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A stability result for a network of two triple
junctions on the plane

Bariza Boutarfaa∗, Ioannis K. Dassiosb

In this article, we study the problem of a bounded network of two triple junctions in a planar domain with fixed angle

conditions at the junctions and at the points at which the curves intersect with the boundary. We introduce the evolution

problem of this type of networks, identify the steady states and study their stability in terms of the geometry of the

boundary. Copyright c© 2015 John Wiley & Sons, Ltd.
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1. Introduction

The study of the geometric evolution problem of networks of curves in planar domains has always been very important in modeling

of many phenomena in various fields of science, physics and engineering, see [1], [2], [3], [4], [5].

About 20 years ago, motivated by dynamical models in materials science describing phase separation and the motion of

interfaces separating phases, Bronsard et. al. [6], [7], [8] introduced the problem of networks of curves in a planar domain with

normal velocity proportional to the curvature and fixed angle conditions at the point at which the curves intersect. From the

underlying model they derived the equations of motion, as well as the boundary conditions. The angles formed by the curves at a

node are constant throughout the evolution and intersect the boundary of the domain orthogonally at all times. Our interest is in

studying a network of curves which is in motion, with the normal velocity equal to the curvature. For some recent contributions,

see [9], [10], [11], [12], [13], [14], [15] and the references therein. A network of two triple junctions can be seen in Figure

1. Mathematically, the parametrization of the curves can be formulated as follows. Let Ω ⊂ R2 be a bounded domain with

Figure 1. A network of two triple junctions.

sufficiently smooth boundary ∂Ω. Consider a function p : [0,+∞)→ Ω with regularity C1 and five increasingly smooth functions

Li : [0,+∞)→ [0,+∞), i = 1, 2, 3, 4, 5,
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satisfying Li(0) = 0. For each t ≥ 0, let

Gi(·, t) : [0, Li(t)]→ Ω, i = 1, 2, 3, 4, 5,

be smooth functions such that Gi(·, t) |(0,Li (t)) is an embedding and ‖∂sGi(s, t)‖ = 1; Li(t) is the length of the curve Gi ; t ≥ 0

is time, s, 0 ≤ s ≤ Li(t), arc length parameter and Gi(s, t), contained in Ω, meeting at one point and intersecting with ∂Ω at

the other ends; the evolution of Gi(s, t) is described by

Git = Giss , i = 1, 2, 3, 4, 5, (1)

subject to four conditions, namely that Gi(0, t) = p(t), the angle between Gis(0, t) and Gjs(0, t) is 2π
3

(i 6= j), Gi(Li(t), t) ∈ ∂Ω,

and that the curves s 7−→ Gi(s, t) meet ∂Ω orthogonally. Or, equivalently:

1. Incidence at the point at which the curves intersect:

G1(0, t) = G2(0, t) = G3(0, t)

G3(s3, t) = G4(0, t) = G5(0, t);

(2)

2. Angle conditions at the point at which the curves intersect:

Gis(0, t) · G(i+1)s(0, t) = cos 2π
3
, i = 1, 2,

G3s(s3, t) · G4s(0, t) = cos 2π
3
,

G4s(0, t) · G5s(0, t) = cos 2π
3

;

(3)

3. Incidence at ∂Ω, ∀i = 1, 2, 4, 5:

b(Gi(Li(t), t) = 0; (4)

4. Angle conditions at ∂Ω, ∀i = 1, 2, 4, 5:

< Gis(Li(t), t),

(
0 1

−1 0

)
∇b(Gi) >= 0. (5)

Where Gis = ∂Gi
∂s

, Giss = ∂2Gi
∂s2 , Git = ∂Gi

∂t
, s3 is length of curve described by G3, ∂Ω is the boundary of Ω, b(·, ·) is a C1 real

function of two variables that describes locally the boundary ∂Ω and < ·, · > is Euclidean inner product.

1. Gi(s, t) are embeddings in the plane and the network is in motion with the normal velocity equal to the curvature law,

V Ni = ki , i = 1, 2, 3, 4, 5.

