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Abstract

A lot of research has been carried out to explain the manner in which longitudinal moments of
a bridge respond to traffic. The total longitudinal bending moment is made of ‘static’ and
‘dynamic’ components, which vary with time as a result of the inertial forces of the bridge and
changes in value and point of application of the forces of the vehicle. However, there is limited
evidence about how bending moments at planes other than longitudinal, or twisting moments,
act in response to a moving vehicle. For the first time in the literature, this paper analyses the
total resultant moments (‘static’ + ‘dynamic’) for any plane orientation (from 0 to 360°) at any
location of a solid slab deck due to the crossing of a vehicle. The bridge is modelled as a simply
supported straight orthotropic plate and the vehicle is modelled as a three-dimensional 5-axle
articulated system composed of interconnected sprung and unsprung masses. Simulations are
performed for three vehicle transverse paths and three speeds. Using Wood and Armer
equations, the resultant moment at any plane orientation can be obtained from equilibrium of

bending and twisting moments acting on longitudinal and transverse planes. Maximum twisting
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moments develop in planes at 45° with longitudinal and transverse planes. Bending moments
reach maximum and minimum values at longitudinal and transverse planes. Nevertheless, the
moments acting on other plane orientations cannot be ignored in order to accurately assess
whether the moment capacity of the bridge provides adequate safety. Therefore, the amount of
slab reinforcement will be sufficient provided that the moment capacity exceeds the applied
moment for any location and plane. Critical locations with highest values of sagging, hogging
and twisting are identified in the bridge, and the dynamic amplification associated to the
applied moments is evaluated. Bridge codes such as the Eurocode employ a unique built-in
dynamic amplification factor for moment that depends only on the bridge length and the
number of lanes. This paper shows how to perform an improved assessment allowing for
changes in dynamic behaviour with location and plane orientation, which may prevent needless

expense in bridge rehabilitation.
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1. Introduction:

Solid slab deck sections are commonly found in short span bridges, spanning to about 21 m
[1,2]. These are made of in-situ or a mix of precast inverted T-beams and in-situ concrete [3].
For medium-span bridges, there is a substantial increase in the self-weight of the solid slab and
the challenges of construction; hence, beam-and-slab decks are generally preferred. The
thickness of the solid slab deck is significantly smaller than the width and length. Solid slab
decks carry out vertical loads to the supports by a combination of moments and shear forces.
Thin plate theory is commonly accepted for modelling the bending behaviour of these decks.

The deck is assumed to be uncompressible and the deflection of the plate is attributed to



bending alone (i.e., shear distortion makes no substantial contribution to deflection). These
assumptions are a simplification of the true behaviour, but are justified by the fact that the
performance of these bridge slabs, being relatively thin, is dominated by bending rather than
shear deformation [5]. Figure 1 shows the total moments acting about mid-depth of a plate
element with longitudinal dimension ‘a’ and transverse dimension ‘b’.

The bending capacity of the slab must be sufficient to withstand not only the maximum bending
moments at longitudinal and transverse planes, but any moment regardless of the plane. For
that purpose, the total moments, Mx and My, acting in longitudinal and transverse planes
respectively, can be considered as vectors and combined to attain the resultant moment for a
plane at any specific angle from imposing equilibrium. Here, it is worth to mention the role
played by Wood and Armer in slab design, who suggest an expression to determine the bending
moment capacity per unit breadth in longitudinal and transverse directions (orthogonal
reinforcement) necessary to withstand the maximum applied bending moment irrespective of
plane orientation [4]. The notation my (= Mx / b) refers to bending moment per unit breadth
acting on a plane of normal the longitudinal direction x (i.e., perpendicular to the boundary
delimited by the bridge supports). Similarly, the transverse bending and twisting moments per
unit breadth are represented by the symbols my (= My / @) and myy (= Myy / b) respectively.
Therefore, myy is equal to myx due to equilibrium. There are numerical and experimental
investigations on how these perpendicular moments affect the static response of a concrete slab
[5-9]. Longitudinal stresses o, due to my, are found to be larger than transverse stresses o,,, due
to my, with first cracks developing at 45°. As the span of the slab gets longer, it is evident that
the static longitudinal bending becomes more dominant. In the case of a concrete slab bridge
traversed by a vehicle, there will be a ‘dynamic’ component in addition to the ‘static’
component [10]. Bakht and Pinjarkar [11], Inbanathan and Wieland [12] and Wang and Deng

[13] quantify this ‘dynamic’ component with a term named dynamic Impact Factor (IM), which



takes into account the maximum of the two responses (‘dynamic’ and ‘static’). Dynamic Load
Allowance (DLA) [14-16] and Dynamic Amplification Factor (DAF) [17-19] are other
popular definitions to characterize the ‘dynamic’ component. DAF is defined as the ratio of
maximum total (‘static’ plus ‘dynamic’ components) response to the maximum ‘static’
response at a specific bridge location. Cantero et al. [20] put forward a new definition, i.e., Full
Dynamic Amplification Factor (FDAF), to cover for the fact that the selected bridge location
may not hold the worst possible scenario. FDAF is given by the ratio of the maximum total
response taking into account all bridge sections to the maximum ‘static’ response at a particular
section taken as reference (typically mid-span). By definition, FDAF is always equal or greater
than DAF for a given section. A considerable amount of information is provided by earlier
authors on DAF or equivalent terms due to a moving load. However, most of existing literature
investigate deflections or the longitudinal bending moment/strains (i.e., mx), and only a few
publications have examined DAF associated to other load effects (i.e., DAF of shear by [21]).
Therefore, there is a need in the literature to address the dynamic impact experienced by
moments in planes other than longitudinal as a result of the moving traffic. Without this
information, it is not possible to gather an accurate picture of the true moment capacity needed
to ensure the safety of a slab. For this purpose, Section 2 describes the mathematical models
that will be employed to calculate the response of the bridge to a moving vehicle. The slab deck
is modelled using thin plate Finite Element (FE) theory and the truck is represented by a 5-axle
tractor and semitrailer configuration. Section 3 calculates bending and twisting moments acting
on longitudinal and transverse planes for a 9m long bridge, three transverse vehicle paths
(travelling centred over the bridge centreline and at other two eccentricities) and three vehicle
speeds (15, 20 and 25 m/s). Section 4 calculates moments (‘static’ and total) for any plane

orientation &, where @is the angle that the normal to the plane makes with the x-direction (i.e.,

6= 0 is the longitudinal plane where my is acting, and =90 is the transverse plane where my



is acting). Finally, the critical locations holding the largest moments are discussed and Section

6 provides conclusions.

