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Abstract—Non-orthogonal multiple access (NOMA) is widely
recognized as a potential multiple access technology for efficient
radio spectrum utilization in the fifth-generation (5G) wireless
communications standard. In this paper, we study the average
achievable rate and outage probability of a cooperative relaying
system (CRS) based on NOMA (CRS-NOMA) over wireless links
governed by the a-u generalized fading model; here o and p
designate the nonlinearity and clustering parameters, respectively,
of each link. The average achievable rate is represented in closed-
form using Meijer’s G-function and the extended generalized
bivariate Fox’s H-function (EGBFHF), and the outage probability
is represented using the lower incomplete Gamma function. Qur
results confirm that the CRS-NOMA outperforms the CRS with
conventional orthogonal multiple access (CRS-OMA) in terms of
spectral efficiency at high transmit signal-to-noise ratio (SNR).
It is also evident from our results that with an increase in
the value of the nonlinearity/clustering parameter, the SNR at
which the CRS-NOMA outperforms its OMA based counterpart
becomes higher. Furthermore, the asymptotic analysis of the
outage probability reveals the dependency of the diversity order
of each symbol in the CRS-NOMA system on the o and p
parameters of the fading links.

I. INTRODUCTION

NOMA has gained widespread popularity as a potential
candidate for multiple access technology in the 5G wire-
less standard and beyond, which is capable of satisfying
the need for low-latency and high-reliability communications
for heterogeneous data traffic [1]. Many variants of NOMA
have been suggested in the literature, e.g., power-domain
NOMA, sparse code multiple access (SCMA), interleave divi-
sion multiple access (IDMA), low-density spreading (LDS)
and pattern division multiple access (PDMA) [2]. Among
all of these variants, power-domain NOMA (which we will
refer to simply as ‘NOMA’ throughout this paper) has gained
widespread popularity because of its implementation-friendly
transceiver architecture. It can accommodate several users
within the same orthogonal resource block (time, frequency
and/or spreading code) via multiplexing them in the power
domain at the transmitter and using successive interference
cancellation (SIC) at the receiver to remove the messages
intended for other users. In the case of NOMA, users with
poor channel conditions have a larger share of the transmission
power, unlike the conventional OMA where more power is
allocated to users with stronger channels (also known as the
water-filling strategy) [3].

A very promising application of NOMA for power-domain
multiplexed transmission using a cooperative relaying system

(CRS-NOMA) was proposed in [4], where the source was able
to deliver two different symbols to the destination in two time
slots with the help of a relay. It was shown in [4] that CRS-
NOMA outperforms the conventional OMA based decode-
and-forward cooperative relaying system in terms of average
achievable rate in the case of Rayleigh fading channels. The
performance superiority of CRS-NOMA in Rician fading was
shown in [5]. However, while Rayleigh and Rician fading
models are analytically convenient wireless channel models,
situations are easily encountered in practice for which these
distributions do not adequately fit experimental data [6].

In this paper, we present the performance analysis of CRS-
NOMA in the presence of «-u fading, which is a gener-
alized, flexible and mathematically tractable distribution to
model the effect of small-scale channel fading and includes
Gamma, FErlang, Chi-squared, Rayleigh, Nakagami-m, ex-
ponential, Weibull and one-sided Gaussian distributions as
special cases [6]. It can also (approximately) represent some
large-scale fading (such as log-normal fading), as described
in [7]. Moreover, the very high degree of flexibility afforded
by the a-p distribution renders it better suited to adjust to fit
field data.

The main contributions of this paper include the derivation
of closed-form expressions for the average achievable rate and
outage probability of the CRS-NOMA in the presence of a-p
fading on each link. In order to have a better insight into the
asymptotic system performance, we also present a diversity
analysis of the CRS-NOMA, and in particular we show how
the diversity order depends on the o and v parameters of each
of the fading links.

II. SYSTEM MODEL

Consider the cooperative relaying system shown in Fig. 1,
which consists of a source S, a relay R and a destination
D. All nodes are equipped with a single antenna and are
assumed to be operating in half-duplex mode. All wireless
links are assumed to be a- distributed with the non-linearity
parameters between S-R, S-D and R-D links denoted by
Qgr, gqg and «u.g, respectively, the corresponding clustering
parameters denoted by s, ptsq and p,.q, respectively, and the
a-root-mean values of the channel fading coefficients denoted
by Qg,, Qsq and 2,4, respectively. Furthermore, it is assumed
that the S-D link is on average weaker that the S-R link, i.e.,
0" < Qg
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Fig. 1. System model for NOMA-based cooperative relaying.