V Ni = Git · Ni is the normal velocity of the curve Gi , Ni is the unit normal vector to Gi , Ti=Gis is the unit tangent vector

and the vector (Ni , Ti) has the orientation of the coordinate system which is valid locally.

2. V Ti is the tangential velocity of curve Gi and ki curvature of curve Gi . Moreover, the velocity Vi of the curve Gi is given by

Vi = (V Ni , V
T
i ),

or, equivalently,

Vi = (Git · Ti , Git · Ni).

Note that Git · Ti = 0, because Giss is perpendicular to Ti and thus

Vi = (0, Git · Ni),

Git · Ni = Giss · Ni ,

or, equivalently,

V Ni = ki .

3. The curves Gi , i = 1, 2, 3, 4, 5, meet at one point and (2) is describing this property. The relation (3) describes the Plateau

angle conditions. The three angles formed at the node 2π
3

. Note that these angles can be replaced by arbitrary prearranged

values ϑ1, ϑ2, ϑ3 as long as ϑ1 + ϑ2 + ϑ3 = 360o . The relation (4) describes the contact of each curve to the boundary

∂Ω of the domain Ω. Finally the orthogonal intersection of each curve Gi to the boundary ∂Ω is described by (5).
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4. The network reduces its perimeter (the total length) along the evolution

d

dt
L(t) = −

∫
G

kV N = −
3∑
i=1

∫
Gi

k2 ≤ 0.

5. It would be more convenient to formulate the problem in a way that the arc length parameter s takes its values in a domain

independent from time t. For this purpose let Γi = (g1
i (x, t), g2

i (x, t)), t ≥ 0 and x ∈ [0, li ], ∀i = 1, 2, 3, 4, 5. Then:

Gis = Gix
dx

ds
.

Furthermore

Giss =
∂Gix
∂s

dx

ds
+ Gix

∂

∂s

1

ds/dx
,

or, equivalently,

Giss = Gixx(
dx

ds
)2 − Gix

1

(ds/dx)3

d2s

dx2
,

or, equivalently,

Γiss =
Γixx
|Γix |2

− Γix
1

(ds/dx)3

d2s

dx2
.

s(x) =
∫ x

0
|Γx(p, t)|dp and ds

dx
= |Γx(x, t)|. System of equations (1) will then take the form

Γit = Γixx
|Γix |2

− Γix
1

(ds/dx)3
d2s
dx2 , i = 1, 2, 3, 4, 5

and will be defined in the set D=[0, li ]× [0,+∞). Note that by multiplying by N1 and taking into account that

− 1
(ds/dx)3 Γix

d2s
dx2 · N1 = 0, we get

Γit · N1 =
Γixx
|Γix |2

· N1 + Γix
d2x

ds2
· N1,

or, equivalently,

Γit · N1 =
Γixx
|Γix |2

· N1.

The tangential term in the equation can be assigned at will without affecting the equations V Ni = ki , i = 1, 2, 3, 4, 5. Thus

three equation that are compatible with motion by curvature are the following

Γit = Γixx
|Γix |2

, i = 1, 2, 3, 4, 5, x ∈ [0, li ], t ≥ 0. (6)

Equations (6) have to be supplement with conditions (2), (3), (4) which will take the following form:

1. Incidence at the node:
Γ1(0, t) = Γ2(0, t) = Γ3(0, t),

Γ3(l3, t) = Γ4(0, t) = Γ5(0, t);

(7)

2. Angle conditions at the node:
Γix (0)
|Γix (0)| ·

Γ(i+1)x (0)

|Γ(i+1)x (0)| = cos 2π
3
, i = 1, 2,

Γ3x (l3)
|Γ3x (l3)| ·

Γ4x (0)
|Γ4x (0)| = cos 2π

3
,

Γ4x (0)
|Γ4x (0)| ·

Γ5x (0)
|Γ5x (0)| = cos 2π

3
;

(8)

3. Incidence at ∂Ω for i = 1, 2, 4, 5 at x = li :

b(Γi) = 0; (9)

4. Angle conditions at ∂Ω for i = 1, 2, 4, 5 at x = li :

< Γix ,

(
0 1

−1 0

)
∇b(Γi) >= 0. (10)

The condition V Ni = ki , i = 1, 2, 3, 4, 5 is not sufficient by itself to determine the evolution. Different equations for the embedding

are expected to lead to different evolutions for the curves in which the nodes do not affect the evolution. Hence we conclude to

equations (6) along with conditions (7), (8), (9), (10).