2. Simulations Models
2.1. Bridge Model

A simply supported solid slab deck of 9 m width and 9 m span length is considered. The bridge
is modelled as an orthotropic thin plate discretized using the FE method into a mesh made of
0.5m x 0.5 m plate elements. The standard Kirchoff plate element [22,23] contains four nodes
and three Degrees Of Freedom (DOFs) per node: the vertical displacement and the rotations
about the x and y axes. This discretization of the displacement field results in a third-order
polynomial containing 12 terms. Zienkiewicz [22] and Reddy [23] explain in detail why such
a discretization can lead to a discontinuity of the slope across inter-element boundaries. One
solution to the problem of the non-conforming plate element is to impose continuity conditions
as an additional DOF, such that the fourth DOF at each node is the second derivative of w with
respect to x and y. This fourth DOF is also known as nodal twist. Bogner et al [24] first proposed
this method for isotropic plates, where the interpolation functions for the DOFs were defined
as the products of the Hermite shape functions for an Euler-Bernoulli beam. The full derivation
of the 16 DOF orthotropic C: plate element employed in this paper can be found in Rowley
[25]. Vertical displacements are prevented at each node of end sections above supports. In total,
the bridge has 1444 DOFs. The properties of the bridge are presented in Table 1 based on

[26,27].



Table 1. Properties of bridge model

Length 9m

Breadth 9m

Depth 0.45m
Modulus of elasticity in longitudinal direction 35 x 109 N/m?
Modulus of elasticity in transverse direction 32.2 x 10° N/m?
Shear modulus 14 x 10° N/m?
Plate density 2500 kg/m?®
Damping ratio % 3

First natural frequency 9.50 Hz

The response of a bridge to time-varying forces can be modelled using Equation (1).

Myw, + Cpwp, + Kpwp, = f 1)

where My, Cp and Ky are the mass, damping, and stiffness matrices respectively of the plate
model, and w,, w;, and w, are vectors containing nodal accelerations, velocities and
displacements. fy is the vector of external forces applied to the DOFs of the bridge. Damping
is assumed to be Rayleigh type as follows:

Cb = Obe +ﬁKb (2)

where a and g are constants defined by a = 2{w,0,/(®; + ®,) and S = 2(/(0; + ®,).
Here, ®; and o, represent the first two natural frequencies of the bridge. Damping ratio ( is
adopted to be 0.03 and the same for all modes [28]. The first natural frequency of the bridge is

9.50 Hz.

2.2. Vehicle Model

The vehicle model is based on a typical 5-axle articulated truck. Two significant bodies can be
distinguished, tractor and semi-trailer, which are represented by lumped body masses, ms and
mr (Figure 2). Each of the axles is modelled as a rigid bar with lumped masses that represent
the total mass of the wheel and suspension assemblies. The body masses are linked to lumped

axle masses via spring-dashpot systems simulating the suspension. Spring-dashpot systems that



resemble the tyres are used to connect the axle masses to the road surface. In total, the model
has 15 DOFs. Tables 2 and 3 provide the geometry and the mechanical properties of the vehicle

respectively, based on the work by [20,29].

Table 2. Vehicle geometry

Dimensions: m
b1 0.5
b, 2.5
D31 1.3
b3z 2.4
b33 35
ba 4.15
bs 2.15
a1 -0.13
az 1.10

Table 3. Vehicle properties (subscripts R and L refer to Right and left axle respectively)

Mass and inertia data

Tractor sprung mass, mt: kg 4500
Tractor front axle: kg 700
Tractor rear axle: kg 1000
Semitrailer axles: kg 800
Tractor pitch moment of inertia It picch kg m? (about Y-axis) 4875
Tractor rolling moment of inertia I ron (@bout X-axis) 3000
Semi-trailer sprung mass, ms: kg 31450
Semi-trailer pitch moment of inertia ls pich kg m? (about Y-axis) | 123000
Semi-trailer rolling moment of inertia Is on (@bout X-axis) 21000
Spring rates: kN/m (suspensions)

Kir, KiL 200
Kar, KoL 500
Ks.sr, KasL 375
Spring rates: KN/m (tyre)

Kur, KuL 875
Kur, KoL 1750
Kis-sr, Kis-sL 1750
Viscous damping rates: KNs/m (suspensions)

C15Rr, CrsL 5
Viscous damping rates: KNs/m (Tyre)

Cu1-sr, Ct1-5L 3




The range of pitching and rolling body frequencies falls within 1.5 Hz to 4.5 Hz and the
hopping axle frequencies go from 9 Hz to 16 Hz (Table 4), in agreement with values published

by [30].

Table 4. 5-axle vehicle frequencies in Hz

symbol property value
fu1 Tractor bounce 1.48
fvo Tractor pitch 2.3
fus Tractor roll 3.0
fua Semitrailer pitch 1.49
fus Semitrailer roll 1.58
fve 1%t axle hop left wheel 8.9
fv7 1%t axle hop right wheel 8.9
fus 2" axle hop left wheel 10.7
fuo 2" axle hop right wheel 10.7
fu1o 3 axle hop left wheel 11.6
fuis 3 axle hop right wheel 11.6
fuiz 4™ axle hop left wheel 11.6
fuis 4™ axle hop right wheel 11.6
fuia 5t axle hop left wheel 11.6
fus 5% axle hop right wheel 11.6

The static gross vehicle weight is distributed amongst axles 1 to 5 based on the percentages
given by [31]: 12.70 % (front axle), 27.70 % (2" axle) and 19.87 % (any of the axles in the
rear tridem). Static wheel weights are given in Table 5.