In the CRS-NOMA, the source broadcasts +/a1Ps; +
vasPss to both relay and destination in the first time slot,
where s; and s, are data-bearing constellation symbols, mul-
tiplexed in the power domain (E[|z;|?] = 1 for i = 1,2,
where E[-] denotes the expectation operator), P is the power
transmitted from the source, and a; and ay are power allo-
cation coefficients (with a; + a3 = 1 and a; > as). After
reception, the destination decodes symbol s; by treating the
interference from symbol s, as additional noise, while the
relay first decodes symbol s; (treating the interference from
symbol sy as additional noise) and then applies SIC to decode
symbol so. In the second time slot, the relay transmits its
estimate of symbol so, denoted by S, to the destination with
power P. In this manner, two different symbols are delivered
to the destination in two time slots.

In contrast to this, in the CRS-OMA, the source broadcasts
symbol s; with power P to both relay and destination in
the first time slot and the relay (after decoding) forwards its
estimate of symbol s;, denoted by 51, to the destination in
the second time slot. In this fashion, only a single symbol is
delivered to the destination in two time slots.

Denoting the channel fading coefficient between the S-R,
S-D and R-D links by hg,, hsq and h,.4, respectively, the
probability density function (PDF) of |h,|,7 € {sr,sd,rd}
can be expressed as [6, Eqn. (1)]
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where I'(+) is the Gamma function. The cumulative distribution
function (CDF) of the channel gain A, £ |h,|? can therefore
be given by
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where (-, ) is the lower incomplete Gamma function and the
integration above is solved using [13, Eqn. (3.381-8%), p. 346].
The PDF of A, can be obtained by differentiating the equation
above w.r.t. z, yielding
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III. PERFORMANCE ANALYSIS

In this section we present a comprehensive analysis of the
average achievable rate, outage probability and diversity order
for the CRS-NOMA in -y fading channels.

A. Average achievable rate

The signals received at the relay and the destination in the
first time slot are given by

Ysr :hsr (\/ a1P51 + V a2P82) + Nsr,
Ysd =Nsd <\/ a1 Ps1 + v/ a2P82) + Nsds

where ng,. and ngg denote complex additive white Gaussian
noise (AWGN) with zero mean and variance o at the relay
and the destination, respectively. The received instantaneous
signal-to-interference-plus-noise ratio (SINR) at the relay for
decoding symbol s; and the received instantaneous SNR
for decoding symbol sy (assuming symbol s; is decoded
correctly) is given by

(1) _ _@PAsr o) _
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where p = P/ o2 is the transmit SNR. Similarly, the received
instantaneous SINR for decoding symbol s; at the destination
is given by

a1pAsd
a/2pAsd +1 .
In the second time slot, the relay forwards it estimate of so,

denoted by 3, to the destination with power P. The signal
received at the destination is given by

Yrd = \/ﬁ§2 + nrd,

where n,.q denotes the complex AWGN at the destination with
zero mean and variance o2. The received instantaneous SNR
at the destination for decoding symbol s is given by

Vsd =

Yrd = p)\rd-
The instantaneous achievable rate for symbol s; is therefore
given by
Cs, =min {0.5 log, (1 + 'yg)) ,0.5log, (1 + ’st)}

a1 pX
azpX +1
=0.51ogy(1 + pX) — 0.510ogy(1 + azpX),

where X 2 min{\,,, \sq}. Similarly, the instantaneous
achievable rate for symbol sy is given by

Cyy =min {0.510g, (1472 ,0.510g,(1 +74)}
=0.5logy(1 + pY),

=0.51og, <1 +

where Y £ min{asAs, Arq }-
The average achievable rate for symbol s; is therefore given
by

CSl = ]EX [Oﬁ‘l]
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where Ez[-] denotes expectation w.r.t. the random variable Z
and fz(-) denotes the PDF of the random variable Z.