Math. Meth. Appl. Sci. 2015, 00 1–9 Copyright c© 2015 John Wiley & Sons, Ltd. 3
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2. Linearization

In this section we present the linearized equations of (6) in order to study the stability of the steady states. We define the family

of perturbations Γ̃εi = Γ̃i :

Γ̃i = Γi + ε(hNi Ni + hTi Ti), 0 < ε << 1.

hNi , hTi : [0, li ]→ R are real-valued functions of class C2 and li is length of curve Γ̃i . Then from [9, 10, 14], ∀i = 1, 2, 3, 4, 5, we

conclude to the following eigenvalue problem

h′′Ni − hTi kix + hNi k
2
i = −λhNi ,

−2h′Ni ki − hNkix + h′′Ti − hTi k2
i = −λhTi .

(11)

Conditions:

1. Incidence at the node:
hN1 (0) + hN2 (0) + hN3 (0) = 0,

hT1 (0) + hT2 (0) + hT3 (0) = 0;

hN3 (l3) + hN4 (0) + hN5 (0) = 0,

hT3 (l3) + hT4 (0) + hT5 (0) = 0;

(12)

2. Angle conditions at the node at x = 0:

h′N1 (0) + hT1 (0)k1 = h′N2 (0) + hT2 (0)k2 = h′N3 (0) + hT3 (0)k3;

h′N3 (l3) + hT3 (l3)k3 = h′N4 (0) + hT4 (0)k4 = h′N5 (0) + hT5 (0)k5;

(13)

3. Incidence at ∂Ω for i = 1, 2, 4, 5:

hTi (li) = 0; (14)

4. Angle conditions at ∂Ω for i = 1, 2, 4, 5:

K∂Ω
i hNi (li) = h′Ni (li). (15)

The following Lemma has been proved in [9], [11], [15]:

Lemma 2.1. If hNi (x) ≡ 0, i = 1, 2, 3, 4, 5 and x ∈ [0, li ], then hTi (x) ≡ 0.

3. Stability of the steady state of a network of three curves that meet at a node

A network of two triple junction that lies inside of a domain on the plane contains five curves and does not have all of its curves

meeting at one end at the boundary of the domain. More specifically, if Ω is a bounded and smooth domain on the plane that

contains a network of two junctions and for i = 1, 2, 3, 4, 5 and x ∈ [0, li ], Γi are the curves that built the network. Then, Γ3 has

its one end meeting the first junction and its other end meeting at the second junction. In addition, Γi , i = 1, 2 have their one

end meeting at the first junction and their other meeting orthogonally at the boundary ∂Ω of the domain Ω. Finally, Γi , i = 4, 5

have their one end meeting at the second junction and their other meeting orthogonally at the boundary ∂Ω of the domain

Ω. The angles formed by the curves at the triple junction are constant 2π
3

throughout the evolution. The situation can be

formulated mathematically by (11), (12), (13), (14), (15). The eigenvalues of the linearized operator (11) will give information

about the stability of the network. Actually we will prove that stability depends on the geometry of the boundary Ω.

Definition 3.1. We define the sign of a curvature as follows. At the points that a curve is convex we define the sign

of the curvature positive and at the points that the a curve is non-degenerate concave we define the sign of the curvature

negative.

