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ABSTRACT. It is well-known that if T" is a Dy,—D5, bimodule map on the m xn
complex matrices, then T is a Schur multiplier and ||T||ep = ||T)]. fn = 2
and 7' is merely assumed to be a right Dz-module map, then we show that
IT||es = |T||- However, this property fails if m > 2 and n > 3. For m > 2
and n = 3,4 or n > m* we give examples of maps T attaining the supremum
C(m,n) = sup{||T||e»: T a right Dp-module map on My, , with |T|| < 1},

we show that C(m, m?) = y/m and succeed in finding sharp results for C(m, n)
in certain other cases. As a consequence, if H is an infinite-dimensional Hilbert
space and D is a masa in B(H), then there is a bounded right D-module map
on K(H) which is not completely bounded.
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1. INTRODUCTION

Let H be a Hilbert space, let B(H) be the algebra of bounded linear operators
on H, let IC(H) be the ideal of compact operators and let D be a masa in B(H).
If T: K(H) — K(H) is a bounded D-bimodule map, then it is well-known that
that ||Tlco = ||T]| (see [11, 8, 9]). While it would certainly be of use to be able
to extend this to larger natural classes than D-bimodule maps (generalised Schur
multipliers), in the present paper, we consider the effect of relaxing the hypothesis
of bimodularity to one-sided modularity over D. While we establish a positive
result for dimension 2, we give increasing bounds for higher finite dimensions and
a negative answer for the following question [4, Remark 7.10]:

Question 1.1. If H is infinite-dimensional and D is a masa in B(H), is there
a constant C' > 0 such that |T||s < C||T| for every bounded, left D-module
map T: K(H) — K(H)?

By symmetry, this question is unchanged if we replace “left” by “right”, and this
makes our notation marginally neater. So we will focus on right D-module maps.

Of course, if H is finite dimensional, then the answer to this question is yes even
if we discard the modularity condition. It then becomes interesting to estimate the
optimal constant C'. Hence we are led to consider the constants

C(m,n) = sup{||T||e: T is a right D,-module map on M, , |T] < 1}

where M, , is the space of m x n complex matrices and D,, is the algebra of
diagonal n x n matrices.

The structure of the paper is as follows. We first establish some notation and
give some preliminary results in Section 2. In Section 3 we use the second author’s
work on elementary operators to show that C'(m,2) =1 for every m > 1. Section 4
contains some technical results comparing the completely bounded norm to the
norm arising from the Hilbert-Schmidt norm, and these are used in Section 5 to
find some upper bounds for C(m,n). In the next section we construct examples
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which show that C'(m, n) grows with m, n. This leads naturally to a counterexample
(in Corollary 6.12) answering Question 1.1, and we are also able to determine the
values of C'(m,n) in some cases. Finally, in Section 7 we briefly consider similar
problems when we restrict attention to special classes of right module maps.

In the last two sections, we pose several unresolved questions about the behaviour
of the constants C'(m,n).

2. PRELIMINARIES

If X is a vector space, we write £(X) for the space of linear maps X — X. If
m,n € N, then M,,,,(X) is the vector space of m x n matrices with entries in X.
We will write elements of M,, ,,(X) as [@i;]1<i<m,1<j<n Or simply [z;;], where each
x;5 isin X. If T e £(X) and m,n € N, then the (m,n)-ampliation of T is the map
T € L(Mp, (X)) given by Ty, nlzi;] = [Tzi;]. We also write T, = T, 5.

Given a norm || - || on X, the corresponding operator norm, or simply the norm,
of amap T € L(X) is

IT|| = sup{||Tz||: = € X, =] < 1}.
If we are given norms on M,, ,(X) for all m,n € N, then the completely bounded

norm of T is
[Tl = sup HTm,nH-

m,n>1
Provided the inclusions of My, »(X) into M,41.,(X) and M,, n4+1(X) which pad
a matrix with an extra row or column of zeros are isometries, we have

1T =Tl < | T2ll < (| T5]| < -+ < (| T]|eb = sup 1T

For n € N we let C™ denote the Hilbert space of dimension n whose elements are
to be thought of as column vectors with n complex entries, with the ¢? norm, and
we will also write C* for £2(N). For m,n € NU {00}, we write

My = B(C",C™") = {z € L(C",C™): ||z| < oo}

and M, = M, . If s,t € N, then M ;(M,, ) can be naturally identified with the
normed vector space Mg, 1n, and hence inherits the norm from the latter space.
Adding a row or column of zeros is then an isometry.

If v,w € C", then vw* denotes the rank one operator in M,, given by

vw*(x) = (z,w)v for x € C™.

For 1 <i<mn (or for i > 1, if n = 00) we write e; for the ith standard basis vector
in C". Then D,, the diagonal masa of M,,, is the von Neumann algebra generated

by the diagonal matrix units e;e}.
by
Let n € NU {oo}, let by,...,by € M,, and let b = l : ] For £ € C", let Q(b, &)
be
be the positive semi-definite ¢ x £ matrix

Qb &) = [(b:&, b 1<ij<e
We recall the definitions from [12] of the matriz numerical range of b,
W (b) ={Q(b,§): £ € C", [|€]| =1}
and the matrix extremal numerical range of b,
Wine(b) = {8 € Wi(b): trace(B) = ||b]|*},

(where the norm ||b|| is computed with respect to the norm on My 1 (M,) described
above). It is easy to see that W], (b) is the set of elements of the closure of W, (b)
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of maximal trace. If n < oo then Wi, (b) is a continuous image of the unit sphere
of C™, which is compact. Hence in this case,

Wine(b) = {Q(b,€): £ € C", €]l = 1, b"b¢ = [[b]|*¢}-

Observe that the vectors £ appearing in this expression are precisely the unit vectors

in the eigenspace of b*b corresponding to its maximal eigenvalue.
by
Ifa=a1 ... ag and b= | : | for some a; € £(X) and b; € L(Y"), then we will
be
write T' = a ® b or say that “a,b represent T” to mean that T is the elementary
operator

14
T:L(Y,X) = L(Y,X), Y ajxb;.
j=1

Such a representation of T is far from unique due to bilinearity in (a, b); for example,
if T = a®b, then we also have T = (aa™!) ® (ab) for any invertible matrix o € M.