Theorem 1. A closed-form expression for the average achiev-

able rate of symbol s1 in CRS-NOMA is given by
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where I,15,135 and 14 are given by (5)-(8), shown on

the next page, G}'.'(-) is Meijer’s G-function, X =

Aar, —0.5a, ;) where Az, y) = g, yzl, ol %H and
plgnima neimsns ] s the extended generalized bivariate

Fox’s H-function (EGBFHF)" as defined in [8, Eqn. (2.57)].

Expressions for I, Ig, I7 and Ig can be obtained by replacing

p by asp in (5)-(8), respectively.

Proof. See Appendix A. O
Similarly, the average achievable rate for symbol ss is given

by
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Theorem 2. A closed-form expression for the average achiev-
able rate of symbol sy in CRS-NOMA is given by
- 0.5
Cs, = —]|I
2 1n(2)[ ?
where Ig, 119, 111 and 115 are given by (11)-(14), shown on
the next page.

Proof. See Appendix B. O
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Using (4) and (10), a closed-form expression for the average
achievable rate for CRS-NOMA in the presence of a-u fading
is given by

C=0C, +0C,,. (15)

In contrast to this, for CRS-OMA, the signals received at
the relay and the destination in the first time slot are given by

Ysr,OMA :hsr\/ﬁsl + ngr,
Ysa.oMA =hsaV P51 + nsa.
The relay forwards its estimate of symbol s;, denoted by 51,

in the next time slot. The signal received at the destination in
the second time slot is given by

Yrd,0oMA =hrqV P31 4 nyq.

Therefore, the average achievable rate for the CRS-OMA is
given by

Coma = 0.5Ez[log, (1 + pZ)], (16)

where Z £ min{ ), A\sq+ A4} Since the focus of this paper
is on the NOMA-based system, we do not provide a closed-
form analysis for the average achievable rate of CRS-OMA.

'A MATLAB implementation of the EGBFHF is given in [9] and a
MATHEMATICA implementation is given in [10].

B. Outage probability for CRS-NOMA

In this section, we derive closed-form expressions for the
outage probabilities of s; and s3. We define Oy as the outage
event for symbol s1, i.e., the event where either the relay or
the destination fails to decode s; successfully. Therefore, for
a given target data rate R, the outage probability for symbol
s1 is given by

Pr(0;) =Pr(Cs, < Ry)
=Fx. (®1) + Fi,,(®1) —
3 The system design

where n; = 22f1 —1 and &, = p(alnﬁ
must ensure that a; > 1;a9, otherwise the outage probability
for symbol s; will always be 1 as noted in [11]. Using (1),
the closed-form expression for the outage probability of s; in
CRS-NOMA is given by (17), shown on the next page.

Next we define the outage event for symbol ss, denoted by
05, as

= Pr(X < @)
Fy, (1) Fy,,(P1),

Oy =& UEUE;,

where & is the event when symbol s; cannot be successfully
decoded at the relay, & is the event when symbol s; is
successfully decoded at the relay, but symbol s, cannot be
successfully decoded at the relay, and &3 is the event when
both s; and s, are successfully decoded at the relay, but
symbol sy cannot be successfully decoded at the destination.
It is important to note that the events & ,& and &3 are
disjoint. Therefore, for a given target data rate Ry, the outage
probability for symbol s, can be given by

Pr(Asr < @1) + Pr(Ag > @1, A < Do)
+Pr(Asr > Do, Apg < 1m2/p); if &1 < Py
PI‘()\ST < (1)1) + PI‘()\ST >0, N < 772/;)),
otherwise

:F)\ST.(@max)"'_F/\rd(p) F)\ ((bmax)F)\Td (71702) 5

where 7y = 2282 — 1, &y = %QP and @y, = max{ Py, Do}
Substituting the expressions for F_ (Pmax) and F _,(12/p)
using (1), the closed-form expression for the outage probability
of symbol s5 is given by (18), shown on the next page.

C. Diversity analysis for CRS-NOMA

Using (1) and the series expansion of the lower incomplete
Gamma function as given in [12, Eqn. (8.11.4), p. 180], we

PI‘(OQ) =

have
Py (@) g;rq)(lmasmsr exp _Iusrq)(fﬁasr
Asr 1) = Qgprfbsy st
F(MST)QST’ " Q)
o0 k 0.5kag,
frs, @
X ko, ’
k=0 er (Nsr)k+l

where (z), = I'(z + y)/I'(z) is the Pochhammer symbol.
Using the series expansion of the exponential function, we
have

/J'é;T @0 Sasr (s r+l+k?)ul+k

Qoém Hsr Z Z =

By (@) = I+k
O D (g + k1)
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Replacing P4 by. m
o) of Fy,, (@) is given by

, the asymptotic behavior (p —

sr 0.50srpsr —0.5q5,fhsr
e p .