Table 5. Static wheel weights (kN) (subscripts
R and L refer to right and left axle respectively)

Pir, P 24.93
P2r, PaL 54.39
P3r, PaL 38.99
Par, PaL 39.01
Psr, PsL 39.01




The equations of motion of a vehicle model can be obtained imposing equilibrium of all forces
and moments that act on the masses. The terms in these equations can be ordered according to

the DOFs and placed in matrix form as follows:

M,w, + C,w, + K,w,, = fv (3)

where My, Cy and Ky are mass, damping and stiffness matrices of the vehicle respectively, and
wi,, W, and w,, are the vectors corresponding to nodal accelerations, nodal velocities and nodal
displacements. f, is a vector containing the time-varying forces imposed on the vehicle’s

DOFs. This model assumes negligible lateral and yaw movement.

2.3. Road Profile

The roughness of the road surface is a major cause of dynamic excitation in vehicle-induced
bridge vibrations [32-36]. An artificial road profile can be generated using the Power Spectral
Density (PSD) of vertical irregularities along with the inverse fast Fourier transform technique
explained by [37]. For each spatial wave frequency, a random phase angle @; is sampled from
a uniform probabilistic distribution in the range 0-2m. An ‘A’ class road carpet, i.e. ‘very good’
according to the International Organization for Standardization (1ISO 1995)[38], is produced
using a geometric spatial mean of 16 x 10~ m3/cycle [39]. Finally, a moving average filter is
applied to the road irregularities across a distance of 0.24 m to simulate the tyre contact patch
[40,41]. Figure 3 shows the resulting class ‘A’ carpet used for the surface of the bridge. This
bridge surface is preceded by a 100 m approach generated using the same procedure. The
purpose of the road approach is to induce vibrations in the vehicle prior to entering the bridge

that will simulate initial conditions of dynamic equilibrium.



2.4. Uncoupled VBI Algorithm

An uncoupled Vehicle-Bridge Interaction (VBI) algorithm is employed for calculating the
response of the plate model to the crossing of the 5-axle truck at uniform speed. The equations
of motion of the vehicle (Equation (3)) and the bridge (Equation (1)) are treated as two separate
subsystems. These equations are solved via application of the Newmark-Beta direct integration
method with a time increment of 0.002 s and values for the integration constants of delta = 0.5
and beta = 0.25. An iterative process is carried out at each time step as follows. Initially, forces
acting on the DOFs of the vehicle (f,) are calculated using Equation (3) based on the road
profile ‘only’. The wheel forces defined by f,, need to be converted to equivalent forces acting
on the bridge nodes (f;,) before calculating the bridge response. Equation (4) is used to
distribute each wheel force from its point of application to the nodes of the plate element

directly underneath.

fo=LXf 4)

where fy is a matrix p x 1, fv is a vector ps x 1, and L is an p x pr location matrix that relates the
pr wheel forces to equivalent forces acting on the p DOFs of the bridge. Each column of the
location matrix L maps one of the pr forces to the DOFs associated with the particular
underlying element as a product of the numerical value of the shape functions for that point in
time. In this way, the time-varying location matrix L becomes a function of the shape functions

of a 2D plate element as follows:

10



i 0 0 0 0
N, (%, Y1)
NZ(Xl’yl) Nl(XZ’yZ) .
N, (X;,Y,) N, (X, ;) :
L= N (Xp yl) NZ(Xi1 Yi) Nl(X101 ylo) (%)
Ny (X, Ys) . N, (X0 Y10)
N6 (X5 Y;) .
Ny (X0, Y10)
i 0 0 0 0 0 ]

where N1(xi,yi) to N1s(Xi,yi) are the shape functions corresponding to the 16 DOFs of the plate
element. Here, column i represents the distribution of the wheel force i to the DOFs of the
element that the force is acting on, and x; and yi are the time-varying longitudinal and transverse
distances from the wheel force i to a node of the element. l.e., columns 1, 2, 3 ... and 10
distribute the first, second, third ... and tenth wheel forces of the vehicle respectively to the
DOFs of the bridge. The four shape functions corresponding to the vertical displacement, the
rotations about the x- and y- directions and the twist of one node of the plate element are given

by Equations (6), (7), (8) and (9) respectively.

N, (%, ¥i) = (b+2y,)(b—y,)*(@+2%)(~X +a)ﬁ (6)
1

NZ(Xi’yi)z_yi (b_yi)z(a+2Xi)(_Xi +a)2 b2 (7)

N, (%, ;) = X (b—y,)(-2x,ab* + x.*b* + a’h?® — 2x, y,ab® + x.*y,b?

8
+y.a’h® —14x y’ab+10x.’y,’b—2y.’a’b +18x.y,’a* —12x.°y.’a) a21b4 ®)
N, (%, v) =xy;(b- Y)(_inabz + Xi2b2 +a’b? —7xY;ab

1 (9)

+5x°y,b—y,a’b +9x y,a® —6x°y,a)

a’b®

where a and b are the dimensions of the plate element.
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The vector fy is then employed in Equation (1) to calculate bridge displacements (ws), which
are subsequently employed together with the road profile to recalculate the vehicle forces fy in
a 2" iteration, and so on. The stopping criterion employed here is based on [42], who specify
that the variation between the bridge deflections, wy, of two consecutive iterations must be less
than 2% of the highest bridge deflection. Once the criterion is achieved, the forces of the vehicle
are positioned at new coordinates on the bridge and the iterative process is carried out again.
Cantero etal. [2, 29, 43] provide further details on this uncoupled algorithm. The latter is coded
with the help of MATLAB because of the flexibility it offers. The program has been validated
against alternative VBI approaches and experimental data [30]. The simulations are carried out
using a computer with 32 GB RAM memory, i7-3770 core processor and CPU @ 3.4 Hz
running MATLAB 2014 on a Windows 7 platform. The computational time to obtain the

responses at all FE nodes for one crossing of the vehicle is less than one minute.

Figure 4 depicts the three transverse positions that are considered for the path of the vehicle.
There is an equal distance between the centre of gravity of the vehicle’s body mass and the
outer and inner wheels (Figure 2(b)). The paths of this centre of gravity are at a distance of 0
m (path ‘2°), 1.5 m (path ‘1) and 3 m (path ‘3”) from the bridge longitudinal centreline. If the
bridge had two traffic lanes situated symmetrically with respect to the bridge centreline, path
‘1’ would approximately correspond to the vehicle travelling in the middle of the lane, path ‘2’
to the vehicle travelling in the middle of the bridge, and path ‘3’ to a rare situation where the
vehicle is travelling partially on the shoulder. The distribution of moments in the slab are
calculated for nine vehicle scenarios covering these three transverse paths and three speeds:

15, 20 and 25 m/s.
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3. Moments in Longitudinal and Transverse Planes

The total (‘static’ + ‘dynamic’) values of the FE DOFs are calculated using the procedure
described in Section 2.4. my, my and myy are then determined for each node of the bridge FE
based on the shape functions and constitutive equations of the plate element [22]. ‘Static’
displacements and rotations can be obtained using Equation (1) for every position of the truck,
assuming vehicle axle forces equal to static axle weights and null acceleration and velocity
vectors.