Theorem 3.1. Let Ω be a bounded and smooth domain on the plane that contains a network (see Figure 1) of two

junctions and five curves that intersect at a point as described in (1) with conditions (2), (3), (4), (5). Then

1. If the domain Ω is convex (an ellipse for example) at the points where the steady state of the network meets the boundary,

then the steady state is unstable.

2. If the domain Ω is non-degenerate concave at the points where the steady state of the network meets the boundary, then

the steady state is stable.

3. If the domain Ω is flat at the points where the steady state of the network meets the boundary, then the steady state is

neutrally stable.

4 Copyright c© 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 00 1–9
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Proof. Since we study the stability of the steady states we shall rewrite the linearized operator and its conditions substituting

ki = 0, ∀i = 1, 2, 3, 4, 5. Also note that by using Lemma 2.1, we can limit our studies by using the functions hNi . Hence

h′′Ni = −λhNi . (16)

Conditions:

1. Incidence at the node:
hN1 (0) + hN2 (0) + hN3 (0) = 0,

hN3 (l3) + hN4 (0) + hN5 (0) = 0;

2. Angle conditions at the node at x = 0:
h′N1 (0) = h′N2 (0) = h′N3 (0),

h′N3 (l3) = h′N4 (0) = h′N5 (0);

3. Angle conditions at ∂Ω for i = 1, 2, 4, 5:

K∂Ω
i hNi (li) = h′Ni (li).

For the proof of (a), since Ω is a strictly convex domain, K∂Ω
i > 0, ∀i = 1, 2, 4, 5 (see Figure 2). We will establish the existence

of λ < 0 such that hNi 6= 0 ∀ i = 1, 2, 3, 4, 5. If λ < 0 then the solution of (16) is equal to:

hNi = Cicosh(x
√
−λ) +Disinh(x

√
−λ), i = 1, 2, 3, 4, 5. (17)

Ci ,Di are unknown real variables. From the conditions of (16) we have∑3
i=1 Ci = 0,

C3cosh(l3
√
−λ) +D3sinh(l3

√
−λ) + C4 + C5 = 0,

D1 = D2 = D3,

C3sinh(l3
√
−λ) +D3cosh(l3

√
−λ) = D4 = D5,

Ci(K
∂Ω
i −

√
−λtanh

√
−λ)−Di(

√
−λ−K∂Ω

i tanh
√
−λ) = 0, i = 1, 2, 4, 5.

We have an homogeneous linear system of ten unknowns (the real variables Ci , Di , i = 1, 2, 3, 4, 5) and ten equations. By

Figure 2. A strictly convex domain on the plane that contains a steady state of two triple junctions.

solving this system we find that for λ < 0 the system has infinite many solutions, i.e. we have non-zero solutions. In fact by

rewriting the above homogeneous linear system of equations in matrix form and by using Matlab, we get that the determinant

of the matrix is zero ∀li , i = 1, 2, 3, 4, 5 if and only if

√
−λtanh(li

√
−λ)−K∂Ω

i = 0, K∂Ω
i > 0, i = 1, 2, 4, 5.

Thus the eigenvalue problem has negative eigenvalues which are given from the solutions of the above equations. Thus the

linearized operator has negative eigenvalues and the steady state is unstable.

For the proof of (b), we need to show that the eigenvalue value problem does not have negative and zero eigenvalues, i.e.

that for λ ≤ 0 we get hNi = hTi = 0, i = 1, 2, 3, 4, 5. As seen in Figure 3 the curvature of the boundary at the points meets the

Math. Meth. Appl. Sci. 2015, 00 1–9 Copyright c© 2015 John Wiley & Sons, Ltd. 5
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Figure 3. Concave boundary at the points where it meets the steady state of the network.

network is negative (K∂Ω
i < 0, ∀i = 1, 2, 4, 5). For λ < 0 the solution of the differential equation (16) is given by (17). From

the conditions of (16) we get equations that have the same structure as in the case of (a), i.e. the same linear system (10

equations-10 unknowns). The only difference is of course the sign of K∂Ω
i which is negative now. By taking into account this

change, this time the homogeneous linear system has only the zero solution and thus

CNi = DN
i = 0, i = 1, 2, 3, 4, 5,

or, equivalently,

hNi = 0, i = 1, 2, 3, 4, 5.