If D is a subring of M,, then M,, ,, is a right D-module. A right D-module map
on M, , is a linear map T € L(M,, ) such that

T(xd) =T(x)d for all x € My, ,, and all d € D.
We write £p (M, ) for the set of all right D-module maps on M,, ,,.

Remark 2.1. If n € N and T is a bounded right D,-module map on M,, ,, then T'
is an elementary operator of the form Tx = Z?Zl ajxb; for some b; € D, and
aj € My,. Indeed, for each j, the map v — T'(ve})e; is linear C™ — C™, and it
is bounded since T' is bounded. Hence there is an operator a; € M,, such that
ajv = T(vej)e; for v € C™. We call the operators a; the column operators of T
Writing b; = e;e}, we have

Zaj:cbj = Zajxej i = ZT(xeje;f)ej T = ZT(x)eje;‘ =T(x).
j=1 j=1 j=1 j=1

by
We have found a representation 7' = a’ ® b’ where o/ = [a; ...ay] and b’ = [

b”L
and each b; is diagonal. As discussed in [12, §3], there is a representation 7' = a ®b
where the entries of a and b are linear combinations of the entries of a’ and ¥/,
respectively, so that

)

ITleo = llall 161l = 3 (llall® + 16])-

Observe that the entries of b are then diagonal, and ||a|| = ||b|| by the arithmetic
mean/geometric mean inequality. In [12, Theorem 3.3], the second author shows
that a representation 7' = a ® b satisfies these equalities if and only if

(%) conv Wy, e (a™) N conv W, o(b) # 0

where conv S denotes the convex hull of a subset S of a vector space.

If n = oo, so that T is a bounded right D..-module map on B(H,C™) where
H = (*(N), then the same argument gives Tw = Y 7°, a;jzb; where the operators
aj € My, are given by ajv = T'(ve})e; and b; = ejej € B(H), and the series
converges in the strong operator topology.

The relevance of the following lemma to our problem is plain in light of Re-
mark 2.1, and condition (¥ ) in particular.
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by
Lemma 2.2. Letn €N, let £ € N and let by,...,bp € D,,. If b= l 1, then

Wine(b) = conv{Q(b,€,): 1 < p < n, b*be, = ||b||2€p}.
In particular, Wy, o(b) is convex.

Proof. The matrix b*b = Z§:1 bib; is positive semi-definite and diagonal with
largest eigenvalue ||b||?. Let r be the dimension of the corresponding eigenspace.
Permuting ey, .. ., e, if necessary, we have b*b = ||b||?(I,-®d) for some positive semi-
definite d € D,,_, with ||d|| < 1. So Q(b,&) € W e(b) if and only if £ = 22:1 &pep
for some ¢, € C such that Z;=1 |€p|2 = 1. Each b; is diagonal so the vectors e, are
eigenvectors, hence
Q&) = [ D (ikpepbiaea)]
p,q=1

= [t bityey)]

p=1
=Y 1517Q(b, ep). O
p=1

The following argument is essentially contained in any of [8, 9, 11].

Lemma 2.3. Let H, K be Hilbert spaces, let X be a subspace of B(H, K), and let
A C B(H) be a right norming set for X, meaning that xa € X for all z € X and
a € A, and for everyn > 1 and every z € M, (X), we have

1211, x) = sup{l[2bllar, . (x): 0 € Mn1(A), [[b] <1}
If T: X — X is a bounded, linear map such that T'(xa) = T(x)a for all z € X,
a€ A, then | T,|| = [Tyl for alln > 1.

Proof. The inequality || T,,1]] < ||Tn|| is clear. On the other hand, if z € M, (X)
and b € M, 1(A), then

To(2)b = {ZT(Zij)bjL = {ZT(%‘%)L =T,1(2b)

and ||20]] < |2z, (x) 16/l az,, 1 (4)- Since A is a right norming set for X,
1Tnll = sup{l|Tn ()l as, ) : 2 € Ma(X), []2]] < 1}
= sup{[[Tn 1 (z0) a1, 1 (x): 0 € M1 (A), [0 <1, 2 € Mo (X), |[2]] <1}
< ||Tn,1|| i

As shown in [8, 11], the set D,, of diagonal matrices in M, is a right norming
set for M,, ,. Thus we immediately obtain:

Proposition 2.4. If m,n € NU {oo} and T is a right D,-module map on My, »,
then, || Ty = supp>y [T |- O

Remark 2.5. If m =1 or n = 1 (that is, if the matrices on which our maps act have
either one row, or one column) then ||T||. = ||T| for every T € L(M,,.,). For if
n = 1, then M,, , = C™, and every linear map T: C™ — C™ may be written as
Tz = ax for a € M,,. Hence ||T|| = |la||. Moreover Ty : Mi(C™) — M (C™) is
given by left multiplication by a block diagonal matrix a(*) (with k copies of a on
the diagonal), and ||T%|| = ||a®|| = ||la|| = |||, so || T||es = ||T||. If m = 1, we can
apply a similar argument with right multiplication or use the previous case on the
map T*: My — My, given by T*(z) = T'(z*)*.
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3. TWO COLUMNS

We now show that, surprisingly, the conclusion ||T|| = ||T|| of Remark 2.5
persists for right Dy-module maps on M,, 2.

Lemma 3.1. If X is a set of positive semi-definite 2 X 2 matrices with trace 1 and
there is a rank one projection p € conv X, then p € X.