Figure 5 illustrates the longitudinal bending moment per unit breadth (my) in KN-m/m at the
mid-span section, when the vehicle is moving at 20 m/s over path ‘2’ (i.e., centred on the
bridge). The variation of total and ‘static’ mx with the position of the 1% axle of the truck on the
bridge are shown in Figures 5(a) and 5(b) for the node at 3.5 m from the bridge’s left edge and
for the node at the right edge respectively. It can be seen that the total bending moment
oscillates about its ‘static’ component and that total and ‘static’ moments reach a maximum
value for the same truck location, i.e., first axle at 13.7 m from the 1% support of the bridge.
The maximum ‘static’ and total values are plotted in Figure 5(c) for all FE nodes across the
mid-span section. Two peaks of moments can be observed to take place under the paths of the
wheels, i.e., at 3.5 m and 5.5 m from the bridge edge. The ratio of total to ‘static’ moment is
relatively larger at the edges than at the centre of the section. As a result, DAF of my for the
mid-span node at 3.5 m from the edge is equal to 61.92/60.08 = 1.03, and DAF of mj for the
node at the right edge is equal to 43.85/40.77 = 1.07.

The maximum ‘static’ and maximum total values of my shown in Figure 5(c) for the mid-span
nodes due to the vehicle travelling along path ‘2, are obtained for the remaining bridge nodes
and the other two vehicle paths, together with the values of myy and my. Figures 6 to 8 provide

contour plots for these moments at every node for the three paths of the vehicle travelling at 20
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m/s. Both positive (i.e., sagging) and negative (i.e., hogging) myx and my, as well as positive and

negative myy, are shown in the contour plots. The horizontal and vertical axes indicate the

longitudinal and transverse coordinates respectively of the node in a plan view of the bridge,

and the values of the colours represent the moments in kN-m/m at each node location. Different

contour shapes and values of local bending moments emerge as a result of changes in vehicle

paths.

Simulations are extended to other two speeds: 15 and 25 m/s. Tables 6 and 7 summarize the

maximum positive and negative moments respectively obtained in the longitudinal and

transverse planes and the locations at which they occur.

Table 6. Maximum positive (i.e. sagging) moments (KkN-m/m) in longitudinal and transverse planes

Moments My my Mxy
Static 15 20 25 Static 15 20 25 Static 15 20 25 m/s
m/s m/s m/s m/s m/s m/s m/s m/s

Coordinates | X| 4.5 4 5 5 45 55 5 5 0 0 0 0.5
= (m) Y| 2 2 2 2 4 4 4 4 5 5 5 5
=
§_ Effect (kN-m/m 67.32 | 70.44 | 68.99 | 72.39 | 27.13 | 27.59 | 28.22 | 28.31 | 12.83 | 14.15 | 14.17 | 13.66
) Coordinates | X| 4.5 4 45 5 45 35 45 5 0 9 8.5 0
2 (m) Y| 55 5.5 35 35 5.5 35 35 35 6.5 25 2.5 6.5
g Effect (kN-m/m 60.15 | 64.59 | 61.72 | 65.74 | 28.25 | 28.92 | 29.30 | 29.60 | 7.67 | 8.29 | 8.08 | 8.08
. Coordinates | X| 4.5 45 4 5 45 45 35 55 0 0 0 0
2 (m) Y| O 0 0 0 25 25 25 25 0 0 0 0
& Effect (kN-m/m) | 91.33 | 95.27 | 95.00 | 97.81 | 20.68 | 22.32 | 22.12 | 22.73 | 29.36 | 30.93 | 30.33 | 29.87

Table 7. Maximum negative (i.e. hogging) moments (kN-m/m) in longitudinal and transverse planes

Moments My my Myy
Static 15 20 25 Static 15 20 25m/s | Static | 15m/s | 20 m/s | 25 m/s
m/s m/s m/s m/s m/s

- Coordinates | X| 0 35 45 4 3 35 45 4 8.5 9 8.5 9
= (m) Y| 4 9 9 9 7.5 75 75 75 5 5 5 5
& Effect (kN-m/m) | -1.85 | -2.66 | -5.67 | -3.83 | -1.7 | -2.62 | -2.88 | -2.82 | -12.24 | -13.42 | -15.44 | -12.95
. Coordinates [ X| 0 0 3 0 0 0 0 0 0 0 9 85
i (m) Y| 55 35 0 5.5 5.5 5.5 5.5 5.5 25 25 6.5 6.5
g Effect (kN-m/m) | -1.85| -20 | -2.3 |-1.93|-1.25|-1.36 | -1.39 | -1.31 | -7.67 -859 | -8.71 | -7.86
R Coordinates | X| 9 4 45 4 45 5 45 0 9 9 9 9
2 (m) Y| 25 0 9 9 6.5 6.5 6.5 5.5 0 0 0 0
& Effect (kKN-m/m) | -1.84 | -6.87 | -8.39 | -2.61 | -1.26 | -6.47 | -5.67 | -1.31 | -27.91 | -31.56 | -33.34 | -28.3
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As expected, the maximum positive value of my is considerably higher than the positive values
of my and myy. While maximum positive my occurs around the mid-span section, the maximum
positive my and maximum positive myy develop under the wheel path and close to the supports
respectively. The exact transverse location of the maximum myy varies with the vehicle path,
i.e., around the middle of the lane for path ‘2’ scenario (Figure 7) and at the bottom corner for
the path ‘3’ (Figure 8). As the path of the vehicle moves away from the bridge centreline, the
maximum longitudinal bending moment increases both in absolute value and in relative terms
compared to the maximum transverse bending moment. While maximum ‘static’ longitudinal
sagging and ‘static’ twisting moments of 91.33 and 29.36 kN-m/m respectively take place for
path ‘3’, a maximum ‘static’ transverse sagging moment of 28.25 kN-m/m takes place for path
‘2°. The maximum total longitudinal sagging moment is 35% and 49% higher for path ‘3’ than
for paths ‘1’ and ‘2’ respectively. The ratio of maximum longitudinal to maximum transverse
sagging moment is 2.22, 2.55 and 4.30 in vehicle paths ‘2’°, ‘1° and ‘3’ respectively.

