Mat{:ezjnafcicarl1
. ethods In the
Research Article Applied Sciences

Received XXXX

(www.interscience.wiley.com) DOI: 10.1002/sim.0000
MOS subject classification: 70K20; 70K70

A stability result for a network of two triple
junctions on the plane

Bariza Boutarfa?*, loannis K. Dassios?

In this article, we study the problem of a bounded network of two triple junctions in a planar domain with fixed angle
conditions at the junctions and at the points at which the curves intersect with the boundary. We introduce the evolution
problem of this type of networks, identify the steady states and study their stability in terms of the geometry of the
boundary. Copyright (© 2015 John Wiley & Sons, Ltd.
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1. Introduction

The study of the geometric evolution problem of networks of curves in planar domains has always been very important in modeling
of many phenomena in various fields of science, physics and engineering, see [II, [2], [3], [4], [5].

About 20 years ago, motivated by dynamical models in materials science describing phase separation and the motion of
interfaces separating phases, Bronsard et. al. [@], [7], [8] introduced the problem of networks of curves in a planar domain with
normal velocity proportional to the curvature and fixed angle conditions at the point at which the curves intersect. From the
underlying model they derived the equations of motion, as well as the boundary conditions. The angles formed by the curves at a
node are constant throughout the evolution and intersect the boundary of the domain orthogonally at all times. Our interest is in
studying a network of curves which is in motion, with the normal velocity equal to the curvature. For some recent contributions,
see [9], [IQ], [II], [T2], [13]. [14], [15] and the references therein. A network of two triple junctions can be seen in Figure
1. Mathematically, the parametrization of the curves can be formulated as follows. Let Q C R? be a bounded domain with

Figure 1. A network of two triple junctions.

sufficiently smooth boundary 8Q. Consider a function p : [0, +00) — Q with regularity C! and five increasingly smooth functions

L;:[0,+00) = [0,400), i=1,2 34,5,
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satisfying L;(0) = 0. For each t > 0, let
Gi(-t): [0, Li(t)] = Q. i=1,2734,5,

be smooth functions such that G;(-, t) |(o,.,(t)) is an embedding and [|0sG;(s, t)|| = 1; Li(t) is the length of the curve G;; t > 0
is time, s, 0 < s < Li(t), arc length parameter and G;(s, t), contained in 2, meeting at one point and intersecting with 9 at
the other ends; the evolution of Gi(s, t) is described by

Git = Giss, 1=1,2,3,4,5, (1)

subject to four conditions, namely that G;(0, t) = p(t), the angle between G;s(0, t) and G;s(0, t) is 2 (i # j), Gi(Li(t), t) € 0,
and that the curves s — G (s, t) meet 02 orthogonally. Or, equivalently:

1. Incidence at the point at which the curves intersect:

G1(0,t) = G2(0, t) = G5(0, t)

()
G3(53, t) = G4(0, t) = G5(O, t);
2. Angle conditions at the point at which the curves intersect:
Gis(0,t) - G(+1)s(0, t) = cosT, i=1,2,
Gas(ss, t) - Gas(0, t) = cos T, 3)
Gas(0, ) - Gss(0, t) = cos T,
3. Incidence at 02, Vi=1,2,4,5:
b(Gi(Li(t), t) =0; (4)
4. Angle conditions at 02, Vi=1,2,4,5:
0 1
< Gis(Li(t), t), < 1 0 ) Vb(G;) >=0. (5)

Where Gjs = %, Giss = %, Git = aact,’ s3 is length of curve described by Gs, 89 is the boundary of Q, b(:,-) is a C? real
function of two variables that describes locally the boundary 92 and < -, - > is Euclidean inner product.

1. Gj(s, t) are embeddings in the plane and the network is in motion with the normal velocity equal to the curvature law,
VN =14k, i=1,2234,5.

VN = Gj; - N, is the normal velocity of the curve G;, N; is the unit normal vector to G;, T;=Gs is the unit tangent vector
and the vector (N;, T;) has the orientation of the coordinate system which is valid locally.