Thus the problem does not have negative eigenvalues. In the case of λ = 0, (16) takes the form

hNixx = 0, i = 1, 2, 4, 5,

or, equivalently,

hNi = ANi x + BNi , i = 1, 2, 4, 5.

Furthermore, the conditions of (16) take the form ∑3
i=1 B

N
i = 0,

AN3 l3 +
∑5

i=3 B
N
i = 0,

AN1 = AN2 = AN3 ,

AN3 = AN4 = AN5 ,

ANi = K∂Ω
i (ANi li + BNi ), i = 1, 2, 4, 5.

The above homogeneous linear system has only the zero solution, i.e.

ANi = BNi = 0, i = 1, 2, 3, 4, 5.

Thus, for λ = 0 we have hNi = 0, ∀i = 1, 2, 3, 4, 5, i.e. the linearized operator does not have zero eigenvalues.

For the proof of (c), we have that the boundary is flat at the points where it meets the network. This means that

K∂Ω
i = 0, ∀i = 1, 2, 4, 5 (see Figure 4). The conditions of (16) will take the following form

1. Incidence at the node:
hN1 (0) + hN2 (0) + hN3 (0) = 0,

hN3 (l3) + hN4 (0) + hN5 (0) = 0;

2. Angle conditions at the node at x = 0:
h′N1 (0) = h′N2 (0) = h′N3 (0),

h′N3 (l3) = h′N4 (0) = h′N5 (0);

3. Angle conditions at ∂Ω for i = 1, 2, 4, 5:

h′Ni (li) = 0.

6 Copyright c© 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 00 1–9
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Figure 4. Flat boundary at the points where it meets the network.

For λ < 0, (16) has the solution (17) with Ci , Di unknown real variables. By replacing the solution (17) into the above conditions

of (16) we get ∑3
i=1 Ci = 0,

C3cosh(l3
√
−λ) +D3sinh(l3

√
−λ) + C4 + C5 = 0,

D1 = D2 = D3,

C3sinh(l3
√
−λ) +D3cosh(l3

√
−λ) = D4 = D5,

Ci tanh
√
−λ+Di = 0, i = 1, 2, 4, 5.

The above equations form an homogeneous linear system with a unique solution

CNi = DN
i = 0, i = 1, 2, 3, 4, 5

and therefore

hni = 0, i = 1, 2, 3, 4, 5.

Thus the problem does not have negative eigenvalues. In the case of λ = 0 the differential equation (16) takes the form

hNixx = 0, i = 1, 2, 4, 5,

or, equivalently,

hNi = ANi x + BNi , i = 1, 2, 4, 5.

Furthermore, the conditions of (16) take the form

∑3
i=1 B

N
i = 0,

AN3 l3 +
∑5

i=3 B
N
i = 0,

AN1 = AN2 = AN3 ,

AN3 = AN4 = AN5 ,

ANi = 0, i = 1, 2, 4, 5.
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From the above equations we get the solutions

ANi = 0, i = 1, 2, 3, 4, 5.

BN1 = α,

BN2 = −α− β,

BN3 = β,

BN4 = −β − γ,

BN5 = γ.

Where α, β, γ ∈ R are parameters. Hence the problem has the zero eigenvalue with the following eigenvectors

hN1 = α,

hN2 = −α− β,
hN3 = β,

hN4 = −β − γ,
hN5 = γ.

The zero eigenvalue has geometric multiplicity 3. This means that for λ = 0 we have


hN1
hN2
hN3
hN4
hN5

 =


1

−1

0

0

0

α+



0

−1

1

−1

0

0

β +


0

0

0

−1

1

 γ.

The eigenspace of the zero eigenvalue is

<


1

−1

0

0

0

 ,


0

−1

1

−1

0

0

 ,


0

0

0

−1

1

 > .