The maximum negative values of bending moment (Table 7) are considerably smaller than the
positive values, but in the case of twisting moment, it is important to calculate both signs given
that the maximum twisting could take place in any of the two directions. The ratio of maximum
longitudinal sagging to maximum absolute twisting moment is 7.55, 4.69 and 2.93 in vehicle
paths ‘2°, ‘1’ and ‘3’ respectively. For path ‘3°, values of twisting moment exceed those of
transverse sagging moment. For path ‘2°, absolute ‘static’ values of negative and positive myy
are naturally equal, but they vary slightly in the dynamic simulations due to randomness of the
road profile. Therefore, critical locations of maximum ‘static’ negative and positive Myy are
symmetrical with respect to the bridge centre line.

Table 8 provides values of FDAF for positive my, my, and myy. While the maximum total load
effect in the numerator of FDAF refers to the worst possible location, the maximum ‘static

load’ effect in the denominator of FDAF refers to a specific location, that here it is taken from
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the worst possible static scenario given in Table 6 for positive values and in Table 7 for negative
values. The highest FDAF of positive bending moment for the three speeds being tested is 1.09
at 25 m/s, which takes place in path ‘2’ for the longitudinal plane and in path ‘3° for the
transverse plane. A maximum FDAF of 1.10 is found for the positive twisting moment myy
when the vehicle travels on path ‘1’ at speeds of 15 m/s and 20 m/s. A minimum FDAF of 1.01

is found for myy, when the vehicle is travelling on path ‘3’ at a speed of 25 m/s.

Table 8. FDAF of positive (i.e. sagging) mx, myand myy

FDAF of my FDAF of my FDAF of myy

Vehicle
path
path ‘1” 1.04 1.02 1.07 1.01 1.04 1.04 1.10 1.10 1.06
path <2’ 1.07 1.02 1.09 1.02 1.03 1.04 1.08 1.05 1.05
path 3’ 1.04 1.04 1.07 1.07 1.06 1.09 1.05 1.03 1.01

15m/s | 20m/s | 25m/s | 15m/s | 20m/s | 25 m/s 15m/s | 20m/s | 25 m/s

Table 9 provides FDAF of hogging moments, which are generally much higher than those
provided in Table 8 for sagging ones. Nevertheless, the total hogging moment remains small

given the low values of maximum negative ‘static’ my and my (Table 7).

Table 9. FDAF of negative (i.e. hogging) my, myand myy

FDAF of my FDAF of my FDAF of myy
Vehicle
path 15m/s | 20m/s | 25m/s | 15m/s | 20m/s | 25m/s | 15m/s | 20 m/s | 25 m/s
path ‘1’ 144 3.06 2.07 1.54 1.69 1.66 1.10 1.26 1.06
path 2’ 1.08 1.24 1.04 1.09 111 1.05 1.12 1.14 1.02
path 3’ 3.73 4.56 1.42 5.13 45 1.04 1.13 1.19 1.02

In the case of twisting moments, FDAF of negative myy should not be overlooked as myy can
reach significant values with both signs. There is a FDAF of 1.26 for negative myy when the
vehicle drives on path ‘1’ at 20 m/s. It is possible to define a global FDAF considering all
vehicle paths rather than use a FDAF for each path. For example, global FDAFs of 1.07, 1.05
and 1.14 can be obtained for longitudinal sagging, transverse sagging, and twisting moments

respectively. The next section extends the analysis of moments from the longitudinal and
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transverse planes to any plane orientation. This analysis aims to stablish the bridge moment
capacity needed to withstand the applied total (‘static’ + ‘dynamic”) moment regardless of the

plane orientation.

4. Bending Moments Acting at any Plane

A slab deck has infinite points, and infinite number of planes passing through each point. This
section establishes the magnitude of the highest moments, and the node location and plane
orientation at which they occur. Figure 9 shows a plan view of the moments acting on a portion
of the slab delimited by three edges: BC of length L, AB of length Lcosé, and AC of length
Lsind. AB, AC and BC are contained in planes of normal x, y and n respectively, and & is the
angle between x- and n- directions. On each of these planes, there are two moments: a bending
moment (where the subscript denotes the direction of the normal to the plane on which the
moment is acting) that produces normal stresses, and a twisting moment (where the first and
second subscripts represent the direction of the normal to the plane on which the moment is
acting, and the direction of the shear stresses respectively) that produces shear stresses.

By imposing equilibrium of moments in the n-direction (Equation (10)) and in a direction
perpendicular to n (Equation (11)), it is possible to obtain the bending moment, my,, and twisting

moment, mn, per unit breadth acting on a plane of normal n [4,26].

m, = m, cos*6 + m, sin* — 2 m,,, sind- cosd (10)

My = (M, — my) sinb- cosd + my,, (cos?6 — sin’0) (11)

where @ is the angle that the normal to the plane (n) makes with the horizontal x-axis.

my, My and myy obtained in Section 3 are substituted into Equation (10) to calculate m, for every

node of the FE model. & values are varied in 1 degree increment from 0 to 360°. The maximum
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positive (Max_mn, i.e., sagging) and minimum negative (Min_mn, i.e., hogging) of ‘static’ and
total (15, 20 and 25 m/s) values of mn are plotted versus & in Figure 10(a) for the vehicle
travelling on path ‘1°. Similarly, moments my, my and myy are replaced into Equation (11) to
obtain the maximum (Max_myt) and minimum (Min_myt) twisting moments per unit breadth
for every node. The latter are shown in Figure 10(b) for the vehicle travelling on path “1°.
Highest values of Max_my take place at longitudinal planes (& values of 0°, 180° and 360° -
points labelled ‘S1’ in the figure -), whereas minimum values of Max_m, are found at
transverse planes (€#values of 90° and 270° - points labelled ‘S2’-). Minimum values of Min_my
develop for planes at 45° with horizontal and vertical planes (6 values of 45° and 225 - points
labelled ‘H1’ -, and 225° and 315° - points labelled ‘H2’ -). Figure 10(b) shows that the most
positive and most negative twisting moments also occur in planes at 45° with horizontal and
vertical planes (& values of 45° and 225° for largest positive mn¢- points labelled ‘T1’ -, and &
values of 135° and 315° for largest negative mnt - points ‘T2’ -). In summary, longitudinal and
transverse bending moments are the maximum and minimum bending moments respectively.
Besides, critical twisting moments occur in planes at 45° with respect to the longitudinal and
transverse planes.