2. VT is the tangential velocity of curve G, and k; curvature of curve G,. Moreover, the velocity V of the curve G; is given by
Vi= v, vih),

or, equivalently,
Vi - (Git . 7_/', Git . Nl)

Note that Gj; - T; = 0, because Gjss is perpendicular to T; and thus
Vi = (0, Git - Ni),

Git - Ni = Giss - Nj,

or, equivalently,

3. Thecurves G, i =1,2,3,4,5, meet at one point and (2) is describing this property. The relation (3) describes the Plateau
angle conditions. The three angles formed at the node %" Note that these angles can be replaced by arbitrary prearranged
values 91, U2, 93 as long as 91 + 92 + ¥3 = 360°. The relation (4) describes the contact of each curve to the boundary

0 of the domain . Finally the orthogonal intersection of each curve G; to the boundary 82 is described by (5).
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4.

The network reduces its perimeter (the total length) along the evolution

3
d N 2
—L(t):—/kv == /k <o.
dt G ~ Js,

It would be more convenient to formulate the problem in a way that the arc length parameter s takes its values in a domain
independent from time t. For this purpose let I'; = (g7 (x, t), g?(x, t)), t >0 and x € [0, /], Vi =1,2,3,4,5. Then:

dx
GIS - G/XE'

Furthermore
0Gix @ 0o 1

s ds | ~8s ds/dx’

Giss =

or, equivalently,
dx ., 1 d?s
GISS - G/xx( dS) — Uix (dS/dX)3 dsz

or, equivalently,
rixx - T 1 deS
|r/x‘2 IX(dS/dX)3 dx?’

s(x) = [ ITx(p, t)|dp and $= = |T«(x, t)|. System of equations (1) will then take the form

Ciss =

— Tix 1 &2 P —
r[f—w—rlxmﬁ, 1—1,2,3,4,5
and will be defined in the set D=J0, /j] x [0, +00). Note that by multiplying by N; and taking into account that

2
—WI—,X% . Nl =0, we get

[ ixx d*x
Fit - Np = ol Ny + r/x@ - N1,
or, equivalently,
I—ixx
r,t‘lew‘Nl.

The tangential term in the equation can be assigned at will without affecting the equations \/,N =ki,i=1,2,3,4,5. Thus
three equation that are compatible with motion by curvature are the following

Me= 2o j=127345 xc[0,/], t>0. (6)

t= |I—/X‘2 !

Equations (6) have to be supplement with conditions (2), (3), (4) which will take the following form:

1.

2.

3.

4.

Incidence at the node:
r(0,t) = 2(0, t) = M3(0, t),

(7)
F3(I3, t) = |—4(0, t) = r5(0, t);
Angle conditions at the node:
Fi(0) | Trx(©) 2m P
Fa©] T — €053, =12
Tax(B) . Fax(0) _ 2n
FaB) )] — €053 (8)
Fax(0) | Tsx(0) _ 2m.
Fa@)] o) — €053
Incidence at 02 for i = 1,2,4,5 at x = I
b(T7) = 0; (9)
Angle conditions at 92 for i =1,2,4,5 at x = /;:
0 1
< Cix, 1 0 Vb(r;) >=0. (10)

The condition VN = k;, i = 1,2, 3,4, 5 is not sufficient by itself to determine the evolution. Different equations for the embedding
are expected to lead to different evolutions for the curves in which the nodes do not affect the evolution. Hence we conclude to
equations (6) along with conditions (7), (8), (9), (10).
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2. Linearization

In this section we present the linearized equations of (6) in order to study the stability of the steady states. We define the family
of perturbations I'{ =T7;:
Fi=Ti+eh"N:+hT), 0<e<<l.

A, Al 1[0, ] = R are real-valued functions of class C2 and J; is length of curve I';. Then from [9, 10, 14], Vi =1,2,3,4,5, we
conclude to the following eigenvalue problem

h:/N - h/kax + hIIVkI2 = _>\hrNr (11)
—2hN ki — Wk + h'T — h] k? = —Xh] .

Conditions:

1. Incidence at the node:
hY(0) + hY(0) + K¥(0) = 0,
h] (0) 4+ h3(0) + h](0) = 0;

(12)
hy' (1) + hy'(0) + hi'(0) = 0,
hi (ls) + hi (0) + hg (0) = O;
2. Angle conditions at the node at x = 0:
K (0) + h{ (0)ku = M5"(0) + hJ (O) ke = H5'(0) + h3 (0)ks;
(13)
13" (ls) + hi ()ks = h{'(0) + hi (0)ke = h5"(0) + h{ (0)ks;
3. Incidence at 02 for i =1,2,4,5:
hl () = 0; (14)
4. Angle conditions at 02 for i = 1,2,4,5:
KUY () = KM (). (15)

The following Lemma has been proved in [9], [11], [15]:

Lemma 2.1. If hM(x) =0, i=1,2,3,4,5 and x € [0, /], then h] (x) = 0.