Note that the eigenfunctions and the multiplicity of the zero eigenvalue show the three different ways that the network rotates.

The proof is completed.

Conclusions

In this article, we introduced the evolution problem of a network of two triple junctions in a bounded and smooth domain, with

fixed angle conditions at the points at which they intersect and the normal velocity proportional to the curvature. We studied

the stability in terms of the geometry of the boundary and provided conditions under which the steady state of this type of

networks is stable, unstable and neutral stable.

A further extension of this article is to identify these kind of networks for 3D domains. In this case instead of network of

curves we have a network of surfaces and the steady states are a network of planes (flat, two-dimensional surfaces). For all

these there is already some research in progress.

Acknowledgments

I. Dassios is supported by Science Foundation Ireland (award 09/SRC/E1780).

References

1. Bellettini, G., Chermisi, M. and Novaga, M. (2006). Crystalline curvature flow of planar networks. Interfaces and Free Bound. 8(4):

481–521.

8 Copyright c© 2015 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2015, 00 1–9

Prepared using mmaauth.cls



B. Boutarfa, I. K. Dassios

Mathematical
Methods in the
Applied Sciences

2. Fried, E. and Gurtin, Morton E. (2009). Gradient nano-scale polycrystalline elasticity: inter grain interactions and triple-junction

conditions. J.. Mech. Phys. Solids. 57(10): 1749–1779.

3. Gurtin, M. E. and Anand, L. (2008) Nano-crystalline grain boundaries that slip and separate: a gradient theory that accounts for

grain-boundary stress and conditions at a triple-junction. J. Mech. Phys. Solids. 56(1):184–199.

4. Xiaofeng, R. and Wei, J. (2013). A Double Bubble in a Ternary System with Inhibitory Long Range Interaction. Archive for Rational

Mechanics and Analysis 208(1): 201-253.

5. Alama, S., Bronsard, L. and Gui, C. (1997). Stationary layered solutions in R2 for an Allen-Cahn system with multiple well potential.

Calc. Var. Partial Differential Equations 5(4): 359–390.

6. Bronsard, L., Gui, C. and Schatzman, M. (1996). A three-layered minimizer in R2 for a variational problem with a symmetric three-well

potential. Comm. Pure. Appl. Math. 49(7): 677–715.

7. Bronsard, L. and Whetton B. (1995). Numerical method for tracking curve networks moving with curvature motion. J.Comput.Phys.

120:66-87.

8. Bronsard, L. and Reitich, F. (1993). On three-phase boundary motion and the singular limit of a vector-valued Ginzburg-Landau equation.

Arch.Rat.Mech. 124:355-379.

9. Dassios, I. (2007). Stability of triple junctions on the plane. Bull. Greek Math. Soc. 54: 281–300.

10. Dassios, I. Jivkov, A., Abu-Muharib, A. and James, P. (2015). A mathematical model for plasticity and damage: A discrete calculus

formulation. Journal of Computational and Applied Mathematics.

11. Dassios, I. (2015). Stability of basic steady states of networks in bounded domains. Computer & Mathematics with Applications.

12. Freire, A. (2010). Mean Curvature Motion of Triple Junctions of Graphs in Two Dimensions. Communications in Partial Differential

Equations. 35(2): 302-327.

13. Ikota, R. and Yanagida, E. (2004). Stability of stationary interfaces of binary-tree type. Calculus of Variations and Partial Differential

Equations. 22(4): 375-389.

14. Tortorelli, C., Mantegazza, M. and Novaga, VM. (2003). Motion by Curvature of Planar Networks. arXiv preprint math/0302164.

15. Yanagida, E. and Ikota, R. (2003). A stability criterion for stationary curves to the curvature driven-motion with a triple junction.

Differential and integral equations. 16(6): 707-726.

Math. Meth. Appl. Sci. 2015, 00 1–9 Copyright c© 2015 John Wiley & Sons, Ltd. 9
Prepared using mmaauth.cls


	Introduction
	Linearization
	Stability of the steady state of a network of three curves that meet at a node