Proof. Conjugating by a suitable unitary matrix, we may assume that p = ejej.
Now p is a convex combination of some a1, ..., q; € X and each o; is positive semi-
definite. Since the (2,2) entry of p is zero, the (2,2) entry of each «; is zero, which
implies that the off-diagonal entries of each «; are also zero. Since traceo; = 1, we
have a; = p for all j. O

Theorem 3.2. If m € N and T': My, 2 — My, 2 is a right Da-module map, then
ITMes = 11T

Proof. Suppose ||T||s» = 1. By Remark 2.1, Tz = ayxb; + asaby for some aq,ay €
M,, and by,by € Dy such that |la|| = ||b]| = 1 where a = [a1 a2] and b = [gﬂ
By Lemma 2.2, Wi, ((b) is convex, so by [12, Theorem 3.3], W, (b) intersects
the convex hull of Wj,.(a*). By [12, Proposition 3.1], it suffices to show that
Wone(a®™) N We(b) # 0.

Observe that b*b = biby + b3bs is a 2 x 2 diagonal positive semi-definite matrix
of norm 1, so its 1-eigenspace F;(b*b) has dimension 1 or 2.

If dim Ey(b*b) = 1, then b*b = [{ 9] or b*b = [{9] for some ¢t € [0,1). If
b*b = [(1) ?], then

Wane(b) = {Q(b, ze1): = € T} = {Q(b,e1)} = {esci}.

Since eje} is a rank one projection in conv W, .(a*), we have ejef € Wi, e(a*)
by Lemma 3.1. Hence Wiy o(a*) N Wine(b) # 0. Similarly, if b*b = [§ 9] then
eaely € Wiy e(a®) N Wy e(b) # 0.

Now suppose that dim E; (b*b) = 2. Then b*b = I, so if we write 3; = Q(b, €;)
for ¢ = 1,2, then Lemma 2.2 shows that W, ¢(b) = conv{p,f2}. For i = 1,2,
let us write b; = [bél b?2] and let v; = [2;7] A simple calculation reveals that
[lo;ll =1 and B; = v;vf. If B1 = B, then this rank one projection is in W, .(a*) by
Lemma 3.1, so Wi, e(a*) N Wy e(b) # 0. So we may assume that 5 # (2, so that
Win,e(b) is the proper closed line segment joining $; and fs.

For t € R, let B(t) = tB1 + (1 — t)52 and consider the closed convex set

S ={teR: B(t) € conv Wy(a™)}.

Now (1 and B are distinct and ||B;]l2 = 1, where || - ||2 is the Hilbert-Schmidt
norm on Ms. Moreover, (M, || - ||2) is strictly convex, and its closed unit ball
contains W, ¢(a*) since the trace-class norm of every matrix in Wy, «(a*) is 1, which
dominates its Hilbert-Schmidt norm. Hence S C [0,1], say S = [s1, 2] where
0 <s1 <sy<1,and 5(s1) and B(s2) are in the boundary of conv W, .(a*), and
are the extreme points of conv Wy, o(a*) N Wi o(b).

Given a hermitian 2 x 2 matrix « with trace 1, say a = {% 111], let us write
O(a) = (a,Reb,Imb) € R3.

Observe that the map 6 defined on this convex set of matrices is injective and
respects convex combinations. Consider

e=0(8(s1)), L=0Wpned), W=0Wnye(a")), C=convW.
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By construction, e is an extreme point of C' N L which lies in the boundary of C.
Let II be a supporting hyperplane for C through e, so that

ecll={zecR3: (z,n) =7}
for some non-zero vector n = (n1,72,13) € R? and some r € R, chosen so that
CCIlt ={zecR3: (x,n) >r}.

Since e € C = convW and e € II we have e € conv(II N W); for otherwise, e
would be a proper convex combination of points in W involving at least one x € W
with (z,n) > r, hence (e,n) > r so e ¢ II, a contradiction.

We have

W =A{0(Q(a",£)): € € Ey(aa”), [|€]| =1}
Since e € conv(IIN W) and II is an affine 2-dimensional space, Carathéodory’s
theorem [1] shows that e € conv{ws,wq,ws} for some wy,wq, w3 € IINW. Choose
unit vectors &1, &2, &3 in Ey(aa®) so that w; = 0(Q(a*,§;)). Let F' = span{&;, &2, &3}
and let
W' ={0(Q(a",8)): £ € F, ||¢]l = 1}.
By construction, e € conv W’. We now wish to show that W’ is convex. Let p be

the orthogonal projection C™ — F' and consider the three self-adjoint operators
hi, ha, hs € B(F') given by

hi1 = payai|p, ho =pRe(azal)|r, hs=plm(azal)|p.
Observe that
W/ = {(<h1§7§>7 <h2£u§>7 <h3§7€>) é- € F7 ||€|| 1}

is the joint numerical range of h;, j = 1,2,3. Moreover, W' C C C II', so if we
write

h = mhy + n2ha + n3hs —rip € B(F),

then h > 0 and h§; = 0 for j =1,2,3, so h = 0. Choose j € {1,2,3} with n; # 0.
Since h = 0, the set W' is affinely equivalent to the joint numerical range of the pair
of hermitian operators {nihy: k # j}, which is convex by the Toeplitz—Hausdorff
theorem [2]. Hence W' is convex, so e € W’ and

B(s1) =071 (e) € 071 (W') N Wine(b) € Wine(a™) N Wiy o(b) # 0. O
The case m = oo is now more or less immediate.
Corollary 3.3. IfT: M 2 — Mo 2 is a right Do-module map, then ||T|| = ||T||co-

Proof. Otherwise, there is a counterexample T with 1 = ||T'|| < ||T||e. Recall that
My o = B(C? H) where H = (?(N). By Proposition 2.4, there is some k > 1 and
some x € My, 1(Mu2) = B(C?, H ® CF) with ||lz|| < 1 < ||Tx1(z)||. Given m € N,
let p,, € B(H) be the orthogonal projection onto the linear span of {e;: 1 <i < m}
and consider ¢,, = p,,, ® I},. Every operator in B(C?, H @ C*) has rank at most 2,
so is compact, and T} 1 is bounded (in fact, |7 1] < k). Hence there is m € N
such that |¢mTk,1(gme)|| > 1. Let us identify M, o with the subspace py, (Mo 2)
of M2, and consider S: My, 2 — M, 2, ¥y — ppn/T(y). This is a right Dy-module
map and

