, the sum of the strain energy, kinetic and
cohesive energies (including fracture energy) equalled the external work to within a small
percentage error at any time.
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Figure 33: Full-size model containing multiple cohesive planes

Figures 37 and 38 show the damage accumulation after 5 mm and 14 mm of crack growth,
respectively, in the model containing the 0.5 mm notch. Here, the field of view is 1.0 mm by
0.5 mm. In Figure 37, the high-speed crack, which has been propagating in its initial plane,
starts to develop side branches which are only one or two cells long (6 to 12 um). Some time
later, after afurther 9 mm of growth, the length of the side branches has increased to 150 um in
some cases. Note the unsymmetrical nature of the branching. In contrast, Figures 39 and 40
show the accumulated damage after the same amounts of crack growth in the model containing
the 01 mm notch. The differences are quite considerable. In particular,
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Figure 37: A 1.0 by 0.5 window showing predicted damage after 5 mm of crack growth in the
full-size specimen containing the 0.5 mm notch. Clearly damage is minimal.



Figure 38: A 1.0 by 0.5 window showing predicted damage after 14 mm of crack growth in
the full-size specimen containing the 0.5 mm notch.
Only modest amount of damage has occurred.

Figure 39: A 1.0 by 0.5 window showing predicted damage after 5 mm of crack growth in the
full-size specimen containing the 0.1 mm notch.
Already, quite considerable damage has occurred.

Figure 40 exhibits extensive parallel crack growth beneath the main fracture surface, and in
some places entire fragments of material have been removed, resulting in increased fracture
surface roughness.



Figure 40: A 1.0 by 0.5 window showing predicted damage after 14 mm of crack growth in

the full-size specimen containing the 0.1 mm notch.
Clearly, extensive damage has occurred.

3.5.6 Discussion

One of the main issues raised in the last section was that of the increased effective compliance
of the model resulting from the insertion of multiple cohesive planes. In the absence of shear
deformation, the traction-displacement relation is given by egn (37), which may be written in

the following simple form:

y =xexp(l-x),
where y=- Tn and x=Ln
O max On

The slope of thisfunctionis

y'(x) =1~ x)exp(1-x),

and so,

and T, :(y'(x)ag‘—ax]An .
#

Keon

(64)

(65)

(66)

(67)

(68)

Here, ke, represents the stiffness per unit area of the pair of cohesive layer cells for a given
separation ratio, X. Now, in the above simulations, pairs of cohesive cells were inserted between



elastic continuum cells. Plane strain conditions were assumed. In this case Hooke's law states
that

£y :é((l—vz)ayy —V(L4v) O (69)

If, as might be experienced near the edge of the specimen, g, = 0, then
Oy = Ey = E
w~ W~
(1-v?) 7 hgy(L-v?)
Key

where hy is the height of the elastic cell and d. is the relative vertical displacement between
the top and bottom faces of the cell. Therefore, the vertical stiffness per unit area of the elastic
cell under these ssimplified conditions is given by ky. Cells closer to the centre of the specimen
would approximately satisfy the condition that &, = 0, which leads to following expression:

E(1-v)
heat (1+V) (1-V?)

Consider the case where (n-2)/2 pairs of cohesive cells are inserted between n elastic cells, i.e.,
cohesive cells are inserted between every second continuum cell. It is of interest to determine
the subsequent reduction in stiffness of the model. Let

Knew = & Keont » (72)

where Ky, and ko are the stiffnesses of the new model (with cohesive cells included) and the
original continuum model, respectively. Rearranging,

Ocell + (70)

keI:

(for internal cells). (71)

—q , (73)
kCOFIt knew
but, CHN U L (74)
Keont  Kel  Ke Kej
n cells
and 1 :i+(”_zj cy (75)
I(ne'w I(el 2 kcoh

Now, let Keoh = Bky - (76)

Substituting egn (76) into (75) and rearranging gives
2ng 77)

a=—.
2nB+(n-2)

For models containing a large number of horizontal cohesive planes, such as those considered
here, egn (77) may be simplified, as follows:



2B

a - an- o, (78)
1+28

Ideally, the value of the parameter a should be close to unity. In that case, the insertion of the
cohesive planes does not substantially alter the elastic properties of the continuum model. Low
values of «a will produce misleading results in this context, particularly with regard to the
predicted crack velocity in these types of models.

To illustrate this, consider the third set of results presented above, as summarized in Figure
32. Inthis case, the separation energy was held constant at 352 J/m?, the cohesive strength was
varied from 81 MPato 324 MPa, and the notch length was fixed at 0.1 mm. In addition it was
noted that terminal crack speeds for higher cohesive strengths of 648 MPa and 1296 M Pa were
almost the same as the values for 324 MPa. Now, because ¢, is constant, if the value of Oy IS
doubled, egn (36) dictates that the parameter &, should be halved. Eqn (68) then indicates that
the stiffness of the cohesive cells increases by a factor of approximately four. In each case
considered, the remotely applied stress was of the order of 0.254;,, and this was the normal
vertical traction that prevailed throughout the majority of the cohesive region at the onset of
unstable crack growth. The corresponding normal separation ratio, x, was of the order of 0.1
and the dope, y'(x), was approximately 2.1 in each case. The number of elastic cells in the
cohesive region in the vertical direction, n = 80 in each case. Note that o refersto the changein
gtiffness in the 0.5 mm high layer through which the crack propagates as this layer determines
local wave speeds in the vicinity of the crack tip. The parameters a and S were calculated for
each set of cohesive parameters and are shown in Table 3. It can be seen that the insertion of
the 81 MPa cells reduces the stiffness of the model in this region to 0.3 of the continuum value.
This is obviously highly undesirable and is expected to greatly influence the model behaviour.
On the other hand, the insertion of the 648 M Pa cohesive cells only reduces the stiffness of the
model by 3% (a = 0.97). To see the effect of the reduction in stiffness of the cohesive region,
recall that the elastic wave speeds are a function of the square root of Y oung’s modulus.