:Q?’,‘?rﬂsr(al _ nla2)0.5as,.us,.]—"(ﬂsr + 1)
_|_ ﬁ (p_(0-5asr#sr+1)) ) (19)

Fy, (®1)

where €(-) is the Landau symbol. It is clear from (19) that
for high transmit SNR p, F\_  (®1) decays as p~V-5%srhar,
Analogously, it can be shown that at high transmit SNR,
Fy,,(®1) decays as p~0-5@satsa and Fy  (®1)Fy,,(Py) de-
cays as p0-5(@srtertasapisa) - Therefore, using (17), it is
straightforward to conclude that the diversity order of symbol
s1 is 0.5 min{as, sy, sdfisa}- Using similar arguments, it

can be deduced from (18) that the diversity order of symbol
S 18 0.5 min{ s fhsr, Qrdfird}-

IV. RESULTS AND DISCUSSION

In this section, we present analytical and numerical® results
for the average achievable rate, outage probability and diver-
sity order of the NOMA-based cooperative relaying system.
Table I shows the optimal value of the power allocation co-
efficient ay, which maximizes the average achievable rate for
CRS-NOMA, for different values of oy, = agqg = g = @,
bsr = Msd = Mrd = M, and p. The necessary constraint

2We do not realize the actual scenario for numerical computation, but rather
generate the random variables and then evaluate (3), (9) and (16).



TABLE I
OPTIMAL VALUE OF a2 FOR DIFFERENT TRANSMIT SNR FOR
Qsr = Qypqg =10, Q59 = 1 AND Ry = 1 BPS/HZ.

Transmit SNR (p) in dB
0 [ 5 [ 10 [ IS5 ] 20 [ 25 ] 30 [ 35
CHD) Optimal value of as
2,1 024 | 024 | 0.24 | 0.24 | 0.17 0.1 0.06 | 0.04
2,2 024 | 024 | 024 | 0.24 | 0.21 | 0.14 | 0.09 | 0.06
3,1) | 024 | 024 | 024 | 0.24 | 0.21 | 0.14 | 0.09 | 0.06
“, 1 024 | 024 | 024 | 0.24 | 0.24 | 0.17 | 0.12 | 0.08
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Fig. 2. Average achievable rate (with optimal power allocation in the NOMA
case) for CRS with Qg = Q.4 = 10, Qgq =1 and Ry = 1 bps/Hz.

a1 > maz (as noted in Section III-B) implies a possible
range 0 < a2 < 2—2F1  Therefore, the optimization of as
was performed using an exhaustive search over the M-element
discrete set az € {¢,2¢,3¢,..., Me}, where M is a positive
integer and € = 27211 /(M 4 1). In Table I, we consider
M =24 (e =0.01), Ry = Ry =1 bps/Hz, Q5 = Qg = 10
and 44 = 1. Note that the average achievable rate for CRS-
NOMA depends on the target data rate for symbol s;. The
expressions derived in this paper are valid also for the case
when sy 7é Qsd 7& Qrq and Msr 7é Hsd # Hrd-

Fig. 2 shows the average achievable rate for the CRS-
NOMA (with optimal as for each p) and CRS-OMA for
a = 2,u = 1 (ie., Rayleigh fading); o = 2,4 = 2 (i.e.,
Nakagami-m fading with m = 2) and o = 3, = 1 (i.e,
Weibull fading with shape parameter o = 3). The figure shows
a perfect agreement between the numerical and analytical plots
for the NOMA system. It is also clear from the figure that for
high transmit SNR p, the NOMA-based CRS outperforms its
OMA-based counterpart in terms of spectral efficiency.

For the same set of channel parameters, Fig. 3 shows the
average achievable rate for CRS-NOMA (with optimal as for
each Q4. = Q,4) and CRS-OMA at a fixed transmit SNR
p = 20 dB and Q4 = 1 against ), = 4. It is clear from
the figure that the CRS-NOMA outperforms CRS-OMA by
achieving significant gain in spectral efficiency.