Figure 11 shows a 3-dimensional plot that locates the FE node that leads to maximum °‘static’
bending moments (negative ‘Min_my,’ labelled as purple triangles and positive ‘Max_my’
labelled as red circles) and maximum ‘static’ twisting moments (maximum ‘Max_myt’ labelled
as black squares and minimum ‘Min_mp’ labelled as green crosses) for each plane orientation
6. The locations holding these maximum and minimum moments vary for each @value, but are
placed predominantly around midspan for Max_my, and spread throughout the bridge for
Min_m,, Max_mn: and Min_mye. The largest sagging moment occur in a longitudinal plane at
or near midspan, where the bending curvature of the deflected shape is highest. Bending

curvatures in other directions also increase the closer to midspan. For twisting and hogging
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moments, the critical locations for each plane orientation are more variable due to the influence
of local effects. Maximum hogging appears in the half of the bridge where the vehicle is not
travelling, and largest absolute twisting moments tend to be found near the edges at midspan
and in the corners.

The coordinates of the critical locations cannot be clearly visualized in the 3-dimensional graph
of Figure 11. For this reason, horizontal sections for & orientations equal to 45°, 90°,135° and
180° holding maximum ‘static’ and total moments are obtained. Figure 12 provides the X-
(horizontal axis, i.e. bridge span length) and Y- (vertical axis, i.e. bridge width) coordinates of
the critical locations for the four selected orientations, and how they vary with speed. For
instance, Figures 12(b) for 15 m/s and 12(d) for 25 m/s show 4 red circles which represent the
critical locations holding the maximum sagging for plane orientations equal to 45°, 90°, 135°
and 180°. However, Figures 12(a) (‘static’) and 12(c) for 20 m/s show 6 red circles, given that
the maximum sagging is reached at more than one critical location for some orientations. Here,
the points ‘S1’ (at © values of 0°, 180° and 360° in Figure 10(a)), ‘S2’ (at © values of 90°
and 270°), ‘HI’ (at © values of 45° and 225°) and ‘H2’ (at © values of 135° and 315°)
represent the locations with maximum and minimum sagging and hogging moments. Point ‘T1’
corresponds to the coordinates of the largest positive twisting moment (Max_mn: at 8= 45° and
225° in Figure 10(b)) and ‘T2’ to the largest negative twisting moment (Min_mpt at 8 = 135°
and 225° in Figure 10(b)). It can be seen that maximum sagging moments develop near the
mid-span section in the half of the bridge traversed by the vehicle. The largest sagging moment
for path ‘1’ takes place at coordinates X =5 m and Y = 2 m for a speed of 25 m/s (point S1 in
Figure 12(d)). The ‘dynamic’ component of the total response will not reach a peak
simultaneously with the ‘static’ component at midspan, except for a critical speed causing a

high DAF. As a result, the locations of maximum total sagging moments (Figures 12(b), (c)
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and (d)) appear more scattered than the locations of maximum ‘static’ sagging moments (Figure
12(a)).

Tables 10, 11 and 12 provide the largest values associated to the four @ in Figure 12 (Max_my
at ‘S1’, Max_my at ‘S2°, Min_mjy at ‘H1’, Min_m, at ‘H2’, Max_mnt at ‘“T1” and Min_mp at

“T2’) taking into account all loading scenarios.

Table 10. Maximums and minimums of sagging bending moments (KN-m/m)

Theta S1 S2
Static 15 20 25 Static 15 20 25
S Coor. X 45 4 5 5 45 5.5 5 5
g Y 2 2 2 2 4 4 4 4
g
Effect 67.33 | 70.46 | 68.99 72.39 27.13 27.59 28.22 | 28.31
“ Coor. X 45 4 45 5 45 35 45 5
<= v| 35 5.5 35 35 5.5 35 35 35
<
= Effect 60.15 | 64.59 | 61.72 65.74 28.26 28.92 29.30 | 29.6
. Coor. |X 45 45 4 5 5 45 6 5
= Y 0 0 0 0 25 2.5 25 25
g
Effect 91.33 | 95.27 95 97.81 20.68 22.32 22.10 | 22.92

Table 11. Maximums and minimums of hogging normal moments (kN-m/m)

Theta H1 H2
Static 15 20 25 Static 15 20 25

- Coor. |X 0 0 0 0 9 9 9 9
= Y 5 5 5 5 5 5 5 5
g

Effect -12.76 | -14.04 | -14.14 | -13.61 | -12.19 -13.35 | -15.37 | -12.87
- Coor. |X 0 9 9 0 0 0 9 0
= vy| 65 25 25 6.5 2.5 25 6.5 2.5
g

Effect -757 | -8.18 -7.92 -7.95 -7.56 -8.41 -8.60 | -7.76
. Coor. |X 0 0 0 0 9 9 9 9
% Y 0 0 0 0 0 0 0 0
= Effect -25.71 | -27.31 | -26.76 | -26.62 | -25.04 -28.91 | -30.12 | -25.55
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Table 12. Maximum and minimum twisting moments (KN-m/m)

Theta T1 T2
Static 15 20 25 Static 15 20 25

. 45 4 4 5 45 4 4 5
: Coor.
g % 0 0 0 0 0 0 0 0

Effect 30.07 32.02 32.06 32.75 -30.07 -32.02 -32.06 -32.75
.| coor. X 45 4 45 45 45 4 45 45
Sg % 1 0.5 0.5 0.5 1 0.5 0.5 0.5
= Effect 20.81 23.29 21.99 23.18 -20.81 -23.29 -21.99 -23.18
... | Coor. X 45 45 35 5 45 45 35 5
< Y 0 0 0 0 0 0 0 0
&