3. Stability of the steady state of a network of three curves that meet at a node

A network of two triple junction that lies inside of a domain on the plane contains five curves and does not have all of its curves
meeting at one end at the boundary of the domain. More specifically, if 2 is a bounded and smooth domain on the plane that
contains a network of two junctions and for i = 1,2,3,4,5 and x € [0, /]], T'; are the curves that built the network. Then, "5 has
its one end meeting the first junction and its other end meeting at the second junction. In addition, I';, i = 1,2 have their one
end meeting at the first junction and their other meeting orthogonally at the boundary 02 of the domain €. Finally, [;, i =4,5
have their one end meeting at the second junction and their other meeting orthogonally at the boundary 02 of the domain
Q2. The angles formed by the curves at the triple junction are constant %" throughout the evolution. The situation can be
formulated mathematically by (11), (12), (13), (14), (15). The eigenvalues of the linearized operator (11) will give information
about the stability of the network. Actually we will prove that stability depends on the geometry of the boundary Q.

Definition 3.1. We define the sign of a curvature as follows. At the points that a curve is convex we define the sign
of the curvature positive and at the points that the a curve is non-degenerate concave we define the sign of the curvature
negative.

Theorem 3.1. Let Q be a bounded and smooth domain on the plane that contains a network (see Figure 1) of two
junctions and five curves that intersect at a point as described in (1) with conditions (2), (3), (4), (5). Then

1. If the domain Q is convex (an ellipse for example) at the points where the steady state of the network meets the boundary,
then the steady state is unstable.

2. If the domain 2 is non-degenerate concave at the points where the steady state of the network meets the boundary, then
the steady state is stable.

3. If the domain Q is flat at the points where the steady state of the network meets the boundary, then the steady state is
neutrally stable.
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Proof. Since we study the stability of the steady states we shall rewrite the linearized operator and its conditions substituting
ki =0, Vi=1,2,3,4,5. Also note that by using Lemma 2.1, we can limit our studies by using the functions h". Hence

AN = —xhM. (16)

Conditions:

1. Incidence at the node:
hi'(0) + h5'(0) + h3'(0) =0,
hg (1) + hy'(0) + hg'(0) = O;
2. Angle conditions at the node at x = O:
M (0) = h(0) = h5"(0),
13! (k) = i’ (0) = he"(0);

3. Angle conditions at 052 for i =1,2,4,5:
KPEh () = KM (1),

For the proof of (a), since Q is a strictly convex domain, K% > 0, Vi = 1,2,4,5 (see Figure 2). We will establish the existence
of A < 0suchthat AN 0V i=1,2,3,4,5. If A <0 then the solution of (16) is equal to:

hY = Cicosh(xv/=X) + Disinh(xv/=X\), i=1,2,3,4,5. (17)
Ci,D; are unknown real variables. From the conditions of (16) we have
Z?:l ¢ =0,
Cscosh(lsv/=X) + Dssinh(kv/=X) + Ca + Cs = 0,
D1 = Dy = Ds,
Cssinh(lsv/—X) + Dscosh(lsv/—X\) = D4 = D5,
Ci(K® — /=Xtanhv/=X) — Di(v/—X — K®*tanhv/—X) =0, i=1,2,4,5.

We have an homogeneous linear system of ten unknowns (the real variables C;, D;, i =1,2,3,4,5) and ten equations. By

Figure 2. A strictly convex domain on the plane that contains a steady state of two triple junctions.

solving this system we find that for A < 0 the system has infinite many solutions, i.e. we have non-zero solutions. In fact by
rewriting the above homogeneous linear system of equations in matrix form and by using Matlab, we get that the determinant
of the matrix is zero VI;,i = 1,2,3,4,5 if and only if

V=Xitanh(iv—Xx) — K®** =0, K¥** >0, i=1,245.

Thus the eigenvalue problem has negative eigenvalues which are given from the solutions of the above equations. Thus the
linearized operator has negative eigenvalues and the steady state is unstable.