ISI <71 =1 < ligmTa(gmz)|| = [[Sk.1(gma) | < [1S]len,

contradicting Theorem 3.2. O
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4. CB NORMS AND HILBERT-SCHMIDT NORMS

Given n,m, let £(M,, ) be the set of linear maps M,, , = M,, . For a map
T € L(My, ), we continue to write

[T = sup{||Tz|: x € My n, ||z =1}

for the operator norm of T" with respect to the operator norm || - || on M, ,, and
we will also consider the quantity

TNl = sup{l|Tzll2: € M p, [l2]2 = 1},

that is, the operator norm of T' with respect to the Hilbert-Schmidt norm || - ||2
on My, . Note that if n = co or m = oo, then all of these “norms” may take the
value oo.

For T € L(M,, ), let T* € L(M,, ) be the map given by

Clearly, |T*[| = [T and [[T™[| = |||

Remark 4.1. The norm |||-]|| behaves particularly nicely when we take ampliations:
it T € L(Mp,,n) and s,t € N, then viewing T;; as a map on M5 ¢, we have
I Ts.lll = NNl Indeed, the inequality ||| < || Zs,:]|| is trivial, and

> T3 < T
1<i<s
155<t

175 ¢lll = sup [[[Tzi;] |2 = sup

where the suprema are taken over those x;; € My, » (for1<i<sand 1<j<t)
so that [2;;] € My ne has ||[z;]]]2 = 1.

Below, we show that in many cases, |||-||| is comparable with the operator norm
for the right module maps T under consideration. This allows us to estimate ||T|
and ||T||», and these estimates are used to find some upper bounds for ||T||/||T]-

Proposition 4.2. Let m,n € NU{oo}. If T': My, ., — My, is a right Dy, -module
map with column operators {a;: 1 < j <n+ 1}, then

TN = sup flaz ]| < [|IT-
J

Proof. Recall that the column operators a; € L(C™) of T were defined in Re-
mark 2.1. Suppose, for convenience of notation, that n < co. Let a € L((C™)™) be
the diagonal direct sum of aq,...,a,, so that a(&,...,&,) = (a1&1,. .., a,&,) for
&,...,& € C™. Then |ja|| = max; ||la;||. Since T is a right D,-module map, we
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have
TNl = sup{lITell2: & € Moyn, llafl2 < 1}
=sup {,| Y IT(@)e; s © € Mo, [lell2 < 1}
j=1
n
=sup {,| S IT(wese;)es | @ € M, izl < 1}
j=1
=sup {,| > lla;(@e))1?: @ € My, D e 2 <1}
j=1 j=1
=sup{, | Yl ()2 & e T, Yo lg P < 1)
j=1 j=1
= sup{ag]|: € € (€™)", [ig]| < 1} = al| = max]la, |
Moreover, if n € C™ and 1 < j <n then ||nej|| = |n]|, so

1T = sup{[|T'z||: € My p, [l]| <1}
> sup{[[T(nej)|l: n € C", [Inl <1} = sup{llajnll: n € C™, [In] <1} = |la;,
so | T]| = max; [la;]-

If n = oo then the proof is similar. O

The following lemma will be used to obtain a useful inequality in the other
direction in Proposition 4.4 below.
Lemma 4.3. Let m,n € NU{oco} with k =min{m,n} <oco. If T: My, = My n
is a linear map, then ||T|| < vk ||T]|.

Proof. Suppose k =m < mn and ||T]|| = 1. For & € My, n, let Ay > Ao > -2 > X
be the eigenvalues of zx*. We have

k
2l = X < Jlzll3 =D A < kA = k=%,
J=1

so ||z < fJzll2 < VE[z|l. Hence |T(2)]| < IT(x)ll2 < l|lz]l2 < VE|lz], so | T < V&.
If m > n, consider the map T™* € L(M,, ). O

If ¢y € M, , and k € N, then we write CYC) for the block-diagonal operator in

c1
My, (M) with k copies of ¢; running down the diagonal. Similarly, if ¢ = l : ]
ce

o

where c1, ..., ¢ € My, ., then ¢®) = [
(k)
Ce

by observing that if T =a ® b and s,t € N, then Ts; = (=) @ p®,

. The utility of this notation is revealed

Proposition 4.4. Let {,n € N, let k = min{{,n} and let K = min{¢? n}.
If T: My, — My, is a right D,,-module map, then
1Tl = 1T < VEIITII-

< ValITl-

In particular, |T ||y = | Tha
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Proof. By Remark 2.1, T is an elementary operator, and there are matrices a1, ..., a, €
My and by,...,b, € D, such that Tx = Z?:1 a;xb; and
by
IT||eo = %(||a||2 +[|p)|*) where a=[a; ... a,] and b= :
bn,
By [12, Theorem 3.3] we have ||T'||ep = ||T7]|-

By Lemma 2.2, W, o(b) is convex. By [12, Proposition 2.4], the set W, o((a*)®))
is convex, so intersects Wi, (b)), so ||T||c = ||T¢||. Hence

1Tl = min{ || Te[|, [ Tall} = [Tl cb-

By Lemma 2.3, | T||ct = ||Tk,1]l. By Remark 4.1, the map Ty 1 € Lp, (Mgen)
satisfies ||| Tk.1/| = [|T|ll, hence || Tk || < VK ||T|| by Lemma 4.3. O

5. UPPER BOUNDS FOR C(m,n)
For n,m € NU {oo}, recall that
C(m,n) =sup{[|T|lev: T € Lp, (Mm,n), T[]l <1}

We have C(m, 1) = C(1,n) = C(m,2) =1 by Remark 2.5 and Theorem 3.2.
We will now give some upper bounds for C(m,n).