Effect 46.28 47.99 47.79 49.31 -46.28 -47.99 -47.79 -49.31

Table 10 shows that the highest values are reached by the positive bending moment (i.e.
sagging moment) at ‘S1’ (6= 0°, 180° and 360°). The longitudinal coordinate where maximum
mn develops extend over a region near the mid-length of the bridge and the corresponding
transverse coordinates are determined by the vehicle path. Table 11 shows that negative
bending moment (i.e. hogging moment) Min_m; at ‘H1’ takes place at the first support of the
bridge, however, it develops at the second support when the vehicle travels along path ‘2’ at
speeds of 15 m/s and 20 m/s. Hogging moment Min_m, at ‘H2’ takes place at the second
support of the bridge, however, it develops at the first support when the vehicle is statically
positioned along path ‘2’ and when the vehicle travels along this path at speeds of 15 m/s and
25 m/s.

In Table 12, as expected, maximum (Max_mntat “T1’) and minimum (Min_mnt at “T2’) twisting
moments have opposite signs and equal absolute values. Max_mnt at “T1” and Min_mnt at ‘T2’
are located on the bridge edges. Max_mnt at “T1’ and Min_my at ‘T2’ are, however, present a
bit further from the edge of the bridge when path ‘2’ is pursued by the vehicle. Furthermore,
Max_mnt at “T1’, Min_mq at ‘T2’ and the largest values of bending moments Max_m, at ‘S1’
are present at the same places when the vehicle is statically positioned along path ‘3’ and when
it travels along this path at speeds of 15 and 25 m/s.
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Table 13 gives the FDAF for sagging moments Max_m, at ‘S2” and Max_mn at ‘S1°.

Table 13. FDAF of sagging bending moments

FDAF FDAF of m, at ‘S1° FDAF of m; at ‘S2’

Path 15m/s | 20m/s | 25m/s | 15m/s | 20m/s | 25 m/s
path ‘1’ 1.04 1.02 1.07 1.01 1.04 1.04
path 2’ 1.07 1.02 1.09 1.02 1.03 1.04
path <3’ 1.04 1.04 1.07 1.07 1.06 1.09

Table 14 presents the FDAF for hogging moments Min_m, at ‘H1’ and Min_m; at ‘H2".

Table 14. FDAF of hogging bending moments

FDAF FDAF of m, at ‘HI” FDAF of m, at ‘H2’

Path 15m/s | 20m/s | 25m/s | 15m/s | 20m/s | 25 m/s
path ‘1’ 1.1 1.11 1.07 1.09 1.26 1.05
path 2’ 1.08 1.05 1.05 1.11 1.13 1.02
path ‘3’ 1.06 1.041 1.04 1.15 1.20 1.02

Table 15 gives the FDAF for twisting moments Max_mnt at ‘T1” and Min_mnt at ‘T2’.

Table 15. FDAF of maximum and minimum twisting moments (KN-m/m)

FDAF FDAF of mpat ‘T2’ FDAF of my at T2’

Path 15 m/s 20 m/s 25 m/s 15 m/s 20 m/s 25 m/s
path ‘1’ 1.06 1.06 1.09 1.06 1.06 1.09
path ‘2’ 1.12 1.05 1.11 1.12 1.05 1.11
path ‘3’ 1.03 1.03 1.06 1.03 1.03 1.06

The majority of FDAF values for twisting moments and hogging moments are larger than those
of sagging moments (Max_my at ‘S1’ and ‘S2’). The largest FDAF value is 1.26 for hogging
bending moment Min_mj at ‘H2” when the vehicle is travelling on path ‘1’ at 20 m/s.

On the one hand, the critical sagging moment my at ‘S1” in Table 13 has the same associated
FDAFs than my in Table 8, the reason being that the plane with largest sagging moment is the
longitudinal plane. Similarly, the sagging moment m, at ‘S2’ refers to the transverse plane, and
consequently, it has the same FDAFs as my in Table 8. On the other hand, FDAFs at ‘T1’ and

‘T2’ (at 45° with vertical and horizontal planes) in Table 15 are different from FDAFs for myy

in Table 8, given that they refer to different planes. Largest FDAF associated to mnt (6= 45°)

is1.12.
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The location, amount and strength of steel reinforcement and the section dimensions will
determine the moment capacity of the bridge in kN-m/m. The latter must have a value
exceeding the applied moment. If orthogonal reinforcement was to be provided in X- and Y-
directions, i.e., my* and my*, it is necessary to ensure that moment capacities in other directions
are also sufficiently large to prevent failure. For this purpose, the moment capacity at any plane
my* can be estimated from replacing mn by ma*, my by my*, my by my* and myy by 0 in Equation
(10), leading to ‘my* = mx+ |mxy|” and ‘my* =my + |my,|’. For example, the values of the sagging
capacities in longitudinal and transverse planes needed to withstand moments caused by the
vehicle travelling in path ‘1’ at 25 m/s are estimated next for the point X =5mandY =2 m
(where the maximum longitudinal bending moment of my = 72.39 kN-m/m takes place). The
contour plot in Figure 13(a) illustrates the variation of bending moment at this point with plane
orientation for each point in time (t = 0 seconds when the first axle of the truck is at the entrance
support). A concentration of high bending moments takes place for t = 0.57 seconds. Figure
13(b) shows how the capacities ‘my* = my + |myy|” and ‘my* = my + |myy|” required at the point
(X=5m, Y =2 m) vary with my, my and myy for each instant. Maximum bending capacities of
my* = 73.37 KN-m/m and of my*= 27.33 KN-m/m are necessary to withstand the moments
experienced at t = 0.57 seconds. While only the action of the vehicle is investigated in this
paper, combinations of actions (i.e., including self-weight) need to be taken into consideration
when calculating Max_my in a practical situation. Other vehicle paths and a full range of
potential speeds (i.e., including critical speeds causing highest DAFs) also need to be checked

to ensure my* and my* cover all possible failure scenarios.