For the proof of (b), we need to show that the eigenvalue value problem does not have negative and zero eigenvalues, i.e.
that for A < 0 we get ' =h! =0, i=1,2,3,4,5. As seen in Figure 3 the curvature of the boundary at the points meets the
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Figure 3. Concave boundary at the points where it meets the steady state of the network.

network is negative (K% <0, Vi =1,2,4,5). For A < 0 the solution of the differential equation (16) is given by (17). From
the conditions of (16) we get equations that have the same structure as in the case of (a), i.e. the same linear system (10

equations-10 unknowns). The only difference is of course the sign of K,ﬂaQ which is negative now. By taking into account this
change, this time the homogeneous linear system has only the zero solution and thus

cN=DN=0
or, equivalently,

i=1,2,3,4,5,

AV =0,

! i=1,234,5.
Thus the problem does not have negative eigenvalues. In the case of A =0, (16) takes the form

hl.=0, i=1,245,
or, equivalently,

h'=A'x+B, i=124s5.
Furthermore, the conditions of (16) take the form

Z?:l B:'N:Or
Al+30 BN =0,
Al = AY = AL,
Al = Al = AL,

AN = K&(ANL +BN), i=1,24,5.
The above homogeneous linear system has only the zero solution, i.e.

AN=pgN=0 =12345.

Thus, for A =0 we have hY =0, ¥i=1,2,3,4,5, i.e. the linearized operator does not have zero eigenvalues.

For the proof of (c), we have that the boundary is flat at the points where it meets the network. This means that
K& =0, Vi=1,24,5 (see Figure 4). The conditions of (16) will take the following form
1. Incidence at the node:

hi'(0) + h5'(0) + h3'(0) = 0,

by (ls) + hi'(0) + hg'(0) = 0;
2. Angle conditions at the node at x = 0:
n(0) = h3'(0) = ' (0),
h'(ls) = h"(0) = hg"(0);
3. Angle conditions at 02 for i = 1,2,4,5:
ML) = o.

Copyright (© 2015 John Wiley & Sons, Ltd.
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Figure 4. Flat boundary at the points where it meets the network.

For A < 0, (16) has the solution (17) with C;, D; unknown real variables. By replacing the solution (17) into the above conditions
of (16) we get

YL G=0,
Cscosh(lsv/=X) + Dssinh(hv/=X) + Cs + Cs = 0,
D1 = D> = Ds,
Cssinh(lv/—X) + Dscosh(hv/—X) = D4 = D5,

Citanh/—=X+D; =0, i=1,2,4,5.
The above equations form an homogeneous linear system with a unique solution
cV=D)=0, i=127345

and therefore

hf =0, i=1,23,4,5.
Thus the problem does not have negative eigenvalues. In the case of A = 0 the differential equation (16) takes the form
hhe=0, i=1,245,

or, equivalently,

h'=A'x+Bl', i=124-5.
Furthermore, the conditions of (16) take the form

S Bl =0,
AVl 430 . BN =0,
AV =AY =AY,
AY = AY = AY,

AN =0, i=124,5.
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From the above equations we get the solutions

By =—B-",
BY = ~.
Where o, 3, € R are parameters. Hence the problem has the zero eigenvalue with the following eigenvectors

A = a,
h = —a—p,
h =B,
hy = —B -,
hY = .

The zero eigenvalue has geometric multiplicity 3. This means that for A = 0 we have

hy! 1 f)l 0
hY -1 ) 0
ol = 0 fa+| -, [B+] 0O |
hy 0 -1
hl! 0 0 1
> 0
The eigenspace of the zero eigenvalue is
iy (0 /o
-1 1 0
< 0 | 0 > .
0 0 -1
0 0 1

Note that the eigenfunctions and the multiplicity of the zero eigenvalue show the three different ways that the network rotates.
The proof is completed.

Conclusions

In this article, we introduced the evolution problem of a network of two triple junctions in a bounded and smooth domain, with
fixed angle conditions at the points at which they intersect and the normal velocity proportional to the curvature. We studied
the stability in terms of the geometry of the boundary and provided conditions under which the steady state of this type of
networks is stable, unstable and neutral stable.

A further extension of this article is to identify these kind of networks for 3D domains. In this case instead of network of
curves we have a network of surfaces and the steady states are a network of planes (flat, two-dimensional surfaces). For all
these there is already some research in progress.
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