Proposition 5.1. If m < m/ and n < n' then C(m,n) < C(m/,n’). In other
words, C' is an increasing function for the product order.

Proof. Given T' € Lp, (My, ) with ||T|| =1, let T" € Lp_, (My, ) be the map

T’(x) _ T(qzp) Omx(n’_n) :| . 2 E€ My
O(m/—m)xn O(m’—m)x(n/—n)
where
I,
q=[In Omx(m’fm)] € My m and p= 0 € My .
(n'—n)xn

It is easy to see that |TV]| = ||T|| = 1 and ||T||es = ||T'||c6- Hence C(m,n) <
C(m/,n’). O

Proposition 5.2. If m,n,s,t > 1 then C(m,n)C(s,t) < C(ms,nt).

Proof. Suppose that C(m,n) > « and C(s,t) > . There are T € Lp, (M, ,) and
S € Lp, (M) with ||T|,||S]| < 1 and [|T'||es > o and ||S||e > 8. Consider the
tensor product map T®S € L(My, » ®Mj ), which is defined on elementary tensors
by T®S(z®y) = T(x)®S(y). This is a right D,, ® D; module map, and identifying
My @ M+ isometrically with M,,s ¢ in the usual way, we have D,, ® D; = Dy,

and it follows that T ® S € Lp,,,(Mmsne) with |T® S| = ||IT)||S]] < 1 and
1T ® S|les = [Tt l|Slles > aB. So C(ms,nt) > af whenever C(m,n) > « and
C(s,t) > B, hence C(ms,nt) > C(m,n)C(s,t). O

Lemma 5.3. Let n € N withn > 2. Ify € My, and [ly(eie} + ejef)|| < 1 for
1<i<j<n, then |lyl| < +/n/2.

Proof. Let p;j = e;ej +eje; for 1 <14 < j < n. Since each p;; is a projection, we
have [lypi;y* || = l|(ypi;) (ypis)* || = llypi;|* < 1. Moreover,

Z pij = (n — 1)In

1<i<j<n



10 RUPERT H. LEVENE AND RICHARD M. TIMONEY

Hence

1 1
lyll = Vllyy*ll = T Z Ypisy* S\/n—l Z lypiy*|l

1<i<j<n 1<i<j<n

The following simple estimate applies to arbitrary linear maps between operator
spaces, and is analogous to the well-known bound ||T,,|| < n||T|| ([8, Exercise 3.11],
due to Smith).

Lemma 5.4. Let k,m,n € N. For any T € L(M,, ), we have

| Te1 |l < VE[T-
T
€2
Proof. There is © € My 1(My,n), say = | . | (where x; € My, , for 1 < j <k),
T
Tl‘l
TI‘Q
with ||z|| =1 and ||Tx1(2)|| = |Tk1]]- Clearly we can write Ty 1(z) = | . |, and
Txk
since [|z;]| < ||z|| <1 for 1 < j < n, we have
[ Thi ]l = [[Th1 ()
= /I (2) Tica ()]
k
= | ID_T(x)*T(x))
j=1
k
<\ D IT () T )|
j=1
k
= | 21T (@)
j=1
<
< VE|T]. O

Theorem 5.5. If m,n € N and n > 2 then C(m,n) < y/min{m,n/2}.

Proof. Let T € Lp, (M) with ||T]] = 1 and ||T||ss = C(m,n). By Proposition 4.4
and Lemma 5.4, we have

C(m,n) = [Tlep = 1T all < Vm|T|| = v/m

so it only remains to show that C'(m,n) < \/n/2.
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Since || T||co = ||Tn,1]| by Proposition 4.4, there is © € M,, 1(My, ) with ||z] =1
such that y = T, 1(x) has |ly|| = C(m,n). Let aq,...,a, be the column operators
of T, so that

eie]
T=la1 ... an]®

ener

n

Given 4,7 with 1 < ¢ < j < n, consider

*
€1€eq

§=lai a]® {626’2‘

| € o012

Clearly, [|S|| < ||T||. If w = [xe; xej] € M,z 5, then [|w|| < ||z| = 1. Moreover,
y(eief +eje;) € M2, can be recovered from Sy, 1(w) € M2 > by padding with
n — 2 columns of zeros, so [|Sm 1 (w)|| = [ly(eie] + eje})||. Since [|S]| = [|S]|e by
Theorem 3.2, we have

L= [T = ISl = [ISllep = [[Sm 1 (w)]| = lly(eiei + e;jef)ll-

By Lemma 5.3,
C(m,n) = [lyll < v/n/2. O

Fix n € N. The sequence C(2,n),C(3,n),C(4,n),... is increasing by Proposi-
tion 5.1. We will now show that it is eventually constant.

In [13, Theorem 1.3], the second author establishes an exact formula for the
norm of an elementary operator 7', which we now recall. If /£ € N and X,Y are
positive semi-definite elements of My, then the tracial geometric mean of X and Y
is

tem(X,Y) = [VX VY|; = trace \/ VXY VX

where || - |1 denotes the trace-class norm on M,. If T is an elementary operator
on M, which is represented by a € My ¢(M,,) and b € My 1(M,,), then the formula
is:

(t) IT]| = sup{tgm(X,Y): X € Win(a®), ¥ € Wi(b)}.

In fact, a generalisation of this formula is shown to hold for elementary operators
on any C*-algebra A.

We need to show that (1) holds in the rectangular case, too. If T' is an elementary
operator on M, , with n > m which is represented by a € M; 4(M,,) and b €
My 1(My,), consider the map

T: M, — M,, J;H{T(px) },
(n—m)xn

where p € B(C™, C™) is the orthogonal projection onto the linear span of {ey, ..., en},
which is viewed simultaneously as C™ and as a subspace of C*. That is, T
is “T applied to the first m rows, and zero on the remaining rows”. Clearly,
IT| = |T)|. fa=I[a1 ... a and @ = [@;, ... ] where a; = [ 8] € M, is
“a; padded with n —m zero rows and columns”, then T is represented by a, b, and
Win(a*) = {rX:r € [0,1], X € Wy(a*)}. So, since tgm(rX,Y) = /rtgm(X,Y)
for r € [0, 1],

T = HTH =sup{tgm(X,Y): X € W, (a"), Y € W(b)}.