5. Conclusions

This paper has investigated how a moving vehicle affects the ‘static” and total moment acting

on any plane orientation of a short-span straight solid slab bridge. The crossing of a 5-axle
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articulated truck over a FE plate model of the bridge on a class ‘A’ road carpet has been
simulated for nine loading scenarios including three vehicle speeds (15, 20 and 25 m/s) and
three transverse paths. For all scenarios, positive and negative bending and twisting moments
per unit breadth have been obtained in longitudinal and transverse planes. It has been found
that longitudinal sagging (my) exhibits considerably larger values than transverse sagging (my)
or twisting (myy). Maximum values occur most frequently over the middle portion of the bridge
for my, over the bridge centreline for my, and at the bridge edges for myy. Bridge codes such as
the Eurocode, propose traffic load models with built-in DAFs that quantify the increase that
the total response experiences as a result of dynamic VBI. For a two-lane 9 m bridge, this DAF
value is 1.26 [21]. However, built-in DAFs are necessarily conservative and do not allow for
changes in DAF for different moments. For the bridge scenarios under investigation, FDAF of
myand my in sagging have had similar values with a maximum of 1.09 (vehicle travelling at 25
m/s, either along middle of the bridge for worst my or partially on the shoulder for worst my),
but a maximum FDAF of negative myy have reached 1.26 (vehicle travelling at 20 m/s along

the middle of the lane).

Furthermore, total (‘static’ + ‘dynamic’) bending (mn) and twisting (mat) moments acting on
any plane of normal n have been analysed. From the point of view of sagging moments, the
plane orientations leading to largest values have taken place at longitudinal planes, i.e.,
largest Max_mn = mx. The plane orientations leading to smallest values of Max_mnhave
occurred at transverse planes, i.e., smallest Max_m,=my. Largest values of hogging and
twisting moments have developed at 45° with respect to longitudinal and transverse planes.
Even though bending moments will be largest at longitudinal planes, this paper has shown that
bending failure may occur at orientations other than longitudinal. Therefore, the maximum total
applied moment (Max_mn) must be calculated and compared to the available moment capacity

of the bridge (mn*) for every plane orientation. An accurate assessment taking into account
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these subtleties is clearly justified if an existing bridge could be saved from unnecessary

strengthening or replacing.
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Figure captions:

Figure 1. Moments acting on longitudinal and transverse planes of plate element with four

nodes

Figure 2. General vehicle model sketch: (a) Side view, (b) Front view (Symbols defined in
Table 3)

Figure 3. Road profile carpet
Figure 4. Plan view showing location of vehicle paths on bridge plate model

Figure 5: Longitudinal bending moment per unit breadth my: (a) Total and static my versus
truck location for node at 3.5 m from left edge of the bridge, (b) Total and static my versus
truck location for node at right edge of the bridge, (c) Envelope of maximum static and total

mx at section A-A.

Figure 6. Envelope of maximum positive and negative moments for vehicle travelling on
path ‘1’ of the bridge at 20 m/s: (a) Maximum static positive my (kN-m/m), (b) Maximum
total positive my (KN-m/m), (c) Maximum static negative my (KN-m/m), (d) Maximum total
negative my (kN-m/m), (e) Maximum static positive my (kN-m/m), (f) Maximum total positive
my (KN-m/m), (g) Maximum static negative my (kN-m/m), (h) Maximum total negative my
(KN-m/m), (i) Maximum static positive myy (KN-m/m), (j) Maximum total positive myy
(KN-m/m), (k) Maximum static negative myy (kN-m/m), (I) Maximum total negative myy
(KN-m/m)

Figure 7. Envelope of maximum positive and negative moments for vehicle travelling on
path ‘2’ of the bridge at 20 m/s: (a) Maximum static positive My (KN-m/m), (b) Maximum
total positive my (KN-m/m), (c) Maximum static negative my (KN-m/m), (d) Maximum total
negative my (kN-m/m), (e) Maximum static positive my (kN-m/m), (f) Maximum total positive
my (KN-m/m), (g) Maximum static negative my (kN-m/m), (h) Maximum total negative my
(KN-m/m), (i) Maximum static positive myy (kN-m/m), (j) Maximum total positive myy
(KN-m/m), (k) Maximum static negative myy (kN-m/m), (I) Maximum total negative myy
(KN-m/m)

Figure 8. Envelope of maximum positive and negative moments for vehicle travelling on
path ‘3’ of the bridge at 20 m/s: (a) Maximum static positive my (KN-m/m), (b) Maximum
total positive my (KN-m/m), (c) Maximum static negative my (KN-m/m), (d) Maximum total
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negative my (kN-m/m), (e) Maximum static positive my (kN-m/m), (f) Maximum total positive
my (KN-m/m), (g) Maximum static negative my (kN-m/m), (h) Maximum total negative my
(KN-m/m), (i) Maximum static positive myy (kN-m/m), (j) Maximum total positive myy
(KN-m/m), (k) Maximum static negative myy (kN-m/m), (I) Maximum total negative myy

(KN-m/m)
Figure 9. Plan view of moments acting on a plate slice

Figure 10. Static and total moments for vehicle travelling at 15, 20 and 25 m/s on path ‘1’ of

the bridge: (a) Min_m, and Max_m, versus 6, (b) Max_mnte and Min_my¢ versus 6

Figure 11. 3-D plot of critical locations of static moments (Max_mn, Min_mn, Max_mnt and

Min_mny for each angle & when vehicle travels on path ‘1’

Figure 12. Critical locations of Max_mn, Min_mn, Max_mnt and Min_my for vehicle travelling
on path ‘1°: (a) Static, (b) Total at 15 m/s, (c) Total at 20 m/s, (d) Total at 25 m/s

Figure 13. Moments acting on point of coordinates (X =5 m,Y =2 m) due to the vehicle
travelling along path ‘1’ at 25 m/s: (a) Bending moment my, versus time and plane orientation

(0 to 360 degrees), (b) my, my, myy, my* and my* versus time
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Figure 7. Envelope of maximum positive and negative moments for vehicle
travelling on path ‘2’ of the bridge at 20 m/s: (a) Maximum static positive My
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Figure 10. Static and total moments for vehicle travelling at 15, 20 and 25 m/s on
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Figure 13. Moments acting on point of coordinates (X =5 m,Y =2 m) due to the
vehicle travelling along path ‘1’ at 25 m/s: (a) Bending moment m, versus time and
plane orientation (0 to 360 degrees), (b) mx, my, myy, my* and my* versus time
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