Fig. 4 shows the average achievable rate of CRS-NOMA
(with optimal as for each p) and CRS-OMA for a fixed value
of the clustering parameter ;1 = 1 and different values of the
nonlinearity parameter «. It is clear from the figure that as
« increases, the spectral efficiency of the CRS also increases.
Fig. 5 shows the average achievable rate of CRS-NOMA (with

fa (mum): @ =2, =2
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Fig. 3. Average achievable rate (with optimal power allocation in the NOMA
case) for CRS with transmit SNR p = 20 dB, Q2,4 = 1 and R; = 1 bps/Hz.

optimal ay for each p) and CRS-OMA for a fixed value of
the nonlinearity parameter « = 2 and different values of
the clustering parameter p. It is evident from the figure that
with an increase in the value of the clustering parameter,
the spectral efficiency of the CRS increases. It can also be
noted from Figs. 4 and 5 that with increase in the value of
nonlinearity/clustering parameter, the SNR at which the CRS-
NOMA outperforms its OMA counterpart becomes higher.

Figs. 6 and 7 show the outage probabilities of symbols
s1 and so, respectively, in CRS-NOMA, evaluated using the
methodology of Section III-B for as = 0.1, Q. = Qg = 10
and Qs = 1. It is evident that both outage probabilities
depend on the fading parameters « and p, and there is a
consistent agreement between the observed diversity order for
each symbol and the analytical diversity order results derived
in Section III-C.

V. CONCLUSION

In this work, an exact closed-form expression for the
average achievable rate of a CRS-NOMA in generalized a-
v fading was derived and validated through numerical ex-
periments. The derived expressions can be used to analyze
the performance of the CRS-NOMA over diverse small-scale
fading channels including Rayleigh, Nakagami-m, exponen-
tial, Gamma and Weibull, as well as some large-scale fading
channels. Our results show that the optimal power allocation
for maximizing the achievable rate of CRS-NOMA depends on
the target data rate requirement. Our results also demonstrate
the effect of the nonlinearity and the clustering parameters on
the average achievable rate of the CRS. Outage probability and
diversity order were also analyzed, and it was shown that a
simple relationship exists between the diversity order for each
symbol, and the nonlinearity and clustering parameters of the
fading links.
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Fig. 4. Average achievable rate (with optimal power allocation in the NOMA
case) for CRS with Qg = Q,.q = 10, Q5q = 1, R1 = 1 bps/Hz and p = 1.
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Fig. 5. Average achievable rate (with optimal power allocation in the NOMA
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APPENDIX A
PROOF OF THEOREM 1

The PDF of X = min{As,, Asq} can be given by

Fx (@)= fx. (@) = fa,, () Fa (@) + P (2) = Fra (@) Fy, ().
(20)

The expressions for fy_ (x), fa.,(z),F., () and Fy_,(x) can

be obtained using (1) and (2). Substituting the expression of
fx (z) from (20) into (3), we have

=/ In(1 + pa) . (o)~ (1 4+ p) fr,, (x)Fr,, (x)dz
0 0

Il 12
+ / (1 + pa) i, () do— / (1 + p) ., () Fi,, ()
0 0
Ig I4

Solving for I;, we have

11:/ In(1 + pz) fi,, (x)dx
0
_Msrx%

Asrlsr

0.5g, piktsr

=7 [In(l+px) exp “tda.
Qg F(ﬂsr)/o ( )

10 Ol
R
_10%F =
£ -
) X
] -~
< ~.
2 1010 [——a=2pu
o —o—a=2pu
iﬁ A-a=2,u=3
O: —HA—a=1p=2
1015 1 a=4,p=1
- ,p72
_____ p :
10 20 p I I I I}
0 10 20 30 40 50 60

p=P/o? (in dB)

Fig. 6. Outage probability for CRS-NOMA for symbol s; for az = 0.1,
Qsr = Qgq =10, Q,.,g = 1 and R; = 1 bps/Hz.

Outage probability

10720
0

10 20 30 40 50 60
p=P/o?* (in dB)

Fig. 7. Outage probability for CRS-NOMA for symbol s for ag = 0.1,
er = Qsd = 10, Qrd =1 and R1 = R2 =1 bpS/HZ..