If T is an elementary operator on M, , with n < m, then () still holds, as may
be seen by considering 7.
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Remark 5.6. The tracial geometric mean (or, sometimes, its square) is called fidelity
in quantum information theory [3, 6, 7, 14], where it is interpreted as a measure
of the closeness of two quantum states (positive semi-definite trace-class operators
with trace 1).

Theorem 5.7. If 1 <n <m < oo, then C(m,n) = C(n,n).

Proof. Suppose first that m < oco. The supremum C(m,n) is then attained, so

there is T € Lp, (M) with |T|| = 1 and ||T||e = C(m,n). By Proposition 4.4,

ITNlce = | Tnall- By (1), there are unit vectors &1, ...,§, in C™ and n € C*, and
ri&1

T1,...,Tn € [0,1] with Z?zl 7‘J2» = 1 such that the vector £ = l ] satisfies

Tnén

IT |y = tgm (Q((a*)™,€), Q(b,m)).
Let K be an n-dimensional subspace of C™ containing &1, ...,&,, and let us iden-
tify K with C™. Then writing p for the orthogonal projection of C™ onto K, let
a; = paj|k,let @ =[a, ... a,) and let T be the elementary operator on M,, repre-
sented by @,b. By our choice of K, we have ||| = |||l and Q(a*, &) = Q(a, &)
for £ € K, so

Il = sup{tgm (Q(a*, ), Q(b,m)): € € K, n € C, [[¢], |nll = 1}
< sup{tgm (Q(a*,€),Q(b,n)): £ € C™, n € C", [ I¢], In]l = 1}

=71
Since T is a right D,-module map, we have
ITlleb I T1leo
C(n,n) > —=— > = C(m,n) > C(n,n)
17| 1T

and hence C'(n,n) = C(m,n).
The case m = oo now follows by the argument of Corollary 3.3. (|

Remark 5.8. This reduces Theorem 3.2 to the 2 x 2 case, but does not appear to
greatly simplify the proof.

6. MORE THAN TWO COLUMNS

We now give some examples which establish non-trivial lower bounds for C'(m, n)
when n > 3. The matrix extremal numerical range of an ¢-tuple [a; ... ag]* is
closely connected to the joint numerical range of the operators a;a; for 1 < i <
j < £. Moreover, the joint numerical range of three matrices (even three hermitian
matrices) need not be convex, and an explicit example of this phenomenon is given
in [5, Example 1.1].

Let
10 1o 4 a0 1
M=o 10 2T o 1| M BT |1 ool

It is easy to see that the joint numerical range of the operators a;a} for1 <i < j <3
is affinely equivalent to a 2-sphere, so is not convex. Our first example is the map
whose column operators are ay, as, as.

Example 6.1. The map T: My 3 — Ms 3,
la ¢ e a ¢ f
T [b d f]'_){b —d e]
is a right Ds-module map with

V2 =|T|| < ||Toall = |IT )| = V3.
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So C(2,3) = /3/2.

Proof. T is aright D3-module map and a Hilbert-Schmidt isometry. By Lemma 4.3,
| T|| < V2, and we have equality since || T[4 9 9]l = v/2.
By Proposition 4.4, | T||s < /3, and if

1 1 0 1 1 1

10 0 1 1 10 0 0

xr = \ﬁ 0 0 1 then T271(.r) = ﬁ 0 0 0
1 -1 0 1 1 1

and [|z|| = 1 while || T21(z)|| = V3. So |T|les = V3 = ||T2,1]|. Hence C(2,3) >
v/3/2, and we have equality by Theorem 5.5. O

Extending the previous example by one column yields:

Example 6.2. The map T: My 4 — M 4,

la ¢ e g a ¢ f h
T'[bdfh}H[b —de—g}

is a right D4-module map with
V2= |T| < |Toul = Tl = 2.
So C(2,4) = /2.

Proof. T is aright Ds-module map and a Hilbert-Schmidt isometry. By Lemma 4.3,
T < V2, and we have equality since | T[}999]|| = V2. By Proposition 4.4,
IT]|ep < 2, and if

1 1 0 0 111 1
1o o 1 1 11000 0
=70 o 1 -1 them Tal@=751 5 o o
1 -1 0 0 1111

and |z|| = 1 while || T21 ()| = 2. So || T||e = 2 = || T2.1]|- Hence C(2,4) > /2, and
Theorem 5.5 gives the reverse inequality. O

Example 6.2 may be generalised as follows:

Theorem 6.3. For each m € N with m > 1, there is a right D,,2-module map
T € L(Mym2) with ym = |T|| < [T 1|l = ||T||es = m. Hence C(m,m?) = /m.

Proof. We have C'(m,m?) < y/m by Theorem 5.5.
Let p = €>™/™ and consider the m x m matrices

0 0 0 1
(1) 2 o 8 10 0 0
g N 0 0
: L me : E
00 P 00 -~ 10
so that A is the matrix for the m-cycle permutation « = (1 2 ... m).

For1§j§m2,16t0§r<mandlgsgmwithj:mr—i—s, and define
a; :g*(sfl)h”.