% Ormax B a CRyrectve Simulated velocity
range
352 81 0.21 0.30 511 m/s 500-550 m/s
352 162 0.87 0.64 745 m/s 650-750 m/s
352 324 3.56 0.88 872 m/s 800-850 m/s
352 648 14.24 0.97 911 m/s 800-870 m/s

Table 3: Estimated reduction in elastic wave speeds in the cohesive region of models with
multiple cohesive surfaces.

If the overall stiffness is reduced by a factor of a, the local wave speeds might be expected to
be reduced in proportion to the square root of a. In this case, if the Rayleigh wave speed, Cg,



for the continuum model is 930 nVs, an effective value of Ci in the cohesive region might be
estimated as

CReffective = \/EC R- (79)

Table 3 shows the effective Rayleigh wave speed in the cohesive region for each set of
cohesive parameters, along with the estimated range of crack velocities predicted in each case
from Figure 32. Whilst thisis only a very crude approximation of the local wave speeds, it can
be seen that the terminal velocities predicted for the 81 MPa to the 324 MPa models are close
to the effective Rayleigh wave speeds. This clearly explains why the predicted crack velocity is
so low for the 81 MPa model, but the correlation is not so good for higher values of 0. In this
case, reduction of model stiffness is not an issue, and it would be expected that the cohesive
strength and separation energy will have an influence on the fracture behaviour in their own
right as observed in practice. In this case a cohesive surface formulation may be employed
where the relative separation is held at zero until the cohesive stress is reached after which a
decohesive traction-displacement law is applied (see Yu et al [39], Ivankovic et al [44],
Stylianou & lvankovic [49] and Georgiou et al [50]). Thiswill form the basis of future work.

4. Conclusions

Experimental results showed consistent dependency of the crack velocity and the surface
roughness on the size of the initial notch depth. Specimens with shallow notches (0.1 mmto 0.5
mm) fractured at higher applied loads and hence with more energy stored prior initiation than
those with deeper notches (1 and 2 mm). Consequently, the former were associated with high
crack speeds and rough fracture surfaces consisting of mirror-misty-hackle regions, while the
latter broke at much lower speeds experiencing mirror-like surfaces with some intermediate
parabolic features. The damage density observed beneath rough surfaces was higher than that
on smooth or intermediate surfaces. This damage is formed by attempted and successful crack
branches originated from the main fracture, and other cracks propagating alongside the main
fracture. An extensive SEM analysis on un-fractured and fractured material, revealed no
consistent crack initiation candidates in terms of inclusions or defects in the original material.
On the other hand, tests on specimens with different molecular weight showed that fracture
surface roughness and the overall damage increased markedly for lower molecular weight. This
is an important observation that may help in explaining the origins of fracturesin PMMA, and
further work on this issue is required. Crack velocities in excess of reported critical 330 m/s
speed were recorded, and for 0.1 mm notch the speed approached 850 nv/s, which is close to the
lower bound Rayleigh wave speed. This is higher than speeds reported by most other workers.
The measurement of the fracture evolution via high speed camera revealed that crack advanced
in a highly non-uniform manner through the specimen thickness. Therefore, and due to signal
filtering effects on the crack velocity results, it was found unjustifiable to attempt correlating
the fracture surface features with crack velocity variations.

The finite volume formulation presented here is ideally suited to modelling dynamic fracture
problems where microcrack nucleation and propagation are the dominant fracture mechanisms.
Generally, numerical predictions were found to correlate with experimental results, and some
issues related to terminal crack velocity were clarified. In principle, any cohesive characteristic
may be easily incorporated into the formulation. However, if a characteristic is chosen which
contains an ascending cohesive part as well as a descending decohesive part, care should be
taken so that the insertion of multiple cohesive planes does not overly reduce the effective



stiffness of the model, as defined by the parameter (1 in egn (77). In that case, the behaviour of
the model under static loading conditions will cease to be governed by the laws of linear elastic
fracture mechanics relating fracture toughness, notch length and remotely applied stress for a
given crack and specimen geometry. In addition, the dynamic behaviour of the running crack
will be highly influenced by the reduction of the local elastic wave speeds in the vicinity of the
crack tip, and will make insight into the fracture process much more difficult. The formulation
proved exceptionally well-behaved, experiencing very few convergence problems under the
most challenging conditions. The full-scale model contained over one million cells and
therefore two million degrees of freedom, and in the latter stages of the analysis, hundreds of
individual micro-branches were propagating simultaneously in the vicinity of the crack tip, as
shown in Figure 40. Future work will examine the use of alternative cohesive characteristics
within this finite volume framework and physically more realistic cohesive parameters will be
incorporated into the model in an attempt to better reproduce and understand experimental
observations.
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