Representing the logarithmic and the exponential functions in
terms of Meijer’s G-function using [14, Eqn. (11)] yields

Hsr oo
I — 0-50137’”31" 1,0»5Oésr#sr*1G172 - L1
1_90451"”37"1" 2,2 p 1.0
ST (Msr) 0 ’

Bagr

0
1,0 [ HsrZ
X GQ1 (

Qasr
sr

O)dx.

Solving the integration above using [14, Eqns. (7), (21)], I;
reduces to (5). Analogously, the closed-form expression for I3
is given by (7). Similarly,

L= / T (14 pa)fr,, (2) Fi (x)da

0.5asr’uﬂsr /OO _Msrx0.5asr
= a T, ) In(l+pa) exp (— o —
Qsi’ #: F(,LLST')F(,H’Sd) 0 st

O.5asd

AT

X (Usda u“lQasd ) .]30'5(1”‘u"_1d.13.
sd

Representing the logarithmic and the exponential function in

terms of Meijer’s G-function using [14, Eqn. (11)] and the

lower-incomplete Gamma function in terms of Meijer’s G-



function using [10, Eqn. (2)] yields

0.5acgp phism /“M,l 1.2 1,1
A L 226 (| )
2 Q%P T (s )T (11s2) Jo 2,2 \P 10

Qsr Qsd
x GLO MsrZ 2 " 1,1 [Msd® 2 ‘ 1 d.’E
0,1 Qs 1,2 Qs .
er 0 de Hsd, 0

Using the relation between Meijer’s G-function and Fox H-
function (c.f. [15, Eqn. (6.2.8)])

V1,..-,Up

=H™" |x
Vi,...3Vq ] p.4q

0.5a5,

m,n
Gpa [m

(Ul’l)a"'»(vp’l) :|
(v1,1),...,(vg,1)

and substituting £ = x

Hsr ()~ Qsrlibsr s
I er—1 71,2 [~
12 sr sr Fhsr 1{[2,2 pr/asr
)
0

yields

(1,1), (1,1)
(1,1), (0,1)

I(ptsr )T (psa)
Qsd
T - T Csr (1,1)
L0 HsrZ Ll HsdT -
*Hor (Q“ ©L)7E2 9% | 0]

Solving the integration above using [16, Eqn. (2.3)], the
closed-form expression for I, reduces to (6). Solving in a
similar fashion, the closed-form expression for I, can be given
by (8).

Also, using (20) and (3), we have

1[2:/101:(1Jragpa:)f)\"(:z:)do:f/lorj(lJragpx)f;w(m)F)\sd(x)dx
0 0

Is Is

+ [ bz o @)~ [ W1 +ap) o o) P (o)
0 0

I7 Is
The closed-form expressions for I5,Is,I7 and Ig can be
obtained by replacing p by asp in (5)-(8), respectively. Sub-
stituting the expressions for Iy, Is, ..., Is into (4) yields the
closed-form expression for the average achievable rate for
symbol s; of CRS-NOMA in «-p fading.

APPENDIX B
PROOF OF THEOREM 2

Using (1) and a transformation of random variables, the
CDF of as A, can be expressed as

Y 1 frary® e
Fa =F - - 5/ ST " 0.5 vvor | °
or8) = B, <a2> T(ar) | (M ag'sa‘"Q?ﬁT>

Similarly, using (2) and a transformation of random variables,
the PDF of as g, can be expressed as

1
Jasx., () =g, <j2)
_ Qapplpry Ot exp (—usryo"”D‘ST) .
2a(2)~5a5TNSTQ?;TNSTI‘(MST) agﬁaer?Tsr
Therefore, the PDF of Y can be given by
Sy (@) =fazx.. (4) = fazx., (¥) Fx.a ()
+ aa®) = s (W) Faan,, ()

Substituting the expression of fy (y) shown above into (9), we
have

I 2 / (1 + py) fazr.. (¥)dy,
0
Lo = / In(1+ py) fazne, (Y)Fx,q (y)dy,
0
Iy 2 / (14 py) fr,. (y)dy,
0

I 2 / (1 + p) faprr (4) Fapas, (4)d-
0

Solving the integrals shown above using the method in Ap-
pendix A, closed-form expressions for Iy, I1g, I11 and I15 can
be shown to be given by (11)-(14).
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