Take T to be the right D,,2-module map with column operators a; (1 < j < m?).
Since each a; is unitary, T is a Hilbert-Schmidt isometry and so ||T'|| < y/m by
Lemma 4.3. (By Proposition 4.4, ||T'||s < m, but we will not actually need that.)
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For1<i<mand1l<j<m? let v§ € C™ Dbe the vector

(i_l)(s_l)ew(i) where j =mr+swith0<r<m,1<s<m

i E i %
r = 'Ujej

i
v;=p

and define z* € M,, ,,2 by

Jj=mr+s
0<r<m
1<s<m
. . 2
Observe thqt a;jv; = e€; for every j. Hence, Tx" = e;w™ where w = Z;nzl e; € Cm2,
and so || Ta"|| = [lei [lw[] = m.
If
x! eqw™ e1
x? eaw™ €s
T = . € Mmal(Mmm*F) then Tm,l(x) = . = | w,
™ emw* em
0 || Trm1 ()] = ll[ed - e&]|l [lw] = m3/2. On the other hand, a calculation shows
that the rows of 2 are mutually orthogonal and have norm y/m, and so ||z| = /m.
Hence m < [Tyl = [Tllep and Cm,m2) > |Tles/IT] > m//m = /. O

Remark 6.4. By Lemma 5.4,
1 Tn-1all < Vm = 1T < [Tl = [Tlles = Vml|T| = m || T

for the D,,>-module maps T' on M,, ,,> constructed in this proof. Thus the esti-

mates of Proposition 4.4 and Theorem 5.5 are sharp, at least for n = m?.

Corollary 6.5. If m,n € N with n > m? then C(m,n) = \/m.

Proof. Since C(m,n) is increasing in n, this is an immediate consequence of Theo-
rems 5.5 and 6.3. (]

Theorem 6.6. If m,n € N with 2 <n <m?, then C(m,n) > /n/m.

Proof. Let T € Lp_, (M, m2) and x € M,,2 be as in the proof of Theorem 6.3. Let
ai,...,am2 be the column operators of T' and consider the map S € Lp, (M, )
whose column operators are a, ..., a,. Also, let x; = ze; € C™ be the jth column
of x and let y = [x1 ... x,] € M,,2,,. By following the earlier argument, it is not
hard to see that S, 1(y) is the matrix in M,,>,, whose columns are the first n
columns of T, 1(x), and hence that ||.S,, 1(y)|| = v/n. Since |ly|| < |z|| = 1, we
have
1Slleo > [1Small = [[Sma(y)]| = vn.

Clearly ||S|| < ||T|| < v/m. Hence

C(m,n) > >/ —. O
(mom) 2 S5 2\

Remark 6.7. For (m,n) = (2,3), the operator S in this proof was considered in
Example 6.1, and we have equality in the bounds ||S||s > /n and ||S|| < v/m in
this case.

We now summarise the best bounds we have obtained for C(m,n).

Corollary 6.8. Let m,n € NU {co}.
(i) If m=1 orn € {1,2} then C(m,n) = 1.
(i) If m > n then C'(m,n) = C(n,n).
(iii) If n > m? then C(m,n) = /m.
(iv) If 2 < n < m? then /max{|\/n],n/[y/n]} < C(m,n) < y/min{m,n/2}.
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Proof. Statements (i)—(iii) and the upper bound in (iv) have been discussed already,
in Remark 2.5, Theorem 3.2, Corollary 6.5 and Theorem 5.5.

Suppose that 2 < n < m?2. Let k = |/n]. Then m > y/n >k and n > k?, and
C is increasing by Proposition 5.1, so C'(m,n) > C(k,k?) = vk by Theorem 6.3.
Similarly, if we write £ = [\/n] then m > £ so C(m,n) > C(¢,n) > \/n/l by
Theorem 6.6. (]

Question 6.9. If m < 2 or n < 4 then these bounds yield exact values of C(m,n),
but we have been unable to find the exact values of C'(m,n) in many other cases.
In particular, what is C(3,5)?

Remark 6.10. It seems improbable that the lower bounds we have obtained could
be sharp in general. In particular, it would seem surprising if C'(6,6) turned out to
be no larger than C(2,4) = v/2.

Question 6.11. Is C(n,n) strictly increasing in n for n > 27

We now answer Question 1.1 in the negative. Recall that a masa in B(H) is said
to be discrete if it is generated by its minimal projections. Moreover [10], if H is
separable and a masa D in B(H) is not discrete, then D is unitarily equivalent to
the direct sum of a discrete masa and a diffuse masa, namely the masa L*°[0,1]
in B(L?[0,1]).

Corollary 6.12. If H is an infinite-dimensional Hilbert space and D is a masa in
B(H), then there is a bounded right D-module map T: K(H) — IC(H) which is not
completely bounded.

Proof. By restricting attention to a separable subspace if necessary, we may assume
that H is separable.

First suppose that D is discrete. By considering the minimal projections in D,
we may identify H with @,,~, Hy where H,, = c™ for m > 1, in such a way that
the minimal projections of D are identified with the coordinate projections of H,,.

Let p,, be the orthogonal projection in D C B(H) with range H,,. By Theo-
rem 6.3, there is a right D,,2-module map T,y : B(H.,) — B(Hy,) with [ T(m || = 1
and || T(,)lleb > v/m. The map T: K(H) — K(H), z ng T (PmTpm) has
IT] =1 and || Tl = sup,,> 1 [[T(m) lleb = o0

If D is not discrete, then D is unitarily equivalent to the direct sum of a discrete
masa in B(Hj) for some Hilbert space Hy (possibly zero) and a diffuse masa.
If Dy C B(Hy) and Dy C B(Hj) are two diffuse masas where Hy and Hy are
separable Hilbert spaces, then Dy and D5 are unitarily equivalent [10, Lemma 2.3.6].
Restricting attention to the diffuse part, we may assume that H = L2[0,1] ® ¢*(N)
and D = L*[0,1] ® £>*(N).

Let ¢ be the identity map on K(L?[0,1]) and let 6 be the contraction on K(¢?(N))
given by applying the construction of first part of the proof to the masa ¢>°(N) in
B(¢*(N)). Under the natural identification KX(H) = K(L?[0,1]) ® K(¢*(N)), the
mapping © = ¢ ® 6 is then a contractive right D-module map on K(H) which is
not completely bounded. O

Remark 6.13. Under the same hypotheses, using weakly convergent sums in place of
the norm convergent sums in this construction provides a bounded right D-module
map B(H) — B(H) which is not completely bounded.

Remark 6.14. If T: My, ,, — My, is a right D,-module map with 1 = ||T]| <
IT)|eh, then just as in Proposition 5.2, the kth tensor power of T, that is, the

map T%%: M,k e — Mok e is a right D, r-module map with [|[7%%|| = 1 and
|T%*|| s = ||T||¥, — oo as k — oo. Thus Example 6.1 may be used in place of

Theorem 6.3 to establish Corollary 6.12.
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7. SUBSETS OF THE RIGHT MODULE MAPS

For m,n € N, let S(m, n) be a subset of £L(M,, ) containing a nonzero mapping
and let
[T leb

17l

Above, we have considered the case S(m,n) = Lp, (My,,») and have shown that
the corresponding function C' = Cs can take values larger than 1. On the other
hand, if § is the class of Schur multipliers, then Cg is identically 1. It seems natural
to ask for which classes of operators S we still have Cg(m,n) > 1 for some m,n.
Of course, if S(m,n) C Lp, (M ) then 1 < Cs(m,n) < C(m,n).

C’S(m,n):sup{ : T € S(m,n), T;«EO}.

Let m,n € N. Given a € S, let u,, be the corresponding permutation unitary
satisfying uq(e;) = eq(i) for 1 <i < m. Let

*
€1€eq

P(m,n) = {[um cer Ug, | ®

] tay € Sm} C Lp, (Mp.n).

*
ne7l

This is a natural class of right D,,-module maps in which to seek maps with larger
cb norm than norm. Indeed, if we drop the right modularity requirement, then
the classic example of such a map is the transpose of a square matrix, which is a
carefully chosen permutation of the matrix entries; P is precisely the set of right D,,-
module maps which are permutations of the matrix entries. We initially looked for
examples in this class, and having had no luck, were eventually led to Examples 6.1
and 6.2, and so to Theorem 6.3. Since we concentrated on the 2 x n and the 3 x 3
cases, it is nice to be able to offer the following explanation for this initial failure.

Proposition 7.1. Cp(2,n) = Cp(3,3) = 1.

Proof. By Theorem 3.2, Cp(2,n) < C(2,n) = 1, so Cp(2,n) = 1. Alternatively,
since Sy is abelian, this is an immediate consequence of [12, Remark 2.5].

Now consider u ® e € P(3,3) where u = [u; uz us] and uj = uq, for some
a; € S3. Observe that if ug is a unitary matrix in M,, then the norms and
completely bounded norms of u ® e and ugu ® e coincide. So, taking ug = ufl,
we may assume that «q is the identity permutation. Similarly, conjugating each
a; by some ag € S3 will not change the norm or completely bounded norm of the
corresponding elementary operator. Hence up to symmetry there are three cases
to consider:

(1) ag =(123)and a3 = (132) =ay %

(2) az =(12) and az = (1 2 3); and

(3) ag =(12) and a3 = (1 3).
In the first case, the unitaries all commute and hence ||T|| = ||T||c» by [12, Re-
mark 2.5]. In both of the latter two cases,

U= {ujuf: 1<i<j < 3} = {U(l 2), U(1 2 3), U(1 3)}
and the joint numerical range of these three unitaries contains zero, since for every
u € U we have (uej,e;) = 0. Hence Wmﬁ(%u*) contains a positive semidefinite
diagonal 3 x 3 matrix of trace 1, and Lemma 2.2 shows that W, .(e) consists of all

such matrices. Hence

Wmﬁ(%u*) N Wiele) #0

and so T =u® e has | T = ||T]- O
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However, a more persistent search reveals that C'p is not constant.

Example 7.2. If

ere]
T = [uay u@ 2) ua 3) U2 3)] © ZZ € Lp,(M34),
ege)
then |T|| = V3 and || Ty 1| > 1.0775v/3. Hence
T:
Cp(3,4) > 1ol 775,

Il
Proof. We have |T|| < v3||T|| = v/3 by Lemma 4.3, and the lower bound is given

by considering the norm one matrix [é g § §} . Let
—2/3 0 0  2/3
0 1 0 0
e | 0 01 /N2 0
0o 0 1//2 0
1/3 0 0 2/3
-2/3 0 0 -1/3
Observe that ||x|| = 1, since we can reorder the rows and columns to recognise it

as the direct sum of two 3 x 2 matrices with orthonormal columns. Now

-2/3 1 1/v2 2/3
0

0 0 0

0 0 0 0
Lam =1 o o o 0 |’

/3 0 0 —1/3

-2/3 0 1/v2 2/3

and a computation with Mathematica reveals that ||T2 1(x)||* is the largest root of
1823 — 7222 + 33z — 2 = 0, and hence that || Tz ()| > 1.0775v/3. O

I?

Remark 7.3. Numerical estimates obtained from a GNU Octave program using the
tracial geometric mean formula (t) give an improved lower bound for |75 1| for the
operator T in the preceding example of 1.13||T||.

Corollary 7.4. Cp(c0,00) = oo.

Proof. Let T be the map of Example 7.2. Considering the tensor powers T®*, we
see that T®F € P(3% 4%) and

k

[ T%* e 7] e

Cp (00, 00) > sup = sup = o0. O
(0 o0) 2 500 rer = 38 U

Question 7.5. If min{m,n} < oo, is it ever true that 1 < Cp(m,n) = C(m,n)?

Finally, we pose a question about the class of module maps whose column oper-
ators are unitary:

ere]

U(m,n) = {[ul C U] ©

] cuj €UMy), 1< < n} C Lo, (M)

*
€n€n

where U(M,,) is the set of unitary operators in M,,. The examples constructed in
Theorem 6.3 are in U(m,m?), so C(m,m?) = Cy(m, m?) for all m > 1.

Question 7.6. Is C(m,n) = Cy(m,n) for all m,n > 17
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